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HESSIAN

f(x) = f(x1, 22, 73)

L ast lecture. ..

01 f(x)
Vf(z)= ( Oz f () )
O3 f ()

ooy .. Ludwig Otto Hesse

i f(x) 0102f(x) 0105f(x)
VQf(a:) — 8281f(33‘) 5’%f(£l?) 6’283f(x)
0301 f(x) 0302f(x)  O3f(x)

s It symmetric!
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BATLORS HEORERS

f(2) = £(0) + 2f'(0) + 52*£"(0) + O(c?)

What's this?

In higher dimensions...

f(z) = f(0) + 27 Vf(0) + %ﬂ?Tsz(O)fL‘ +O(llz — zol|*)

What's this!



QUADRATIC FORM

f(z) = f(z,y) = 42° + 22y — 3y’

e %)) - .

In general 1
) =ed= g 5k §$THQZ‘

/ h

oradient at O Hessian at O



EXAMPEES

) —c g 2+ §ZL‘TH£E

Paraboloid hyperboloid

What's the difference! Eigenvalues of the Hessian



RO T ORIZATION OF HESSIAES

fle)=c+g =+ Q:BTHz

Spectral Theorem: H=UDU

s

diagonal orthogonal
1
) = ode o - §:ETUDUTx

?

y=Ulg

1

fly)=c+ U 9 y+ 5y" Dy

1
—Dyy;

fly) =c+ Z(UTg)iyi e
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RO T ORIZATION OF HESSIAES

f()—c+91H3fFH$

y=UTz 4 Change of

1 variables
= U* 9)iyi + = Disy
f(y) C+§7; U 9)iyi + 5 Diyi

Curvature along each coordinate

WIIAT IIIIES IT'All MEANNN



TRANFORMATION

Transformation to principal axis

!
sz

172 .
f(x") = const.

A

!/
> X1

x'=U"z
(~z=Ux")

Transformation to principal axis

Behavior of a quadratic form determined only by eigenvalues!



EXAMPEES

Fla) = @4 g e §xTHx

Positive definite Hessian Indefinite Hessian

Convex NnOoN-convex
Unigue minimizers s No minimizers at alll



Application

PRINCIPLE COMPONEN T
ANALYSIS



GAUSSIAN DATA
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GAUSSIAN DATA

model|
o~z (=)' T (z—p)

log-likelihood I1s quadratic

1

—5 (@ —u)’T7 (= — )

; factor the covariance
—5 (@ —p)'UD™U (z — p)

1 B 1
— — E 27;]2.
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GAUSSIAN DATA

mode]

o~z (=)' T (z—p)

log-likelihood I1s quadratic

1

—5 (@ —u)’T7 (= — )

; factor the covariance
—5 (@ —p)'UD™U (z — p)

change variables: z «+ U%(z — p) S e

1 1

TS Z t D = 1 Z — E 2 2'72 :: :. ’0" ‘0”
/) , o : T S
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WHAI ABOUT NON-
GAUSSIAN DATA!

model

S (G Rl G B




NUMERICAL LINEAR ALGEBRA



MINIMIZING QUADRATIC

1
i) — §:cTHx+ng+c

Vflx)=Hx+g=0

Hl = —

r=—H g

!

How do we compute this??
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GAUSSIAN ELIMINATION

a5y 42 413 Ay diy ¥
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WHAT'S WRONG WITH THIS?

Use row 2 to eliminate row 3:

1 0 0 0 O
J 1 0 0 O
Ak 1 = ) CL32/CL22 1 0 O Ak
) ) Q=)
) ) Ui Ol

A O(a§2/a32)

s this bad?|9 How bad!



WHAT'S WRONG WITH THIS?

Use row 2 to eliminate row 3:

Ay,

Gy =i G R G

1

)
Arr1=1] 0 a3

)

G e
-
(\V)
(\V)
G il e Gt O G (R )
L ) G )

C

Poor conditioning = EXTREME BADNESS

=HEONSGE e
Example: hilb(9) operator in Matlab



BET I ER SOLUTICHS

U CHOLESKS

Factorize!

|l l2 0

How long does it take to find A™'h?

0 0 .-

L Z”l ZN'Z l'“.?) . ..

AL

ARl
7 - w1 w2 w1y -
()
0 (0 29 U3
. U — 0 () Uuss
nn 0 0 0 .-

Erroris O( vke )

Complexity?

Un

U2n
U3n

Unn |




ROUSEROLDER REFLEC FICHNS

L
How to get x onto the axis
using an orthogonal matrix?
>

|z]les




ROUSEROLDER REFLEC FICHNS




ROUSEROLDER REFLEC FICHNS
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ROUSEROLDER REFLEC FICHNS




ROUSEROLDER REFLEC FICHNS
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ROUSEROLDER REFLEC FICHNS
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IR USING HOUSEROLDES
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d
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IR USING HOUSEROLDES
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IR USING HOUSEROLDES

Map to

l
|
C,; B




B TER STILL CEa

&85 01
S * ok | * %k
el A 0 x
ko + R=| 0 0
*  ch $ O O
T . 0 0

Erroris O( v/ Ne )
e Gl

Complexity?
B

EPEHEDRED O o



o HE BEST: Svia
AT =
A=USVv?!

A b =VvS Uty

Advantages:

» SUPER numerically stable
» (Can use pseudoinverse

» Non-square problems
» Sometimes the SVD is FREE

SLOW: 2-20X worse than QR Complexity?



EHIEATING AR

Can we get better than cubic complexity?

B



CHEATING FATE:
WOODBURY IDENTITY

O(n?)

(‘ N =) —> A
(A+d)z =0 — (A+ o)
UV Al AU+ VAU

N

)
tall fat Small!



EAAMPLE: CHAINGE
BOUNDARY

/ gy 0 0 0 \ / ai by RSO \
bl a- bg 0 0 bl a2 bQ 0 0
A 0 bQ as b3 0 b = 0 b2 as b3 0
0 0 b3 a4 b4 0 0 b3 4 b4
RO 0 Dy o ) \ ci 00 0N EHIE

v 0.0 0 O
e (010000>

B — A AU+ VATU)
w 2X2 = CHEAP!

anileniami el
i @S (@) (D)



PVARSE SYS> T EReS

Sparse A e A_l Dense

Sparse Matrix Sparse Cholesky
o o ® ®
® ® ® ®
o o ® o o
® o0 ®
® ® ® ® ®
o060 ®
® o0 ® o0
® e o000 W eo0e0
o0 o0 o0 o0
@0 e ® oo oo o0



SPARSE SYS TETS

Sparse Matrix Sparse Cholesky
e o ® ®
® ® ® ®
S ® o0
® o0 ®
® ® ® ® ®
"X X ®
® o0 ® o0
® ® o000 ® o o060
o0 o0 o0 o0
e ‘o Y ® oo o000

Advantages over Inverse:

* Beats complexity bound!
* Lower memory requirements

Disadvantage: Some matrices havesbad “fill=in'’



FIERA I IVE METHOLES
Ar =140

@i Acosce ACTION of A on vectors

Simplest: Richardson iteration
Lo — 0
Tri1 = T + 7(b— Axy)

Error analysis: 7p4+1 = b — ATp 1

=b— Az — TA(b — Axy))
(I —17A)(b— Azxy)
(I — TA)rg

57

T'k+1



CONVERGENCE:
RICHARDSON

Ly

e e (I = TA)’I“k



CONVERGENCE:
RICHARDSON

Ly

e e ([ =N TA)’I“k

Only works for PD matrix!

b= TN

- 2
T
)\maa;
" 2 |
v = argmin |1 — 7]
Hl = T*AHZ i K | Condition

it number



KRYLOV METHODS
Ar =140

Choose A=conjugate basis: {pr}

Orthogonal in A inner-product

T = 1P1 + QaPa + Q3P3 + QP4

b= Ax = a1 Ap1 + asAps + a3 Aps + s Apa

a1 1

Try to figure these out



RRYLOV ME RO

b= Ax = oy Ap1 + aaAps + a3 Aps + as Apy

(p1,b) = a1(p1, Ap1) + a2 (p1, Ap2) + as(p1, Aps) + a4a(p1, Apa)
0 0 0
<P1,b> o 041<p1,f4p1>

<p17 b>
(p1, Ap1)

Y1 =—

Approximation T1 = a1p1

Residual P =0 Al — @2AP2 BiE OésApzs 5% 044Ap4

405



KRYLOV METHODS

Approximation r1 = Q1P1

Residual 71 =b— Ax1 = aoAps + a3 Aps + a4 Apy

<p2, 7“1> — (2 <p27 Ap2> E 043<p2> Ap3> o Oé4<p2> Ap4>

<P2 L)
<p2, Ap2>

Yo —

Ty = T1 + QP2 = (1P1 + Q2P

il OézAPQ = 043Ap3 = 044Ap4

44



GMRES

How to choose {pk}?

L1 = 0
p1=20b <p17 b>
X1 =—
<p17 Ap1>
T2 = T1 T Qp1
(generalized) r2 =b—adp
Gram-Schmidt process  {p1, T2} =9 D2
<p27 T2>
T3 = T2 + (aP2 Qg =
<p27 Ap2>

il 5 N 04214]92

Gram—5Schmidt process {p1,p2, 73} = D3

415



GMRES

Gram—Schmidt process {p1,p2, 73} —» D3

Tk = Th—1 T+ OAfp—_1Pk—1

e = Tk—1 — Or_1Apr_1

Gram—Schmidt process  {p1,Dp2,P3, * ,Pk_1,Tk} =P Dk

46



GMRES(K)

{Pk—4apk—3,]?k—zypk—1,7“k} - Dk

8 t

forget this remember this
Pros
* Low memory requirements
» Constant rteration complexity
Cons

* No convergence theory (but works In practice)

47



CONJUGATE GRADIENTS

ONLY works when matrix is SPD
GMRES:  {Pk—4,Pk—3,Pk—2,Pk—1,Tk} = Pk

Observation: (re, Ap;) =0, Vi<k-1
Upshot: only need to remove Pk—1 from Tk

<Z?k—1, ATk>
Pk—1, Apk—1>

Pk = Tk —pk—1<

Only need to store Zg, Tk !

Linear teration complexity!
48



CONVERGENCE

EXACT solution when k = number of eigenvalues

In terms of condition number

: k
sz(f_:)
|z*| VE+1

Gets BAD when K s big

Preconditioners
Wi ey A

7 L kK(MA) < Kk(A)



I HER METHCES

* MINRES: solve ANY SYMMETRIC system
» 2X more expensive than CG
- QMR: Works for ANY system

» Similar to MINRES, but with no guarantees

50



(REALLY REALLY) LARGE MATRICES

N
Inversion
O(N?) Nl B
Figenvectors I
N3
O(N?) N
Storage
O(N?) .

B
100K x 100k = 80 Gb RAM I N B

Randomized methods: handle big matrices with low
compS!exity



NYSTROM APPROXIMATION

VWhat If you have to factor a matrix that you don't even have!?

52 See Williams & Seeger ‘04



NYSTROM APPROXIMATION

T number of columns is roughly the (effective) rank, then you're okl



NYSTROM APPROXIMATION

G /\‘I W

e

sampled columns

= O

See Williams & Seeger ‘04



WY DOES [T WOR

For any semi-definite matrix. .

XX = [X; Xﬂ
sampled \J

non-sampled

L XX,
| X3 X5
i

)5



NYSTROM APPROXIMATION

S

Bebe X

e - Lo e B
G = CuW;, "C = XX, XIX;W, X7 .

when #(sampled columns) = rank

XTX, X

oW O = XIx, x'x,

56




STURFYOU CAN DO WITH
RASHENG

matrix multiply



STURFYOU CAN DO WITH
TS RO

(Kernel) least squares with ridge penalty

1
B Cr 1 b 3 |||

(E L)
m=(E 4=
using matrix inversion lemma

EENE= (oW TC ) = G e C e
Big Small



o YOU CAN DO Wik
NYSTROM

SVD
G=Cwic*
QR} ™,
— QRW'RTQT
.
= QWQ"
SVD l
— AT AT
QUZVTQ

.
= TPy Ve



FOR GENERAL MATRICES!



Randomized SVD

Halko, Martins, Tropp, 201 |
Sketch the matrix A

. I . I > “S|<e-tCh,’

Orthogonalize

= orth(B)
Apprommate A

Factorize small matrix
A~ QUTVT)
A~UXV?




