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HESSIAN

Last lecture…
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Is it symmetric?

Today…. Ludwig Otto Hesse

2



TAYLOR’S THEOREM

What’s this?

f(x) = f(0) + xf
0(0) +

1

2
x
2
f
00(0) +O(x3)

In higher dimensions…

What’s this?

f(x) = f(0) + x
Trf(0) +

1

2
x
Tr2

f(0)x+O(kx� x0k3)
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QUADRATIC FORM
f(z) = f(x, y) = 4x2 + 2xy � 3y2

In general

gradient at 0 Hessian at 0
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EXAMPLES

Paraboloid hyperboloid

What’s the difference?   Eigenvalues of the Hessian

f(x) = c+ g
T
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1

2
x
T
Hx
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FACTORIZATION OF HESSIAN

H = UDU
TSpectral Theorem:

diagonal orthogonal

y = UTx

f(x) = c+ g
T
x+

1

2
x
T
Hx

f(x) = c+ gTx+
1

2
xTUDUTx

f(y) = c+ (UT g)T y +
1

2
yTDy

<latexit sha1_base64="EBFgQZDqFlWB4JWM15uVzIImJ5g="></latexit><latexit sha1_base64="EBFgQZDqFlWB4JWM15uVzIImJ5g="></latexit><latexit sha1_base64="EBFgQZDqFlWB4JWM15uVzIImJ5g="></latexit><latexit sha1_base64="EBFgQZDqFlWB4JWM15uVzIImJ5g="></latexit>

f(y) = c+
X

i

(UT g)iyi +
1

2
Diiy
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i

<latexit sha1_base64="vjAI8t6ZX3xDsV6uviN17UHeHjw="></latexit><latexit sha1_base64="vjAI8t6ZX3xDsV6uviN17UHeHjw="></latexit><latexit sha1_base64="vjAI8t6ZX3xDsV6uviN17UHeHjw="></latexit><latexit sha1_base64="vjAI8t6ZX3xDsV6uviN17UHeHjw="></latexit>
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FACTORIZATION OF HESSIAN

y = UTx

Curvature along each coordinate

Change of 
variables

f(x) = c+ g
T
x+

1

2
x
T
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f(y) = c+
X

i

(UT g)iyi +
1

2
Diiy

2
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<latexit sha1_base64="vjAI8t6ZX3xDsV6uviN17UHeHjw="></latexit><latexit sha1_base64="vjAI8t6ZX3xDsV6uviN17UHeHjw="></latexit><latexit sha1_base64="vjAI8t6ZX3xDsV6uviN17UHeHjw="></latexit><latexit sha1_base64="vjAI8t6ZX3xDsV6uviN17UHeHjw="></latexit>
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TRANFORMATION

Behavior of a quadratic form determined only by eigenvalues!
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EXAMPLES

Positive definite Hessian Indefinite Hessian
Convex

Unique minimizers
non-convex

No minimizers at all!

f(x) = c+ g
T
x+
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2
x
T
Hx
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PRINCIPLE COMPONENT 
ANALYSIS
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Application



GAUSSIAN DATA
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GAUSSIAN DATA
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<latexit sha1_base64="U75OYaQad7+VzdfpIKK8vQeOiAc="></latexit>

e�
1
2 (x�µ)t⌃�1(x�µ)

<latexit sha1_base64="fxaGQYOEm/6xhQ3tSHE2OnRo2lY="></latexit>

µ = Ei[xi]
<latexit sha1_base64="ZkP9Q/fu/Am0QJ9RpBf7Sftk96k="></latexit>

⌃ = Ei[(xi � µ)(xi � µ)T ]

model

calculate



GAUSSIAN DATA
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<latexit sha1_base64="U75OYaQad7+VzdfpIKK8vQeOiAc="></latexit>

e�
1
2 (x�µ)t⌃�1(x�µ)

model

log-likelihood is quadratic
<latexit sha1_base64="9xTtndKvqu56d2owcN6gp7lI9m4="></latexit>

�1

2
(x� µ)t⌃�1(x� µ)

factor the covariance

change variables:

<latexit sha1_base64="0nPfiqsGJro21tmLIfZv5P1PV6Y="></latexit>

�1

2
(x� µ)tUD�1U t(x� µ)

<latexit sha1_base64="NrYfPR0VcuPLhluWzJMx5oSKBpc="></latexit>

z  U t(x� µ)
<latexit sha1_base64="h7DZXlV5JlZ0taNOqWErqh4dPgY="></latexit>

�1

2
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GAUSSIAN DATA
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<latexit sha1_base64="U75OYaQad7+VzdfpIKK8vQeOiAc="></latexit>

e�
1
2 (x�µ)t⌃�1(x�µ)

model

log-likelihood is quadratic
<latexit sha1_base64="9xTtndKvqu56d2owcN6gp7lI9m4="></latexit>

�1

2
(x� µ)t⌃�1(x� µ)

factor the covariance

change variables:

<latexit sha1_base64="0nPfiqsGJro21tmLIfZv5P1PV6Y="></latexit>

�1

2
(x� µ)tUD�1U t(x� µ)

<latexit sha1_base64="NrYfPR0VcuPLhluWzJMx5oSKBpc="></latexit>

z  U t(x� µ)
<latexit sha1_base64="h7DZXlV5JlZ0taNOqWErqh4dPgY="></latexit>

�1

2
ztD�1z =

X

j

� 1

2�2
j

z2j

<latexit sha1_base64="b/BcNhlB85LphN21oRmwIeUoxOw="></latexit>�1u1

<latexit sha1_base64="PhGRppXw43b5FR0f6p9drOFRf5g="></latexit>�2u2

<latexit sha1_base64="Y8AzVIk1Ptk7WYrOpvAbK157EVc="></latexit>µ



WHAT ABOUT NON-
GAUSSIAN DATA?
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<latexit sha1_base64="U75OYaQad7+VzdfpIKK8vQeOiAc="></latexit>

e�
1
2 (x�µ)t⌃�1(x�µ)

model



NUMERICAL LINEAR ALGEBRA
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MINIMIZING QUADRATIC
f(x) =

1

2
x
T
Hx+ g

T
x+ c

rf(x) = Hx+ g = 0

Hx = �g

x = �H
�1

g

How do we compute this??

17



GAUSSIAN ELIMINATION
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WHAT’S WRONG WITH THIS?
Use row 2 to eliminate row 3:

Ak+1 =

0

BBBB@

1 0 0 0 0
0 1 0 0 0
0 a32/a22 1 0 0
0 0 0 1 0
0 0 0 0 1

1

CCCCA

�1

Ak

 = O(a232/a
2
22)

Is this bad?  How bad?19



WHAT’S WRONG WITH THIS?
Use row 2 to eliminate row 3:

Poor conditioning = EXTREME BADNESS

Example:  hilb(9) operator in Matlab
Error is O(    )

Ak+1 =

0

BBBB@

1 0 0 0 0
0 1 0 0 0
0 a32/a22 1 0 0
0 0 0 1 0
0 0 0 0 1

1

CCCCA

�1

Ak

20



BETTER SOLUTION: 
LU / CHOLESKY

Ax = b
Factorize! A = LU

Error is O(         )

How long does it take to find           ? A�1b

p
✏

Complexity?

21



HOUSEHOLDER REFLECTIONS
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x

<latexit sha1_base64="E+xWb622b2P97o+CO1oWwc/7ors=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNRo9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1K+rFdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOjRjQQ=</latexit>

kxke1

<latexit sha1_base64="pAiOhl+AxvGy8OBrXCPOEAe5zDM=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVRY9FLx4r2A/pLiWbZtvQJLskWbFs+yu8eFDEqz/Hm//GtN2Dtj4YeLw3w8y8MOFMG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUEdogMY9VO8SaciZpwzDDaTtRFIuQ01Y4vJn6rUeqNIvlvRklNBC4L1nECDZWevDHT/4Y0a7XLVfcqjsDWiZeTiqQo94tf/m9mKSCSkM41rrjuYkJMqwMI5xOSn6qaYLJEPdpx1KJBdVBNjt4gk6s0kNRrGxJg2bq74kMC61HIrSdApuBXvSm4n9eJzXRVZAxmaSGSjJfFKUcmRhNv0c9pigxfGQJJorZWxEZYIWJsRmVbAje4svLpHlW9c6rF3fnldp1HkcRjuAYTsGDS6jBLdShAQQEPMMrvDnKeXHenY95a8HJZw7hD5zPH1FwkBk=</latexit>

How to get x onto the axis 
using an orthogonal matrix?



HOUSEHOLDER REFLECTIONS
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x

<latexit sha1_base64="E+xWb622b2P97o+CO1oWwc/7ors=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNRo9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1K+rFdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOjRjQQ=</latexit>

Reflect!

kxke1

<latexit sha1_base64="pAiOhl+AxvGy8OBrXCPOEAe5zDM=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVRY9FLx4r2A/pLiWbZtvQJLskWbFs+yu8eFDEqz/Hm//GtN2Dtj4YeLw3w8y8MOFMG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUEdogMY9VO8SaciZpwzDDaTtRFIuQ01Y4vJn6rUeqNIvlvRklNBC4L1nECDZWevDHT/4Y0a7XLVfcqjsDWiZeTiqQo94tf/m9mKSCSkM41rrjuYkJMqwMI5xOSn6qaYLJEPdpx1KJBdVBNjt4gk6s0kNRrGxJg2bq74kMC61HIrSdApuBXvSm4n9eJzXRVZAxmaSGSjJfFKUcmRhNv0c9pigxfGQJJorZWxEZYIWJsRmVbAje4svLpHlW9c6rF3fnldp1HkcRjuAYTsGDS6jBLdShAQQEPMMrvDnKeXHenY95a8HJZw7hD5zPH1FwkBk=</latexit>



HOUSEHOLDER REFLECTIONS
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x

<latexit sha1_base64="E+xWb622b2P97o+CO1oWwc/7ors=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNRo9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1K+rFdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOjRjQQ=</latexit>

kxke1

<latexit sha1_base64="pAiOhl+AxvGy8OBrXCPOEAe5zDM=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVRY9FLx4r2A/pLiWbZtvQJLskWbFs+yu8eFDEqz/Hm//GtN2Dtj4YeLw3w8y8MOFMG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUEdogMY9VO8SaciZpwzDDaTtRFIuQ01Y4vJn6rUeqNIvlvRklNBC4L1nECDZWevDHT/4Y0a7XLVfcqjsDWiZeTiqQo94tf/m9mKSCSkM41rrjuYkJMqwMI5xOSn6qaYLJEPdpx1KJBdVBNjt4gk6s0kNRrGxJg2bq74kMC61HIrSdApuBXvSm4n9eJzXRVZAxmaSGSjJfFKUcmRhNv0c9pigxfGQJJorZWxEZYIWJsRmVbAje4svLpHlW9c6rF3fnldp1HkcRjuAYTsGDS6jBLdShAQQEPMMrvDnKeXHenY95a8HJZw7hD5zPH1FwkBk=</latexit>

v = x� kxke1

<latexit sha1_base64="kdHoVEIRS+aY//vqCrzC5+edCL0="></latexit>



HOUSEHOLDER REFLECTIONS
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x

<latexit sha1_base64="E+xWb622b2P97o+CO1oWwc/7ors=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNRo9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1K+rFdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOjRjQQ=</latexit>

kxke1

<latexit sha1_base64="pAiOhl+AxvGy8OBrXCPOEAe5zDM=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVRY9FLx4r2A/pLiWbZtvQJLskWbFs+yu8eFDEqz/Hm//GtN2Dtj4YeLw3w8y8MOFMG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUEdogMY9VO8SaciZpwzDDaTtRFIuQ01Y4vJn6rUeqNIvlvRklNBC4L1nECDZWevDHT/4Y0a7XLVfcqjsDWiZeTiqQo94tf/m9mKSCSkM41rrjuYkJMqwMI5xOSn6qaYLJEPdpx1KJBdVBNjt4gk6s0kNRrGxJg2bq74kMC61HIrSdApuBXvSm4n9eJzXRVZAxmaSGSjJfFKUcmRhNv0c9pigxfGQJJorZWxEZYIWJsRmVbAje4svLpHlW9c6rF3fnldp1HkcRjuAYTsGDS6jBLdShAQQEPMMrvDnKeXHenY95a8HJZw7hD5zPH1FwkBk=</latexit>

<latexit sha1_base64="Zn1fL8KaQj1AuiFSZsdVlPwIUjY=">AAAB/nicbVDLSsNAFJ34rPUVFVduBovgqiSlqMuiG5cV+oImLZPppB06mYSZSbCkAX/FjQtF3Pod7vwbp20W2nrgwuGce7n3Hi9iVCrL+jbW1jc2t7YLO8Xdvf2DQ/PouCXDWGDSxCELRcdDkjDKSVNRxUgnEgQFHiNtb3w389sJEZKGvKEmEXEDNOTUpxgpLfXNU8cXCKdJ0ms8ZqkzTZxpr5L1zZJVtuaAq8TOSQnkqPfNL2cQ4jggXGGGpOzaVqTcFAlFMSNZ0YkliRAeoyHpaspRQKSbzs/P4IVWBtAPhS6u4Fz9PZGiQMpJ4OnOAKmRXPZm4n9eN1b+jZtSHsWKcLxY5McMqhDOsoADKghWbKIJwoLqWyEeIZ2H0okVdQj28surpFUp21fl6kO1VLvN4yiAM3AOLoENrkEN3IM6aAIMUvAMXsGb8WS8GO/Gx6J1zchnTsAfGJ8/GFyWOg==</latexit>

vvTx

kvk2



HOUSEHOLDER REFLECTIONS
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x

<latexit sha1_base64="E+xWb622b2P97o+CO1oWwc/7ors=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNRo9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1K+rFdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOjRjQQ=</latexit>

<latexit sha1_base64="Zn1fL8KaQj1AuiFSZsdVlPwIUjY=">AAAB/nicbVDLSsNAFJ34rPUVFVduBovgqiSlqMuiG5cV+oImLZPppB06mYSZSbCkAX/FjQtF3Pod7vwbp20W2nrgwuGce7n3Hi9iVCrL+jbW1jc2t7YLO8Xdvf2DQ/PouCXDWGDSxCELRcdDkjDKSVNRxUgnEgQFHiNtb3w389sJEZKGvKEmEXEDNOTUpxgpLfXNU8cXCKdJ0ms8ZqkzTZxpr5L1zZJVtuaAq8TOSQnkqPfNL2cQ4jggXGGGpOzaVqTcFAlFMSNZ0YkliRAeoyHpaspRQKSbzs/P4IVWBtAPhS6u4Fz9PZGiQMpJ4OnOAKmRXPZm4n9eN1b+jZtSHsWKcLxY5McMqhDOsoADKghWbKIJwoLqWyEeIZ2H0okVdQj28surpFUp21fl6kO1VLvN4yiAM3AOLoENrkEN3IM6aAIMUvAMXsGb8WS8GO/Gx6J1zchnTsAfGJ8/GFyWOg==</latexit>

vvTx

kvk2
<latexit sha1_base64="YMsxORc1qROyZt/Sshecb25Lu40=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYJUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9IvltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpWyd1WuNqql2m0WRx7O4BwuwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AH8PjL8=</latexit>

2

<latexit sha1_base64="Crv1RhdNp5xWaHNXf4VLvMAyMaM=">AAACDnicbVDLSsNAFJ34rPUVdelmsBTcWJJS1I1QdOOyQl/QpGEynbRDJw9mJqUlyRe48VfcuFDErWt3/o3Tx0JbD1w4nHMv997jRowKaRjf2tr6xubWdm4nv7u3f3CoHx03RRhzTBo4ZCFvu0gQRgPSkFQy0o44Qb7LSMsd3k391ohwQcOgLicRsX3UD6hHMZJKcvSilY6tlDgmvIFjeAHLlscRTkajbj1LrHRkpd1yNnb0glEyZoCrxFyQAlig5uhfVi/EsU8CiRkSomMakbQTxCXFjGR5KxYkQniI+qSjaIB8Iuxk9k4Gi0rpQS/kqgIJZ+rviQT5Qkx8V3X6SA7EsjcV//M6sfSu7YQGUSxJgOeLvJhBGcJpNrBHOcGSTRRBmFN1K8QDpPKQKsG8CsFcfnmVNMsl87JUeagUqreLOHLgFJyBc2CCK1AF96AGGgCDR/AMXsGb9qS9aO/ax7x1TVvMnIA/0D5/ABU3m4s=</latexit>

kxke1 = x� 2
vvT

kvk2x



HOUSEHOLDER REFLECTIONS

27

x

<latexit sha1_base64="E+xWb622b2P97o+CO1oWwc/7ors=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNRo9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1K+rFdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOjRjQQ=</latexit>

<latexit sha1_base64="Zn1fL8KaQj1AuiFSZsdVlPwIUjY=">AAAB/nicbVDLSsNAFJ34rPUVFVduBovgqiSlqMuiG5cV+oImLZPppB06mYSZSbCkAX/FjQtF3Pod7vwbp20W2nrgwuGce7n3Hi9iVCrL+jbW1jc2t7YLO8Xdvf2DQ/PouCXDWGDSxCELRcdDkjDKSVNRxUgnEgQFHiNtb3w389sJEZKGvKEmEXEDNOTUpxgpLfXNU8cXCKdJ0ms8ZqkzTZxpr5L1zZJVtuaAq8TOSQnkqPfNL2cQ4jggXGGGpOzaVqTcFAlFMSNZ0YkliRAeoyHpaspRQKSbzs/P4IVWBtAPhS6u4Fz9PZGiQMpJ4OnOAKmRXPZm4n9eN1b+jZtSHsWKcLxY5McMqhDOsoADKghWbKIJwoLqWyEeIZ2H0okVdQj28surpFUp21fl6kO1VLvN4yiAM3AOLoENrkEN3IM6aAIMUvAMXsGb8WS8GO/Gx6J1zchnTsAfGJ8/GFyWOg==</latexit>

vvTx

kvk2
<latexit sha1_base64="YMsxORc1qROyZt/Sshecb25Lu40=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYJUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9IvltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpWyd1WuNqql2m0WRx7O4BwuwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AH8PjL8=</latexit>

2

<latexit sha1_base64="Crv1RhdNp5xWaHNXf4VLvMAyMaM=">AAACDnicbVDLSsNAFJ34rPUVdelmsBTcWJJS1I1QdOOyQl/QpGEynbRDJw9mJqUlyRe48VfcuFDErWt3/o3Tx0JbD1w4nHMv997jRowKaRjf2tr6xubWdm4nv7u3f3CoHx03RRhzTBo4ZCFvu0gQRgPSkFQy0o44Qb7LSMsd3k391ohwQcOgLicRsX3UD6hHMZJKcvSilY6tlDgmvIFjeAHLlscRTkajbj1LrHRkpd1yNnb0glEyZoCrxFyQAlig5uhfVi/EsU8CiRkSomMakbQTxCXFjGR5KxYkQniI+qSjaIB8Iuxk9k4Gi0rpQS/kqgIJZ+rviQT5Qkx8V3X6SA7EsjcV//M6sfSu7YQGUSxJgOeLvJhBGcJpNrBHOcGSTRRBmFN1K8QDpPKQKsG8CsFcfnmVNMsl87JUeagUqreLOHLgFJyBc2CCK1AF96AGGgCDR/AMXsGb9qS9aO/ax7x1TVvMnIA/0D5/ABU3m4s=</latexit>

kxke1 = x� 2
vvT

kvk2x

<latexit sha1_base64="05G+R2UWSKrUFHs8eVKcxKIAHus=">AAACBHicbVDLSsNAFJ34rPUVddnNYBHcWJJS1I1QdKO7FvqCJi2T6aQdOnkwMwmUNAs3/oobF4q49SPc+TdO2yy09cCFwzn3cu89TsiokIbxra2tb2xubed28rt7+weH+tFxSwQRx6SJAxbwjoMEYdQnTUklI52QE+Q5jLSd8d3Mb8eECxr4DTkJie2hoU9dipFUUl8v1OENfLgoWy5HOInjXiNNrGlsTXvltK8XjZIxB1wlZkaKIEOtr39ZgwBHHvElZkiIrmmE0k4QlxQzkuatSJAQ4TEakq6iPvKIsJP5Eyk8U8oAugFX5Us4V39PJMgTYuI5qtNDciSWvZn4n9eNpHttJ9QPI0l8vFjkRgzKAM4SgQPKCZZsogjCnKpbIR4hFYdUueVVCObyy6ukVS6Zl6VKvVKs3mZx5EABnIJzYIIrUAX3oAaaAINH8AxewZv2pL1o79rHonVNy2ZOwB9onz+Ropd0</latexit>

Q = I � 2
vvT

kvk2



Q1

<latexit sha1_base64="5oJhnbNlefPYa5YLv39FN0ZmqV0="></latexit>

QR USING HOUSEHOLDER

Map to e1

<latexit sha1_base64="yWs7znpJoSUs7Dd1uatmoVgsSWM="></latexit>

QT
1

<latexit sha1_base64="0y9Roo/Co3uvZiMIT3pcGqFho6s="></latexit>



Q1

<latexit sha1_base64="5oJhnbNlefPYa5YLv39FN0ZmqV0="></latexit>

QR USING HOUSEHOLDER

QT
1

<latexit sha1_base64="0y9Roo/Co3uvZiMIT3pcGqFho6s="></latexit>

Map to e2

<latexit sha1_base64="QAIanuBTTdh4QPb3q21acnOXje4="></latexit>



Q2

<latexit sha1_base64="IiC+Cjug6w3a2uka/gV81+Y0hFo="></latexit>

Q1

<latexit sha1_base64="5oJhnbNlefPYa5YLv39FN0ZmqV0="></latexit>

QR USING HOUSEHOLDER

QT
1

<latexit sha1_base64="0y9Roo/Co3uvZiMIT3pcGqFho6s="></latexit>

Map to e2

<latexit sha1_base64="QAIanuBTTdh4QPb3q21acnOXje4="></latexit>

QT
2

<latexit sha1_base64="g9eKp2QYa/1XWdQYrRCOkTWaqbs="></latexit>



Q2

<latexit sha1_base64="IiC+Cjug6w3a2uka/gV81+Y0hFo="></latexit>

Q1

<latexit sha1_base64="5oJhnbNlefPYa5YLv39FN0ZmqV0="></latexit>

QR USING HOUSEHOLDER

QT
1

<latexit sha1_base64="0y9Roo/Co3uvZiMIT3pcGqFho6s="></latexit>

Map to e2

<latexit sha1_base64="QAIanuBTTdh4QPb3q21acnOXje4="></latexit>

QT
2

<latexit sha1_base64="g9eKp2QYa/1XWdQYrRCOkTWaqbs="></latexit>



BETTER STILL:  QR
Ax = b

Error is O(          )

QRx = b

p
N✏

A�1b = R�1QT b
Complexity?

R =

0

BBBB@

⇤ ⇤ ⇤
0 ⇤ ⇤
0 0 ⇤
0 0 0
0 0 0

1

CCCCA

32



THE BEST: SVD
Ax = b

A = USV T

A�1b = V S�1UT b

Advantages:
• SUPER numerically stable
• Can use pseudoinverse 
• Non-square problems
• Sometimes the SVD is FREE

SLOW:   2-20X  worse than QR. Complexity?
33



CHEATING FATE

34

Can we get better than cubic complexity?



CHEATING FATE:
WOODBURY IDENTITY

Ax = b

(A+ �)x = b

A�1
O(n3)

(A+ �)�1

(A+ UV )�1 = A�1 �A�1U(I + V A�1U)�1V A�1

tall          fat Small!

O(n2)

35



EXAMPLE:  CHANGE 
BOUNDARY

A =

0

BBBB@

a1 b1 0 0 0
b1 a2 b2 0 0
0 b2 a3 b3 0
0 0 b3 a4 b4
0 0 0 b4 a5

1

CCCCA
B =

0

BBBB@

a1 b1 0 0 c1
b1 a2 b2 0 0
0 b2 a3 b3 0
0 0 b3 a4 b4
c1 0 0 b4 a5

1

CCCCA

B = A+

0

BBBB@

1 0
0 0
0 0
0 0
0 1

1

CCCCA

✓
0 0 0 0 c1
c1 0 0 0 0

◆

(A+ UV )�1 = A�1 �A�1U(I + V A�1U)�1V A�1

2X2 = CHEAP!36



SPARSE SYSTEMS
Sparse 

Sparse Matrix Sparse Cholesky

A�1A Dense

37



SPARSE SYSTEMS
Sparse Matrix Sparse Cholesky

Advantages over inverse:
• Beats complexity bound!
• Lower memory requirements 

Disadvantage:  Some matrices have bad “fill-in”38



ITERATIVE METHODS

Only observe ACTION of A on vectors

Ax = b

Simplest:  Richardson iteration

x0 = 0

xk+1 = xk + ⌧(b�Axk)

Error analysis: rk+1 = b�Axk+1

= b�Axk � ⌧A(b�Axk))

= (I � ⌧A)(b�Axk)

rk+1 = (I � ⌧A)rk
39



CONVERGENCE: 
RICHARDSON

Ax = b
rk+1 = (I � ⌧A)rk

40



Ax = b
rk+1 = (I � ⌧A)rk

Only works for PD matrix!
1� ⌧�max > �1

CONVERGENCE: 
RICHARDSON

⌧ <
2

�max

k1� ⌧?Ak2 =


+ 1
Condition
number41

⌧? =
2

�min + �max
= argmin |1� ⌧�i|

<latexit sha1_base64="k9D8Pb5jcvHWw5gkBmx3NIgwiuc="></latexit>



KRYLOV METHODS
Ax = b

{pk}Choose A-conjugate basis:

hpi, Apji = hpi, pjiA = 0

Orthogonal in A inner-product

Try to figure these out

b = Ax = ↵1Ap1 + ↵2Ap2 + ↵3Ap3 + ↵4Ap4

x = ↵1p1 + ↵2p2 + ↵3p3 + ↵4p4

42



KRYLOV METHODS
b = Ax = ↵1Ap1 + ↵2Ap2 + ↵3Ap3 + ↵4Ap4

0 0 0

hp1, bi = ↵1hp1, Ap1i+ ↵2hp1, Ap2i+ ↵3hp1, Ap3i+ ↵4hp1, Ap4i

hp1, bi = ↵1hp1, Ap1i

x1 = ↵1p1

r1 = b�Ax1 = ↵2Ap2 + ↵3Ap3 + ↵4Ap4

Approximation

Residual

↵1 =
hp1, bi

hp1, Ap1i

43



KRYLOV METHODS
x1 = ↵1p1

r1 = b�Ax1 = ↵2Ap2 + ↵3Ap3 + ↵4Ap4

Approximation

Residual

hp2, r1i = ↵2hp2, Ap2i+ ↵3hp2, Ap3i+ ↵4hp2, Ap4i

↵2 =
hp2, r1i
hp2, Ap2i

x2 = x1 + ↵2p2 = ↵1p1 + ↵2p2

r2 = r1 � ↵2Ap2 = ↵3Ap3 + ↵4Ap4
<latexit sha1_base64="7pQXEyCODfwwOaceNJUVEV2L22U="></latexit><latexit sha1_base64="7pQXEyCODfwwOaceNJUVEV2L22U="></latexit><latexit sha1_base64="7pQXEyCODfwwOaceNJUVEV2L22U="></latexit><latexit sha1_base64="7pQXEyCODfwwOaceNJUVEV2L22U="></latexit>

44



GMRES
How to choose         ?{pk}

x1 = 0

p1 = b

x2 = x1 + ↵p1

r2 = b� ↵Ap1

{p1, r2}Gram–Schmidt process p2

x3 = x2 + ↵2p2

r3 = r2 � ↵2Ap2

Gram–Schmidt process {p1, p2, r3} p3

↵1 =
hp1, bi

hp1, Ap1i

45

<latexit sha1_base64="rnfKUMB9+2BpAps662cv2Lx4sjM="></latexit>

↵2 =
hp2, r2i
hp2, Ap2i

(generalized)



GMRES

Gram–Schmidt process {p1, p2, r3} p3

...
xk = xk�1 + ↵k�1pk�1

rk = rk�1 � ↵k�1Apk�1

{p1, p2, p3, · · · , pk�1, rk}Gram–Schmidt process pk

46



GMRES(K)
{pk�4, pk�3, pk�2, pk�1, rk} pk

forget this remember this

Pros
• Low memory requirements
• Constant iteration complexity

Cons

• No convergence theory (but works in practice)

47



CONJUGATE GRADIENTS
ONLY works when matrix is SPD

Observation: 

Upshot: only need to remove           from      rk

pk = rk � pk�1
hpk�1, Arki

hpk�1, Apk�1i

pk�1

Only need to store            ! xk, rk

Linear iteration complexity! 

{pk�4, pk�3, pk�2, pk�1, rk} pkGMRES:  

48

hrk, Apji = 0, 8j < k � 1

<latexit sha1_base64="fug/ICiQHLWu9kqPzDVyQcx5U4M="></latexit>



CONVERGENCE

kxk � x?kA
kx?kA

 2

✓p
� 1p
+ 1

◆k

Gets BAD when      is big

In terms of condition number

EXACT solution when k = number of eigenvalues

Preconditioners
Ax = b MAx = Mb

M ⇡ A�1

(MA) ⌧ (A)
49



OTHER METHODS

• MINRES:  solve ANY SYMMETRIC system

• 2X more expensive than CG

• QMR:  Works for ANY system

• Similar to MINRES, but with no guarantees

50



(REALLY REALLY) LARGE MATRICES
N

N

Inversion

Eigenvectors

Storage

O(N3)

O(N2)

O(N3)

100K x 100k  = 80 Gb RAM

Randomized methods:  handle big matrices with low 
complexity

51



NYSTROM APPROXIMATION

?

What if you have to factor a matrix that you don’t even have?

52 See Williams & Seeger ‘04



NYSTROM APPROXIMATION

If number of columns is roughly the (effective) rank, then you’re ok!
53



NYSTROM APPROXIMATION

C

W

G

sampled columns

{

G ⇡ CW�1CT

C W

54 See Williams & Seeger ‘04



WHY DOES IT WORK

G = XTX

For any semi-definite matrix…

sampled non-sampled

C

X = [X1 X2]

G =


XT

1

XT
2

� ⇥
X1 X2

⇤
=


XT

1 X1 XT
1 X2

XT
2 X1 XT

2 X2

�

55



NYSTROM APPROXIMATION

when #(sampled columns) = rank

C

G =


XT

1

XT
2

� ⇥
X1 X2

⇤
=


XT

1 X1 XT
1 X2

XT
2 X1 XT

2 X2

�

eGk = CkW
�1
k CT

k =


XT

1 X1 XT
1 X2

XT
2 X1 XT

2 X1W
�1
k XT

1 X2

�

eGk = CkW
�1
k CT

k =


XT

1 X1 XT
1 X2

XT
2 X1 XT

2 X2

�

56



STUFF YOU CAN DO WITH 
NYSTROM

matrix multiply

G ⇡ C C TW�1z z



STUFF YOU CAN DO WITH 
NYSTROM

using matrix inversion lemma

Big Small
(I +G)�1 ⇡ (I + CW�1CT )�1 = I � C(W + CTC)�1CT

<latexit sha1_base64="hlaaez7XZQYcdBfaz7+xSnS00NE=">AAACEnicbZDLSsNAFIYn9VbrLerSzWARFLEkpajLogtdVugNmjZMppN26GQSZibSkuYZ3Pgqblwo4taVO9/G6WWh1R8GPv5zDmfO70WMSmVZX0ZmaXlldS27ntvY3NreMXf36jKMBSY1HLJQND0kCaOc1BRVjDQjQVDgMdLwBteTeuOeCElDXlWjiLQD1OPUpxgpbbnmiRNQ7g4hHHaq8GYIzybgnULHFwgndpoUU2c8dMadomvmrYI1FfwL9hzyYK6Ka3463RDHAeEKMyRly7Yi1U6QUBQzkuacWJII4QHqkZZGjgIi28n0pBQeaacL/VDoxxWcuj8nEhRIOQo83Rkg1ZeLtYn5X60VK/+ynVAexYpwPFvkxwyqEE7ygV0qCFZspAFhQfVfIe4jHYbSKeZ0CPbiyX+hXizY54XSXSlfvprHkQUH4BAcAxtcgDK4BRVQAxg8gCfwAl6NR+PZeDPeZ60ZYz6zD37J+PgGyuWcVQ==</latexit>

min
x

xTGx� xT b+
1

2
kxk2

<latexit sha1_base64="yN9Sx1ZM0m99k7/tG6tBXh/WCJE=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBahIpSkFPUiFD2otwr2A9tQNttNu3SzCbsbsYT+Cy8eFPHqv/Hmv3Hb5qCtDwYe780wM8+LOFPatr+tzNLyyupadj23sbm1vZPf3WuoMJaE1knIQ9nysKKcCVrXTHPaiiTFgcdp0xteTfzmI5WKheJejyLqBrgvmM8I1kZ6KF6f3B4/oQvkdfMFu2RPgRaJk5ICpKh181+dXkjigApNOFaq7diRdhMsNSOcjnOdWNEIkyHu07ahAgdUucn04jE6MkoP+aE0JTSaqr8nEhwoNQo80xlgPVDz3kT8z2vH2j93EyaiWFNBZov8mCMdosn7qMckJZqPDMFEMnMrIgMsMdEmpJwJwZl/eZE0yiXntFS5qxSql2kcWTiAQyiCA2dQhRuoQR0ICHiGV3izlPVivVsfs9aMlc7swx9Ynz8oFI9K</latexit>

(G+ I)x = b
<latexit sha1_base64="vKCXp+BSC5SZt/MuX1a5pN817kM=">AAAB+HicbVDLSgNBEOyNrxgfWfXoZTAIETHsSlAvQtCDeotgHpCsYXYymwyZfTAzK8YlX+LFgyJe/RRv/o2TZA+aWNBQVHXT3eVGnEllWd9GZmFxaXklu5pbW9/YzJtb23UZxoLQGgl5KJoulpSzgNYUU5w2I0Gx73LacAeXY7/xQIVkYXCnhhF1fNwLmMcIVlrqmPlHdI6KV4c3B/fJkT1yO2bBKlkToHlip6QAKaod86vdDUns00ARjqVs2VaknAQLxQino1w7ljTCZIB7tKVpgH0qnWRy+Ajta6WLvFDoChSaqL8nEuxLOfRd3elj1Zez3lj8z2vFyjtzEhZEsaIBmS7yYo5UiMYpoC4TlCg+1AQTwfStiPSxwETprHI6BHv25XlSPy7ZJ6XybblQuUjjyMIu7EERbDiFClxDFWpAIIZneIU348l4Md6Nj2lrxkhnduAPjM8f/W6RYQ==</latexit>

x = (G+ I)�1b

(Kernel) least squares with ridge penalty



STUFF YOU CAN DO WITH 
NYSTROM

SVD
<latexit sha1_base64="alZx424y4TQmNzyVUsGTPMA3JDA=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRUr0IxR70WKFf0KZls920SzebsLtRSuj/8OJBEa/+F2/+G7dtDtr6YODx3gwz87yIM6Vt+9vKrK1vbG5lt3M7u3v7B/nDo6YKY0log4Q8lG0PK8qZoA3NNKftSFIceJy2vHF15rceqVQsFHU9iagb4KFgPiNYG6l3h25QtdVLLpxptVfv5wt20Z4DrRInJQVIUevnv7qDkMQBFZpwrFTHsSPtJlhqRjid5rqxohEmYzykHUMFDqhyk/nVU3RmlAHyQ2lKaDRXf08kOFBqEnimM8B6pJa9mfif14m1f+0mTESxpoIsFvkxRzpEswjQgElKNJ8Ygolk5lZERlhiok1QOROCs/zyKmleFp1ysfRQKlRu0ziycAKncA4OXEEF7qEGDSAg4Rle4c16sl6sd+tj0Zqx0plj+APr8wdGDJEW</latexit>

G = CW�1CT
<latexit sha1_base64="gkWcrUSsV7iUwD6P4rpmUOhev4M=">AAAB6XicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx6ByCMBQmaHXpgwO7uZmTUhG/7AiweN8eofefNvHGAPClbSSaWqO91dfiy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS0eJYthkkYhUx6caBZfYNNwI7MQKaegLbPuT+7nffkKleSQfzTTGfkhHkgecUWOlRr0xKJbcsrsAWSdeRkqQoTYofvWGEUtClIYJqnXXc2PTT6kynAmcFXqJxpiyCR1h11JJQ9T9dHHpjFxYZUiCSNmShizU3xMpDbWehr7tDKkZ61VvLv7ndRMT3PZTLuPEoGTLRUEiiInI/G0y5AqZEVNLKFPc3krYmCrKjA2nYEPwVl9eJ62rsnddrtQrpepdFkcezuAcLsGDG6jCA9SgCQwCeIZXeHMmzovz7nwsW3NONnMKf+B8/gBPl406</latexit>

QR
<latexit sha1_base64="/eG/G7STo0StcEC31kllZseP58U=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ4sSRS1GPRi8e29AvapGy2m3bpZhN2N0oJ/R9ePCji1f/izX/jts1BWx8MPN6bYWaeH3OmtG1/W2vrG5tb27md/O7e/sFh4ei4paJEEtokEY9kx8eKciZoUzPNaSeWFIc+p21/fD/z249UKhaJhp7E1A3xULCAEayN5NXqbS+9dKZ1r1HzGv1C0S7Zc6BV4mSkCBmq/cJXbxCRJKRCE46V6jp2rN0US80Ip9N8L1E0xmSMh7RrqMAhVW46v3qKzo0yQEEkTQmN5urviRSHSk1C33SGWI/UsjcT//O6iQ5u3ZSJONFUkMWiIOFIR2gWARowSYnmE0MwkczcisgIS0y0CSpvQnCWX14lrauSc10q18rFyl0WRw5O4QwuwIEbqMADVKEJBCQ8wyu8WU/Wi/VufSxa16xs5gT+wPr8AVS+kcQ=</latexit>

QRW�1RTQT<latexit sha1_base64="8LVrqJucQl9xNwsjgr7UF8xAfX0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUC9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2bssV+qVUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP4+7jMo=</latexit>= {
<latexit sha1_base64="reXJdRUwITgnb/Eyszhpwkg8U7Y=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4TyAuya5idzCZDZh/M9AphyW948aCIV3/Gm3/jJNmDJhY0FFXddHf5iRQabfvbKmxsbm3vFHdLe/sHh0fl45OOjlPFeJvFMlY9n2ouRcTbKFDyXqI4DX3Ju/7kfu53n7jSIo5aOE24F9JRJALBKBrJbRJ3TJF0SfOxNShX7Kq9AFknTk4qkKMxKH+5w5ilIY+QSap137ET9DKqUDDJZyU31TyhbEJHvG9oREOuvWxx84xcGGVIgliZipAs1N8TGQ21noa+6QwpjvWqNxf/8/opBrdeJqIkRR6x5aIglQRjMg+ADIXiDOXUEMqUMLcSNqaKMjQxlUwIzurL66RzVXWuq7VmrVK/y+MowhmcwyU4cAN1eIAGtIFBAs/wCm9War1Y79bHsrVg5TOn8AfW5w9ibJCf</latexit>

QŴQT<latexit sha1_base64="8LVrqJucQl9xNwsjgr7UF8xAfX0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUC9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2bssV+qVUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP4+7jMo=</latexit>=
SVD

<latexit sha1_base64="KufHzY49JiFmZGHlxyp2ivk1nPg=">AAACA3icbVDLSgMxFM34rPU16k43wSK4KjNS1GXRjcsWO22hMy2ZNG1Dk8yQZIQyFNz4K25cKOLWn3Dn35hOZ6GtBy6cnHMvufeEMaNKO863tbK6tr6xWdgqbu/s7u3bB4dNFSUSEw9HLJLtECnCqCCeppqRdiwJ4iEjrXB8O/NbD0QqGomGnsQk4Ggo6IBipI3Us4/r/ghp6EH/ng45gtmr2W3Uu42eXXLKTga4TNyclECOWs/+8vsRTjgRGjOkVMd1Yh2kSGqKGZkW/USRGOExGpKOoQJxooI0u2EKz4zSh4NImhIaZurviRRxpSY8NJ0c6ZFa9Gbif14n0YPrIKUiTjQReP7RIGFQR3AWCOxTSbBmE0MQltTsCvEISYS1ia1oQnAXT14mzYuye1mu1Cul6k0eRwGcgFNwDlxwBargDtSABzB4BM/gFbxZT9aL9W59zFtXrHzmCPyB9fkD4VaWaA==</latexit>

QÛ⌃V̂ TQT<latexit sha1_base64="8LVrqJucQl9xNwsjgr7UF8xAfX0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUC9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2bssV+qVUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP4+7jMo=</latexit>=
<latexit sha1_base64="INyNQFasvnhR25ZXXo4SHQEv49Q=">AAAB83icbVBNTwIxEJ3FL8Qv1KOXRmLiiewaoh6JXjxiZIGEXUm3dKGh7W7argkh/A0vHjTGq3/Gm//GAntQ8CWTvLw3k5l5UcqZNq777RTW1jc2t4rbpZ3dvf2D8uFRSyeZItQnCU9UJ8Kaciapb5jhtJMqikXEaTsa3c789hNVmiWyacYpDQUeSBYzgo2VAj94YAOBUeuxiXrlilt150CrxMtJBXI0euWvoJ+QTFBpCMdadz03NeEEK8MIp9NSkGmaYjLCA9q1VGJBdTiZ3zxFZ1bpozhRtqRBc/X3xAQLrccisp0Cm6Fe9mbif143M/F1OGEyzQyVZLEozjgyCZoFgPpMUWL42BJMFLO3IjLEChNjYyrZELzll1dJ66LqXVZr97VK/SaPowgncArn4MEV1OEOGuADgRSe4RXenMx5cd6dj0VrwclnjuEPnM8fz9qQ5Q==</latexit>

U⌃V T<latexit sha1_base64="8LVrqJucQl9xNwsjgr7UF8xAfX0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUC9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2bssV+qVUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP4+7jMo=</latexit>=

{ {
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Sketch the matrix

<latexit sha1_base64="nWwFofU58f/o0tULfi1Y4v69JVA=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY+oF4+QyCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3cxvPaHSPJYPZpygH9GB5CFn1FipftMrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1dssjjycwCmcgwdXUIV7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AJXLjM4=</latexit>

A

<latexit sha1_base64="nHV6ZkUj2uHQz28RjqNxNOP9tOc=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY8ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9YvltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia89adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWldl77pcaVRK1VoWRx7O4BwuwYMbqMI91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AJdPjM8=</latexit>

B
<latexit sha1_base64="nWwFofU58f/o0tULfi1Y4v69JVA=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY+oF4+QyCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3cxvPaHSPJYPZpygH9GB5CFn1FipftMrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1dssjjycwCmcgwdXUIV7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AJXLjM4=</latexit>

A
<latexit sha1_base64="jHzezb3d1IeHGcAUs72HPi9CGfA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRizcr2A9oQ9lsJ+3S3STuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgkfYMNwIbCcKqQwEtoLRzdRvPaHSPI4ezDhBX9JBxEPOqLFSm3TvJA4o6ZUrbtWdgSwTLycVyFHvlb+6/ZilEiPDBNW647mJ8TOqDGcCJ6VuqjGhbEQH2LE0ohK1n83unZATq/RJGCtbkSEz9fdERqXWYxnYTknNUC96U/E/r5Oa8MrPeJSkBiM2XxSmgpiYTJ8nfa6QGTG2hDLF7a2EDamizNiISjYEb/HlZdI8q3oX1fP780rtOo+jCEdwDKfgwSXU4Bbq0AAGAp7hFd6cR+fFeXc+5q0FJ585hD9wPn8AEDGPWA==</latexit>

⌦ = “Sketch”

Orthogonalize
<latexit sha1_base64="5JtfQVxQnkoruc7Du8OwaEyjQ44=">AAAB+nicbVBNT8JAEN3iF+JX0aOXjcQEL6Q1RL2YELx4hEQ+EmjIdllgw7bb7E5VUvkpXjxojFd/iTf/jQv0oOBLJnl5byYz8/xIcA2O821l1tY3Nrey27md3b39Azt/2NQyVpQ1qBRStX2imeAhawAHwdqRYiTwBWv545uZ37pnSnMZ3sEkYl5AhiEfcErASD07X7/GXWCPkEgFo2mxetazC07JmQOvEjclBZSi1rO/un1J44CFQAXRuuM6EXgJUcCpYNNcN9YsInRMhqxjaEgCpr1kfvoUnxqljwdSmQoBz9XfEwkJtJ4EvukMCIz0sjcT//M6MQyuvISHUQwspItFg1hgkHiWA+5zxSiIiSGEKm5uxXREFKFg0sqZENzll1dJ87zkXpTK9XKhUk3jyKJjdIKKyEWXqIJuUQ01EEUP6Bm9ojfryXqx3q2PRWvGSmeO0B9Ynz9nDpN1</latexit>

Q = orth(B)

Approximate 
<latexit sha1_base64="nWwFofU58f/o0tULfi1Y4v69JVA=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY+oF4+QyCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3cxvPaHSPJYPZpygH9GB5CFn1FipftMrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1dssjjycwCmcgwdXUIV7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AJXLjM4=</latexit>

A

<latexit sha1_base64="+XpfpThBLrgbbfHqddVu2aTMA/s=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9mVoh6LXjxWsB/QLiWbZtvQbBKSrFiW/ggvHhTx6u/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEw1oU0iudSdCBvKmaBNyyynHaUpTiJO29H4dua3H6k2TIoHO1E0TPBQsJgRbJ3U7mGltHzqlyt+1Z8DrZIgJxXI0eiXv3oDSdKECks4NqYb+MqGGdaWEU6npV5qqMJkjIe066jACTVhNj93is6cMkCx1K6ERXP190SGE2MmSeQ6E2xHZtmbif953dTG12HGhEotFWSxKE45shLNfkcDpimxfOIIJpq5WxEZYY2JdQmVXAjB8surpHVRDS6rtftapX6Tx1GEEziFcwjgCupwBw1oAoExPMMrvHnKe/HevY9Fa8HLZ47hD7zPH5ZQj78=</latexit>⇡
<latexit sha1_base64="3VPm2uqrrNwsX6xSDJp2KfMvPMc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZrNfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8frguM3g==</latexit>

Q
<latexit sha1_base64="S9230tCTnijN88lgjP3WHkR2r2k=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9kVUY9VLx5b6Be0a8mm2TY0yS5JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMviDnTxnW/ncLa+sbmVnG7tLO7t39QPjxq6yhRhLZIxCPVDbCmnEnaMsxw2o0VxSLgtBNM7jO/80SVZpFsmmlMfYFHkoWMYJNJjcfm7aBccavuHGiVeDmpQI76oPzVH0YkEVQawrHWPc+NjZ9iZRjhdFbqJ5rGmEzwiPYslVhQ7afzW2fozCpDFEbKljRorv6eSLHQeioC2ymwGetlLxP/83qJCW/8lMk4MVSSxaIw4chEKHscDZmixPCpJZgoZm9FZIwVJsbGU7IheMsvr5L2RdW7ql42Liu1uzyOIpzAKZyDB9dQgweoQwsIjOEZXuHNEc6L8+58LFoLTj5zDH/gfP4AjyqN7w==</latexit>

QTA
<latexit sha1_base64="nWwFofU58f/o0tULfi1Y4v69JVA=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY+oF4+QyCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3cxvPaHSPJYPZpygH9GB5CFn1FipftMrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1dssjjycwCmcgwdXUIV7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AJXLjM4=</latexit>

A

<latexit sha1_base64="9oPWFVNXuhp8mUImBwT5RYdebCI=">AAACB3icbVDLSgNBEJyNrxhfUY+CDAYhXsKuBPUY9eIxwbwgu4beyWwyZPbBzKwYlty8+CtePCji1V/w5t84SfagiQUNRVU33V1uxJlUpvltZJaWV1bXsuu5jc2t7Z387l5ThrEgtEFCHoq2C5JyFtCGYorTdiQo+C6nLXd4PfFb91RIFgZ1NYqo40M/YB4joLTUzR9eYhuiSIQPuIaL9gAUbti3rO8Dbt7VT7r5glkyp8CLxEpJAaWodvNfdi8ksU8DRThI2bHMSDkJCMUIp+OcHUsaARlCn3Y0DcCn0kmmf4zxsVZ62AuFrkDhqfp7IgFfypHv6k4f1EDOexPxP68TK+/CSVgQxYoGZLbIizlWIZ6EgntMUKL4SBMggulbMRmAAKJ0dDkdgjX/8iJpnpass1K5Vi5UrtI4sugAHaEistA5qqAbVEUNRNAjekav6M14Ml6Md+Nj1pox0pl99AfG5w8uoZec</latexit>

A ⇡ Q(Û⌃V T )
<latexit sha1_base64="uKR1IwLUqidr/m8vxIme0vU0rro=">AAAB/3icbVA9T8MwEHX4LOUrgMTCYlEhMVUJqoCxwMJYRNNWakLluE5r1Ykt20FUoQN/hYUBhFj5G2z8G9w2A7Q86aSn9+50dy8UjCrtON/WwuLS8spqYa24vrG5tW3v7DYUTyUmHuaMy1aIFGE0IZ6mmpGWkATFISPNcHA19pv3RCrKk7oeChLEqJfQiGKkjdSx9y+gj4SQ/AFCz7+lvRjBxl29Y5ecsjMBnCduTkogR61jf/ldjtOYJBozpFTbdYQOMiQ1xYyMin6qiEB4gHqkbWiCYqKCbHL/CB4ZpQsjLk0lGk7U3xMZipUaxqHpjJHuq1lvLP7ntVMdnQcZTUSqSYKni6KUQc3hOAzYpZJgzYaGICypuRXiPpIIaxNZ0YTgzr48TxonZfe0XLmplKqXeRwFcAAOwTFwwRmogmtQAx7A4BE8g1fwZj1ZL9a79TFtXbDymT3wB9bnDzEzlPE=</latexit>

A ⇡ U⌃V T

Factorize small matrix


