CFLs, Finite Unary Sets,
DFAs, NFAs



Where this Talk Came From

This talk is based on the paper
Simulating Finite Automata with Context-Free Grammars by

Domaratzki, Pighizzini, Shallit. Information Processing Letters,
Volume 84, 2002,339-344.



CFLs for Finite Unary
Sets



CFG’s for {e, a, a°, a3, a*, a°%}

We do n = 5.



CFG’s for {e, a, a°, a3, a*, a°%}

We do n = 5.
G() — € L(Go) = {e}



CFG’s for {e, a, a°, a3, a*, a°%}

We do n = 5.
Go — € L(Go) = {e}
Gl — a L(Gl) = {a}



CFG's for {e, a, a%, a3, a*, a°}

We do n =5.

Go—re  L(Go)={e}
Gva LG ={a}

G2 — G1Gy L(Gy) = {aa}



CFG’s for {e, a, a°, a3, a*, a°%}

We do n =5.

Go—e  L(Go)={e}

G]_ — a L(Gl) = {a}

Gy — G1G; L(Gy) = {aa}
G3 = GGy L(G3) = {aaa}



CFG’s for {e, a, a, a3, a%, a°}

We do n = 5.

Ge  L(G)={e)
G2 UG) =1}

Gr = G1Gy L(Gy) = {aa}
Gz = GGy L(G3) = {aaa}
Gy — G3Gy L(Gs) = {aaaa}



CFG’s for {e,a, a?, a% a% a
We do n =
Goe  L(Go)={e}
Gl — a L(Gl) = {a}
G = G1Gy L(Gy) = {aa}
G3 — G2 G1 L(G3) = {aaa}
G4 — G3 Gl L(G4) = {aaaa}
Gs — G4Gy L(Gs) = {aaaaa}

°}



CFG’s for {e, a, a%, a%, a*, a°}

We do n = 5.
Gy — e [_(Go) = {e}
G —a L(Gl):{a}

G2 — G1 G1 L(Gg) = {aa}
G3 — G2 Gl L(G3) = {aaa}
G4 — G3 Gl L(G4) = {aaaa}

Gs — G4Gy L(Gs) = {aaaaa}
Can generalize to get G, ..., G, with L(G;) = {a'}.



, 5 1
CFG’s for {e, 2%, a'%, a'®, 2?0, 2%°}



, 5 1
CFG’s for {e, 2%, a'%, a'®, 2?0, 2%°}

Fo— e L(Fo) = {e}.



, 5 1
CFG’s for {e, 2%, a'%, a'®, 2?0, 2%°}

Fo— e L(Fo) = {e}.
F1 — G5 L(F]_) = {35}.



, 5 1
CFG’s for {e, 2%, a'%, a'®, 2?0, 2%°}

Fo— e L(Fo) = {e}.
F1 — G5 L(F]_) = {35}.
F2 — F1F1 L(Fz) = {alo}.



CFG’s for {e, 2%, a'%, a'®, 2?0, 2%°}

Fo— e L(Fo) = {e}.
Fi— Gs L(F) = {a°}.
Fo— FAF L(R)={a"}.
F3 — F2F1 L(F3) = {315}.



CFG’s for {e, 2%, a'%, a'®, 2?0, 2%°}

Fo—e L(Fo) = {e}.

Fi1 — Gs L(Fl) = {35}.
Fo— FiFL L(R)={a"%.
F3 — F2F1 L(F3) = {315}.
F4 — F3F1 L(F4) = {320}.



CFG’s for {e, 2%, a'%, a'®, 2?0, 2%°}

Fo—e L(Fo) = {e}.
Fi1 — Gs L(F1) = {a’}.
F» = F1F L(F) = {a'0}.

F3 — F2F1 L(F3) = {a15}.
F4 — F3F1 L(F4) = {320}.
Fs — FaFy L(Fs) = {a®®}.



CFG’s for {e, a%, a'?, a'®, 2%, a?°}

Fo— e L(Fo) = {e}.

F1— Gs L(F) = {a°}.

Fo = FiF L(F2) = {a"}.

F— R L(F3) = {a15}.

Fs — F3F L(F4) = {320}.

Fs — FaF L(Fs) = {a*}.

Can generalize to get Fo, ..., Fi with L(F;) = {a*}.



CFG’s for {e, a%, a'?, a'®, 2%, a?°}

Fo— e L(Fo) = {e}.

F1— Gs L(F) = {a°}.

Fo— FiFy L(F2) = {a"}.

F3 — FR L(F3) = {315}.

Fs — F3F L(F4) = {320}.

Fs — FaF L(Fs) = {a*}.

Can generalize to get Fo, ..., Fi with L(F;) = {a*}.
We will use k = r so Fy, ..., F, with L(F;) = {a"}.



; 25
CFG’s for {e, a%5,a%, a’®, 2100, 5125}



; 25
CFG’s for {e, a%5,a%, a’®, 2100, 5125}

Eo— e L(Eop) = {e}.



; 25
CFG’s for {e, a%5,a%, a’®, 2100, 5125}

Eo— e L(Eop) = {e}.
Eis — Fs L(El) = {325}.



; 25
CFG’s for {e, a%5,a%, a’®, 2100, 5125}

Eo— e L(Eop) = {e}.
E1 — F5 L(El) = {325}.
E2 — E1E1 L(Eg) = {350}.



CFG’s for {e, a%5,a%, a’®, 2100, 5125}

Eo— e L(Eop) = {e}.

E1 — F5 L(El) = {325}.
E2 — E1E1 L(Eg) = {350}.
E3 — EEq L(E3) = {375}.



CFG’s for {e, a%5,a%, a’®, 2100, 5125}

Eo— e L(Eop) = {e}.

E1 — F5 L(El) = {325}.

E2 — E1E1 L(Ez) = {350}.
E3 — EEq L(E3) = {375}.
E4 — E3 Tl L(E4) = {aloo}.



CFG’s for {e, a%5,a%, a’®, 2100, 5125}

Eo— e L(Eo) = {e}.

E1 — F5 L(El) = {325}.

E2 — E1E1 L(Ez) = {350}.
E3 — EEq L(E3) = {375}.
Ey— E3Th L(Es) = {a'}.
Es — E4 Ty L(Es) = {a'®}.



CFG’s for {e, a?®, a0, a™, al00 5125}

Eo— e L(Eo) = {e}.

E — F5 L(El) = {325}.

E2 — E1E1 L(Ez) = {350}.

E3 — EEq L(E3) = {375}.

E4 — E3 Tl L(E4) = {aloo}.

Es — E4 Ty L(Es) = {a'®}.

Can generalize to get Ey, ..., Ex with L(E;) = {ak}.



CFG’s for {e, a?®, a0, a™, al00 5125}

Eo— e L(Eo) = {e}.

E1 — F5 L(El) = {325}.

E2 — E1E1 L(Ez) = {350}.

E3 — EEq L(E3) = {375}.

E4 — E3 Tl L(E4) = {aloo}.

Es — E4 Ty L(Es) = {a'®}.

Can generalize to get Ey, ..., Ex with L(E;) = {ak}.
We will use k; = ko = r so EO,.. E, with L(T;) = {a” }.



CFG for {e,a, a?,...,a'?®}: Just {e,...,a*}.



CFG for {e,a, a?,...,a'?®}: Just {e,...,a*}.

Recall: L(Ey) ={e}  L(F;)={a'} qquad L(G;) = {a°}.



CFG for {e,a, a?,...,a'?®}: Just {e,...,a*}.

Recall: L(Ey) ={e}  L(F;)={a'} qquad L(G;) = {a°}.
S— EoSo



CFG for {e,a, a?,...,a'?®}: Just {e,...,a*}.

Recall: L(Ey) ={e}  L(F)={a'} qquad L(G;) = {a°'}.
S— EoSo
50 — Fo Go | F1 Go ‘ F2 Go | F3 GO ’ F4 Go



CFG for {e,a, a?,...,a'?®}: Just {e,...,a*}.

Recall: L(Ey) ={e}  L(F;)={a'} qquad L(G;) = {a°}.
S — EySo

50 — F()Go | F1G0 ‘ F2G0 | F3G0 ’ F4G0

From this Sy generates {e, a, a%, a3, a*}



CFG for {e,a, a?,...,a'?®}: Just {e,...,a*}.

Recall: L(Ey) ={e}  L(F;)={a'} qquad L(G;) = {a°}.
S — EySo

50 — F()Go | F1G0 ‘ F2G0 | F3G0 ’ F4G0

From this Sy generates {e, a, a%, a3, a*}

50—>F0G1 ‘ F1G1 ‘ F2G1 | F3G1 ’ F4G1



CFG for {e,a,a*,...,a'?®}: Just {e,...,a**}.

Recall: L(Ey) ={e}  L(F;)={a'} qquad L(G;) = {a°}.
S — EySo

50 — F()Go ‘ F1G0 ‘ F2G0 ’ F3G0 ’ F4G0

From this Sy generates {e, a, a%, a3, a*}

50—>F0G1 ‘ F1G1 ‘ F2G1 ’ F3G1 ’ F4G1
From this S generates {a°,a%,a’, 2%, 2%}



CFG for {e,a,a*,...,a'?®}: Just {e,...,a**}.

Recall: L(Ey) ={e}  L(F;)={a'} qquad L(G;) = {a°}.
S — EySo

50—>FOG0 ‘ F1G0 ‘ F2G0 ‘ F3G0 ’ F4G0

From this Sy generates {e, a, a%, a3, a*}

50—>F0G1 ‘ F1G1 ‘ F2G1 ‘ F3G1 ’ F4G1
From this S generates {a°,a%,a’, 2%, 2%}

So—>FOG2 | F1G2 | F2G2 F3G2 | F4G2



CFG for {e,a,a*,...,a'?®}: Just {e,...,a**}.

Recall: L(Ey) ={e}  L(F;)={a'} qquad L(G;) = {a°}.
S — EySo

50—>FOG0 ‘ F1G0 ‘ F2G0 ‘ F3G0 ’ F4G0

From this Sy generates {e, a, a%, a3, a*}

50—>F0G1 | F1G1 ‘ F2G1 ‘ F3G1 ’ F4G1
From this S generates {a°,a%,a’, 2%, 2%}

So—>FOG2 | F1G2 | F2G2 ‘ F3G2 | F4G2
From this S generates {a'0, all, a'? a'3, 214}



CFG for {e,a,a*,...,a'?®}: Just {e,...,a**}.

Recall: L(Ey) ={e}  L(F;)={a'} qquad L(G;) = {a°}.
S — EySo

50—>FOG0 ‘ F1G0 ‘ F2G0 ‘ F3G0 ’ F4G0

From this Sy generates {e, a, a%, a3, a*}

50—>F0G1 | F1G1 ‘ F2G1 ‘ F3G1 ’ F4G1
From this S generates {a°,a%,a’, 2%, 2%}

So—>FOG2 | F1G2 | F2G2 ‘ F3G2 | F4G2
From this S generates {a'0, all, a'? a'3, 214}

50—)FOG3 | F1G3 ‘ F2G3 ‘ F3G3 ’ F4G3



CFG for {e,a,a*,...,a'?®}: Just {e,...,a**}.

Recall: L(Ey) ={e}  L(F;)={a'} qquad L(G;) = {a°}.
S — EySo

50—>FOG0 ‘ F1G0 ‘ F2G0 ‘ F3G0 ’ F4G0

From this Sy generates {e, a, a%, a3, a*}

50—>F0G1 | F1G1 ‘ F2G1 ‘ F3G1 ’ F4G1
From this S generates {a°,a%,a’, 2%, 2%}

So—>FOG2 | F1G2 | F2G2 ‘ F3G2 | F4G2
From this S generates {a'0, all, a'? a'3, 214}

50—)FOG3 | FlG3 ‘ F2G3 ‘ F3G3 ’ F4G3
From this S generates {a'®, al® a7 a'® 2191



CFG for {e,a,a*,...,a'?®}: Just {e,...,a**}.

Recall: L(Ey) ={e}  L(F;)={a'} qquad L(G;) = {a°}.

S— EoSo
50—>FOG0 ‘ F1G0 ‘ F2G0 ‘ F3G0 ’
From this Sy generates {e, a, a%, a3, a*}

50—>F0G1 | F1G1 ‘ F2G1 ‘ F3G1 ’
From this S generates {a°,a%,a’, 2%, 2%}

So—>FOG2 | F1G2 | F2G2 ‘ F3G2 |
From this S generates {a'0, all, a'? a'3, 214}

50—)FOG3 | FlG3 ‘ F2G3 ‘ F3G3 ’
From this S generates {a'®, al® a7 a'® 2191

50—>FOG4 ‘ F1G4 ‘ F2G4 ‘ F3G4 ’

F4 GO

F4Gy

FaGo

FaGs3

FaGy



CFG for {e,a,a*,...,a'?®}: Just {e,...,a**}.

Recall: L(Ey) ={e}  L(F;)={a'} qquad L(G;) = {a°}.

S— EoSo
50—>FOG0 ‘ F1G0 ‘ F2G0 ‘ F3G0 ’
From this Sy generates {e, a, a%, a3, a*}

50—>F0G1 | F1G1 ‘ F2G1 ‘ F3G1 ’
From this S generates {a°,a%,a’, 2%, 2%}

So—>FOG2 | F1G2 | F2G2 ‘ F3G2 |
From this S generates {a'0, all, a'? a'3, 214}

50—)FOG3 | FlG3 ‘ F2G3 ‘ F3G3 ’
From this S generates {a'®, al® a7 a'® 2191

50—>FOG4 ‘ F1G4 ‘ F2G4 ‘ F3G4 ’

From this S generates {a%0, 2?1, 2?2, 223 2?4}

F4 Go

F4Gy

FaGo

FaGs3

FaGy



CFG for {e,a,a?,...,a'?}: Just {a%5,...,a*}.



CFG for {e,a,a?,...,a'?}: Just {a%5,...,a*}.

Recall: L(E1) = {a®®}  L(Fi) ={a'} qquad L(G)) = {a*'}.



CFG for {e,a,a?,...,a'?}: Just {a%5,...,a*}.

Recall: L(E1) = {a®®}  L(Fi) ={a'} qquad L(G)) = {a*'}.
S—>E151



CFG for {e,a,a?,...,a'?}: Just {a%5,...,a*}.

Recall: L(E;) = {a®®}  L(F;) ={a'} qquad L(G;) = {a°'}.
S — E151
51 — Fo Go | F1 Go ‘ F2 Go | F3 GO ’ F4 Go



CFG for {e,a,a?,...,a'?}: Just {a%5,...,a*}.

Recall: L(E;) = {a®®}  L(F;) ={a'} qquad L(G;) = {a°'}.
S—ES$

51—>FOG0 | F1G0 ‘ F2G0 | F3G0 ’ F4G0

From this S generates {325, a%0,a%", a%8, 329}



CFG for {e,a,a?,...,a'?}: Just {a%5,...,a*}.

Recall: L(E;) = {a®®}  L(F;) ={a'} qquad L(G;) = {a°'}.
S—ES$

51—>FOG0 | F1G0 ‘ F2G0 | F3G0 ’ F4G0

From this S generates {325, a%0,a%", a%8, 329}

51—>F0G1 ‘ F1G1 ‘ F2G1 | F3G1 ’ F4G1



CFG for {e,a,a*,...,a'?%}: Just {a%,...,a%"}.

Recall: L(E1) = {a®®}  L(Fi) ={a'} qquad L(G)) = {a*'}.

S — E151

51—>FOG0 ‘ F1G0 ‘ F2G0 ’
From this S generates {a%°, 2%%, a%7,
51—>F0G1 ‘ F1G1 ‘ F2G1 ’

From this S generates {a%0, 23!, 232,

F3Go | FaGo
328’ 329}
F3Gi | FaGi

333, 834}



CFG for {e,a,a*,...,a'?%}: Just {a%,...,a%"}.

Recall: L(E;) = {a®®}  L(F;) ={a'} qquad L(G;) = {a°'}.
S — E151

51 — Fo Go ‘ F1 Go ‘ F2 Go ‘ F3 GO ’ F4 GO

From this S generates {a%°, %%, 2%, 2?8, 2%}

51 — Fo G1 ‘ F1 G1 ‘ F2 G1 ‘ F3 G1 ’ F4 G1

From this S generates {a%0, 231, 232 333 2341

51—>FOG2 | F1G2 | F2G2 ‘ F3G2 | F4G2



CFG for {e,a,a*,...,a'?%}: Just {a%,...,a%"}.

Recall: L(E;) = {a®®}  L(F;) ={a'} qquad L(G;) = {a°'}.
S — E151

51 — Fo Go ‘ F1 Go ‘ F2 Go ‘ F3 GO ’ F4 GO

From this S generates {a%°, %%, 2%, 2?8, 2%}
51 — Fo G1 | F1 G1 ‘ F2 G1 ‘ F3 G1 ’ F4 G1
From this S generates {a%0, 231, 232 333 2341

51 — Fo G2 | F1 G2 | F2 G2 ‘ F3 G2 | F4 G2
From this S generates {23,230, 23" 2%, 239



CFG for {e,a,a*,...,a'?%}: Just {a%,...,a%"}.

Recall: L(E;) = {a®®}  L(F;) ={a'} qquad L(G;) = {a°'}.
S — E151
51 — Fo Go ‘ F1 Go ‘ F2 Go ‘ F3 GO ’ F4 GO

From this S generates {a%°, %%, 2%, 2?8, 2%}

51—>F0G1 | F1G1 ‘ F2G1 ‘ F3G1 ’ F4G1

From this S generates {a%0, 231, 232 333 2341

51—>FOG2 | F1G2 | F2G2 ‘ F3G2 | F4G2
From this S generates {23,230, 23" 2%, 239

51—)FOG3 | F1G3 ‘ F2G3 ‘ F3G3 ’ F4G3



CFG for {e,a,a*,...,a'?%}: Just {a%,...,a%"}.

Recall: L(E;) = {a®®}  L(F;) ={a'} qquad L(G;) = {a°'}.
S — E151

51 — Fo Go ‘ F1 Go ‘ F2 Go ‘ F3 GO ’ F4 GO

From this S generates {a%°, %%, 2%, 2?8, 2%}
51 — Fo G1 | F1 G1 ‘ F2 G1 ‘ F3 G1 ’ F4 G1
From this S generates {a%0, 231, 232 333 2341

51 — Fo G2 | F1 G2 | F2 G2 ‘ F3 G2 | F4 G2
From this S generates {23,230, 23" 2%, 239

51—)FOG3 | FlG3 ‘ F2G3 ‘ F3G3 ’ F4G3

From this S generates {a%0, a*! 2% a%3 2%}



CFG for {e,a,a*,...,a'?%}: Just {a%,...,a%"}.

Recall: L(E;) = {a®®}  L(F;) ={a'} qquad L(G;) = {a°'}.
S — E151

51 — Fo Go ‘ F1 Go ‘ F2 Go ‘ F3 GO ’ F4 GO

From this S generates {a%°, %%, 2%, 2?8, 2%}
51 — Fo G1 | F1 G1 ‘ F2 G1 ‘ F3 G1 ’ F4 G1
From this S generates {a%0, 231, 232 333 2341

51 — Fo G2 | F1 G2 | F2 G2 ‘ F3 G2 | F4 G2
From this S generates {23,230, 23" 2%, 239

51—)FOG3 | FlG3 ‘ F2G3 ‘ F3G3 ’ F4G3

From this S generates {a%0, a*! 2% a%3 2%}

51—>FOG4 ‘ F1G4 ‘ F2G4 ‘ F3G4 ’ F4G4



CFG for {e,a,a*,...,a'?%}: Just {a%,...,a%"}.

Recall: L(E;) = {a®®}  L(F;) ={a'} qquad L(G;) = {a°'}.
S — E151
51 — Fo Go ‘ F1 Go ‘ F2 Go ‘ F3 GO ’ F4 GO

From this S generates {a%°, %%, 2%, 2?8, 2%}

51—>F0G1 | F1G1 ‘ F2G1 ‘ F3G1 ’ F4G1

From this S generates {a%0, 231, 232 333 2341

51—>FOG2 | F1G2 | F2G2 ‘ F3G2 | F4G2

From this S generates {23,230, 23" 2%, 239

51—)FOG3 | FlG3 ‘ F2G3 ‘ F3G3 ’ F4G3

From this S generates {a%0, a*! 2% a%3 2%}

51—>FOG4 ‘ F1G4 ‘ F2G4 ‘ F3G4 ’ F4G4

From this S generates {a%, 2% 2% a*8 2%}



CFG for {e,a,a?,...,a'?}: Just {a°0,...,a"*}.



CFG for {e,a,a?,...,a'?}: Just {a°0,...,a"*}.

Recall: L(Ey) = {a*°}  L(Fi) = {a'} qquad L(G)) = {a*'}.



CFG for {e,a,a?,...,a'?}: Just {a°0,...,a"*}.

Recall: L(Ey) = {a*°}  L(Fi) = {a'} qquad L(G)) = {a*'}.
S—>E252



CFG for {e,a,a?,...,a'?}: Just {a°0,...,a"*}.

Recall: L(E) = {a%°}  L(F) = {a'} qquad L(G;) = {a°}.
S — E252
52 — Fo Go | F1 Go ‘ F2 Go | F3 GO ’ F4 Go



CFG for {e,a,a?,...,a'?}: Just {a°0,...,a"*}.

Recall: L(E) = {a%°}  L(F) = {a'} qquad L(G;) = {a°}.
S — ExS

52—>FOG0 | F1G0 ‘ F2G0 | F3G0 ’ F4G0

From this S generates {350, a®l, a%?, a3, a**}



CFG for {e,a,a?,...,a'?}: Just {a°0,...,a"*}.

Recall: L(E) = {a%°}  L(F) = {a'} qquad L(G;) = {a°}.
S — ExS

52—>FOG0 | F1G0 ‘ F2G0 | F3G0 ’ F4G0

From this S generates {350, a®l, a%?, a3, a**}

52—>F0G1 ‘ F1G1 ‘ F2G1 | F3G1 ’ F4G1



CFG for {e,a,a*,...,a'?%}: Just {a%,...,a"}.

Recall: L(Ey) = {a*°}  L(Fi) = {a'} qquad L(G)) = {a*'}.

S — E252
52 — F()Go ‘ F1G0 ‘ F2G0 ’
From this S generates {a%, a1, a%2,

52—>F0G1 ‘ F1G1 ‘ F2G1 ’

From this S generates {a%, 3%, 2%,

F3Go | FaGo
3537 354}
F3Gi | FaGi

a58, 359}



CFG for {e,a,a*,...,a'?%}: Just {a%,...,a"}.

Recall: L(Ey) = {a*°}  L(Fi) = {a'} qquad L(G)) = {a*'}.

S — E252

52 — F()Go ‘ F1G0 ‘ F2G0 ‘ F3G0 ’ F4G0
From this S generates {a%0, a%1, a2, 353, 24}

52 — F0G1 ‘ F1G1 ‘ F2G1 ‘ F3G1 ’ F4G1
From this S generates {a%, %0, 2%, 38 2%}

52—>FOG2 | F1G2 | F2G2 ‘

F3Gy | F4Go



CFG for {e,a,a*,...,a'?%}: Just {a%,...,a"}.

Recall: L(E) = {a%°}  L(F) = {a'} qquad L(G;) = {a°}.
S — ExS

SQ-)F()GO ‘ F1G0 ‘ F2G0 ‘ F3G0 ’ F4G0

From this S generates {350, a®l, a%?, a3, a>*}

52 — F0G1 | F1G1 ‘ F2G1 ‘ F3G1 ’ F4G1
From this S generates {a%, %0, 2%, 38 2%}
52 — FOG2 | F1G2 | F2G2 ‘ F3G2 | F4G2
From this S generates {a%0, 391, 292 263 2641



CFG for {e,a,a*,...,

Recall: L(Ep) = {a°}

S — E252
52 — F()Go

From this S generates {a°

52 — Fo G1

From this S generates {a

52 — Fo G2

From this S generates {a°

52 — Fo G3

F1Go

F1Gy

F1Go

F1Gs3

a'?°}: Just {a%0,...

,a'}.

L(Fi) ={a'} qquad L(G;) = {a°'}.
FrGo | F3Gp | FaGo
0 51 552 53 554}
F2Gi | FGi | FaGy
55 356 257 358 5591
F2Gy | FG | FG
0 26T, 462 463 564}
FoGs | F3G3 | FaGs



CFG for {e,a,a*,...,a'?%}: Just {a%,...,a"}.

Recall: L(E) = {a%°}  L(F) = {a'} qquad L(G;) = {a°}.
S — ExS

SQ-)F()GO ‘ F1G0 ‘ F2G0 ‘ F3G0 ’ F4G0

From this S generates {350, a®l, a%?, a3, a>*}

52—>F0G1 | F1G1 ‘ F2G1 ‘ F3G1 ’ F4G1
From this S generates {a%, %0, 2%, 38 2%}

)

52—>FOG2 | F1G2 | F2G2 ‘ F3G2 | F4G2
From this S generates {a%0, 391, 292 263 2641

52—)FOG3 | FlG3 ‘ F2G3 ‘ F3G3 ’ F4G3

From this S generates {a%%, 2% 2%7 268 3691



CFG for {e,a,a*,...,a'?%}: Just {a%,...,a"}.

Recall: L(E) = {a%°}  L(F) = {a'} qquad L(G;) = {a°}.
S — ExS

SQ-)F()GO ‘ F1G0 ‘ F2G0 ‘ F3G0 ’ F4G0

From this S generates {350, a®l, a%?, a3, a>*}

52 — F0G1 | F1G1 ‘ F2G1 ‘ F3G1 ’ F4G1
From this S generates {a%, %0, 2%, 38 2%}
52 — FOG2 | F1G2 | F2G2 ‘ F3G2 | F4G2
From this S generates {a%0, 391, 292 263 2641

52—)FOG3 | FlG3 ‘ F2G3 ‘ F3G3 ’ F4G3

From this S generates {a%%, 2% 2%7 268 3691

52—>FOG4 ‘ F1G4 ‘ F2G4 ‘ F3G4 ’ F4G4



CFG for {e,a,a*,...,a'?%}: Just {a%,...,a"}.

Recall: L(E) = {a%°}  L(F) = {a'} qquad L(G;) = {a°}.
S — ExS

52—>FOG0 ‘ F1G0 ‘ F2G0 ‘ F3G0 ’ F4G0

From this S generates {350, a®l, a%?, a3, a>*}

52 — F0G1 | F1G1 ‘ F2G1 ‘ F3G1 ’ F4G1
From this S generates {a%, %0, 2%, 38 2%}
52 — FOG2 | F1G2 | F2G2 ‘ F3G2 | F4G2
From this S generates {a%0, 391, 292 263 2641

52—)FOG3 | FlG3 ‘ F2G3 ‘ F3G3 ’ F4G3

From this S generates {a%%, 2% 2%7 268 3691

52—>FOG4 ‘ F1G4 ‘ F2G4 ‘ F3G4 ’ F4G4
From this S generates {a’%, 2™t 2’2, a3 a2’}



CFG for {e,a,a’,...,a'?®}: Just {a’5,...,al%0}.



CFG for {e,a,a’,...,a'?®}: Just {a’5,...,al%0}.

Recall: L(E3) ={a}  L(Fi) ={a'} qquad L(G)) = {a*'}.



CFG for {e,a,a’,...,a'?®}: Just {a’5,...,al%0}.

Recall: L(E3) ={a}  L(Fi) ={a'} qquad L(G)) = {a*'}.
S—>E3S3



CFG for {e,a,a’,...,a'?®}: Just {a’5,...,al%0}.

Recall: L(E3) ={a”®}  L(F) = {a'} qquad L(G;) = {a°'}.
S— E353
53 — Fo Go | F1 Go ‘ F2 Go | F3 GO ’ F4 Go



CFG for {e,a,a’,...,a'?®}: Just {a’5,...,al%0}.

Recall: L(E3) ={a"®}  L(F)={a'} qquad L(G;) = {a°'}.
S — E3S;3

S3—>FOG0 | F1G0 ‘ F2G0 | F3G0 ’ F4G0

From this S generates {a°, a’®. a’", a8, 379}



CFG for {e,a,a’,...,a'?®}: Just {a’5,...,al%0}.

Recall: L(E3) ={a"®}  L(F)={a'} qquad L(G;) = {a°'}.
S — E3S;3

53—>FOG0 | F1G0 ‘ F2G0 | F3G0 ’ F4G0

From this S generates {a°, a’®. a’", a8, 379}

53—>F0G1 ‘ F1G1 ‘ F2G1 | F3G1 ’ F4G1



CFG for {e,a,a*,...,a'?}: Just {a"°,...,a'00}.

Recall: L(E3) ={a}  L(Fi) ={a'} qquad L(G)) = {a*'}.

S— E3S3
53 — F()Go ‘ F1G0 ‘ F2G0 ’
From this S generates {a’®,a"®, a"",

53—>F0G1 ‘ F1G1 ‘ F2G1 ’

From this S generates {a%0, 281, 282,

F3Go | FaGo
378’ 379}
F3Gi | FaGi

383, 884}



CFG for {e,a,a*,...,a'?}: Just {a"°,...,a'00}.

Recall: L(E3) ={a}  L(Fi) ={a'} qquad L(G)) = {a*'}.

S— E3S3

53 — F()Go ‘ F1G0 ‘ F2G0 ‘ F3G0 ’ F4G0
From this S generates {a’®,a"® a’", a"8 2"}

53 — F0G1 ‘ F1G1 ‘ F2G1 ‘ F3G1 ’ F4G1
From this S generates {a%0, 281, 282 383 2841

S3—>FOG2 | F1G2 | F2G2 ‘

F3Gy | F4Go



CFG for {e,a,a*,...,a'?}: Just {a"°,...,a'00}.

Recall: L(E3) ={a"®}  L(F)={a'} qquad L(G;) = {a°'}.
S — E3S;3

53—>FOG0 ‘ F1G0 ‘ F2G0 ‘ F3G0 ’ F4G0

From this S generates {a°, a’®. a’", a8, 379}

53—>F0G1 | F1G1 ‘ F2G1 ‘ F3G1 ’ F4G1

From this S generates {a%0, 281, 282 383 2841

S3—>FOG2 | F1G2 | F2G2 ‘ F3G2 | F4G2
From this S generates {a%,a%0 287 2% 3891



CFG for {e,a,a*,...,a'?}: Just {a"°,...,a'00}.

Recall: L(E3) ={a"®}  L(F)={a'} qquad L(G;) = {a°'}.
S — E3S;3

53—>FOG0 ‘ F1G0 ‘ F2G0 ‘ F3G0 ’ F4G0

From this S generates {a°, a’®. a’", a8, 379}

53—>F0G1 | F1G1 ‘ F2G1 ‘ F3G1 ’ F4G1

From this S generates {a%0, 281, 282 383 2841

S3—>FOG2 | F1G2 | F2G2 ‘ F3G2 | F4G2
From this S generates {a%,a%0 287 2% 3891

S3—)FOG3 | F1G3 ‘ F2G3 ‘ F3G3 ’ F4G3



CFG for {e,a,a*,...,a'?}: Just {a"°,...,a'00}.

Recall: L(E3) ={a"®}  L(F)={a'} qquad L(G;) = {a°'}.
S — E3S;3

53—>FOG0 ‘ F1G0 ‘ F2G0 ‘ F3G0 ’ F4G0

From this S generates {a°, a’®. a’", a8, 379}

53 — FoGl | F1G1 ‘ F2G1 ‘ F3Gl ’ F4G1
From this S generates {a%0, 281, 282 383 2841
53 — FOG2 | F1G2 | F2G2 ‘ F3G2 | F4G2
From this S generates {a%,a%0 287 2% 3891

53—)FOG3 | FlG3 ‘ F2G3 ‘ F3G3 ’ F4G3

From this S generates {20, a%!, %2 2%, 2%}



CFG for {e,a,a*,...,a'?}: Just {a"°,...,a'00}.

Recall: L(E3) ={a"®}  L(F)={a'} qquad L(G;) = {a°'}.
S — E3S;3

53—>FOG0 ‘ F1G0 ‘ F2G0 ‘ F3G0 ’ F4G0

From this S generates {a°, a’®. a’", a8, 379}

53 — FoGl | F1G1 ‘ F2G1 ‘ F3Gl ’ F4G1
From this S generates {a%0, 281, 282 383 2841
53 — FOG2 | F1G2 | F2G2 ‘ F3G2 | F4G2
From this S generates {a%,a%0 287 2% 3891

53—)FOG3 | FlG3 ‘ F2G3 ‘ F3G3 ’ F4G3

From this S generates {20, a%!, %2 2%, 2%}

53—>FOG4 ‘ F1G4 ‘ F2G4 ‘ F3G4 ’ F4G4



CFG for {e,a,a*,...,a'?}: Just {a"°,...,a'00}.

Recall: L(E3) ={a”®}  L(F) = {a'} qquad L(G;) = {a°'}.
S— E3S3
53 — Fo Go ‘ F1 Go ‘ F2 Go ‘ F3 GO ’ F4 GO

From this S generates {a’®,a"® a’", a"8 2"}

53—>FOG1 | F1G1 ‘ F2G1 ‘ F3Gl ’ F4G1

From this S generates {a%0, 281, 282 383 2841

S3—>FOG2 | F1G2 | F2G2 ‘ F3G2 | F4G2

From this S generates {a%,a%0 287 2% 3891

53—)FOG3 | FlG3 ‘ F2G3 ‘ F3G3 ’ F4G3

From this S generates {20, a%!, %2 2%, 2%}

53—>FOG4 ‘ F1G4 ‘ F2G4 ‘ F3G4 ’ F4G4

From this S generates {a%, 2%, 2%, 2% 2%}



CFG for {e,a,a’,...,a'?®}: Just {a'%9, ..., a!%4}.



CFG for {e,a,a’,...,a'?®}: Just {a'%9, ..., a!%4}.

Recall: L(E4) = {a'®}  L(F;) = {a'} qquad L(G;) = {a°}.



CFG for {e,a,a’,...,a'?®}: Just {a'%9, ..., a!%4}.

Recall: L(E4) = {a'®}  L(F;) = {a'} qquad L(G;) = {a°}.
S — E4S4



CFG for {e,a,a’,...,a'?®}: Just {a'%9, ..., a!%4}.

Recall: L(E4) = {a'®}  L(F;) = {a'} qquad L(G;) = {a°}.
S — E4S4
54 — Fo Go | F1 Go ‘ F2 Go | F3 GO ’ F4 Go



CFG for {e,a,a’,...,a'?®}: Just {a'%9, ..., a!%4}.

Recall: L(E4) = {a'®}  L(F;) = {a'} qquad L(G;) = {a°}.
S— E4S4

54 — F()Go | F1G0 ‘ F2G0 | F3G0 ’ F4G0

From this S generates {a'00, 3101 5102 5103 51041



CFG for {e,a,a’,...,a'?®}: Just {a'%9, ..., a!%4}.

Recall: L(E4) = {a'®}  L(F;) = {a'} qquad L(G;) = {a°}.
S— E4S4

54 — F()Go | F1G0 ‘ F2G0 | F3G0 ’ F4G0

From this S generates {a'00, 3101 5102 5103 51041

54—>F0G1 ‘ F1G1 ‘ F2G1 | F3G1 ’ F4G1



CFG for {e,a,a*,...,a'?®}: Just {a'%,..., al%4}.

Recall: L(E4) = {a'®}  L(F;) = {a'} qquad L(G;) = {a°}.
S— E4S4

54 — F()Go ‘ F1G0 ‘ F2G0 ’ F3G0 ’ F4G0

From this S generates {a'00, 3101 5102 5103 51041

54—>F0G1 ‘ F1G1 ‘ F2G1 ’ F3G1 ’ F4G1
From this S generates {a'0% 3100 5107 5108 51091



CFG for {e,a,a’,...

Recall: L(E;) = {a%%}
S — E4S4

54—>FOG0 ‘ F1G0

From this S generates {a

54—>FOG1 ‘ F1G1

From this S generates {a

54 — FOG2 | F1G2

,al®}: Just {a'%0,. ..

,al?4).

L(F;) = {a'} qquad L(G;) = {a*}.

F2Go | F3Gop |

F2Gi | FGi | FaGy
105 4106 5107 5108 5100}

F2Gy | FG | FG

F4Go
100, alOl’ 3102, 3103’ 3104}



CFG for {e,a,a*,...,a'?®}: Just {a'%,..., al%4}.

Recall: L(E4) = {a'®}  L(F;) = {a'} qquad L(G;) = {a°}.
S— E4S4

54—>FOG0 ‘ F1G0 ‘ F2G0 ‘ F3G0 ’ F4G0

From this S generates {a'00, 3101 5102 5103 51041

54—>F0G1 | F1G1 ‘ F2G1 ‘ F3G1 ’ F4G1
From this S generates {a'0% 3100 5107 5108 51091

S4—>F0G2 | F1G2 | F2G2 ‘ F3G2 | F4G2
From this S generates {a'10, alll al12 jl13 5li4}



CFG for {e,a,a*,...,a'?®}: Just {a'%,..., al%4}.

Recall: L(E4) = {a'®}  L(F;) = {a'} qquad L(G;) = {a°}.
S— E4S4

54—>FOG0 ‘ F1G0 ‘ F2G0 ‘ F3G0 ’ F4G0

From this S generates {a'00, 3101 5102 5103 51041

54—>FOG1 | F1G1 ‘ F2G1 ‘ F3Gl ’ F4G1
From this S generates {a'0% 3100 5107 5108 51091

S4—>F0G2 | F1G2 | F2G2 ‘ F3G2 | F4G2
From this S generates {a'10, alll al12 jl13 5li4}

S4—)F0G3 | F1G3 ‘ F2G3 ‘ F3G3 ’ F4G3



CFG for {e,a,a*,...,a'?®}: Just {a'%,..., al%4}.

Recall: L(E4) = {a'®}  L(F;) = {a'} qquad L(G;) = {a°}.
S— E4S4

54—>FOG0 ‘ F1G0 ‘ F2G0 ‘ F3G0 ’ F4G0

From this S generates {a'00, 3101 5102 5103 51041

54—>FOG1 | F1G1 ‘ F2G1 ‘ F3Gl ’ F4G1
From this S generates {a'0% 3100 5107 5108 51091

S4—>F0G2 | F1G2 | F2G2 ‘ F3G2 | F4G2
From this S generates {a'10, alll al12 jl13 5li4}

54—)F0G3 | FlG3 ‘ F2G3 ‘ F3G3 ’ F4G3
From this S generates {a'15 al16 all7 3118 51191



CFG for {e,a,a*,...,a'?®}: Just {a'%,...

,al?4).

Recall: L(E4) = {a'®}  L(F;) = {a'} qquad L(G;) = {a°}.

S — E4S4
54 — F()Go ‘ F1 Go ‘ F2 GO
From this S generates {a

54 — F0G1 | F1G1 ‘ F2G1
From this S generates {a

54 — FOG2 | F1G2 | F2G2
From this S generates {a

54—)F0G3 | FlG3 ‘ F2G3
From this S generates {a

54—>FOG4 ‘ F1G4 ‘ F2G4

100, 3101’

105 ,106
) a Y

110, a1117

1157 3116’

| F3Go | FaGo

3102, 3103 , 3104}

| G | FRG

3107’ 3108 , 3109}

| G | FiG

3112, a1137 8114}

| F3G3 | FaGs

31177 3118’ 3119}

| F3Gs | FuGs



CFG for {e,a,a*,...,a'?®}: Just {a'%,..., al%4}.

Recall: L(E4) = {a'®}  L(F;) = {a'} qquad L(G;) = {a°}.
S— E4S4

54—>FOG0 ‘ F1G0 ‘ F2G0 ‘ F3G0 ’ F4G0

From this S generates {a'00, 3101 5102 5103 51041

54—>FOG1 | F1G1 ‘ F2G1 ‘ F3Gl ’ F4G1
From this S generates {a'0% 3100 5107 5108 51091

S4—>F0G2 | F1G2 | F2G2 ‘ F3G2 | F4G2
From this S generates {a'10, alll al12 jl13 5li4}

54—)F0G3 | FlG3 ‘ F2G3 ‘ F3G3 ’ F4G3
From this S generates {a'15 al16 all7 3118 51191

54—>FOG4 ‘ F1G4 ‘ F2G4 ‘ F3G4 ’ F4G4
From this S generates {a'?0, a'21 5122 5123 124}



How Many NonTerminals Were Used?

We generates {e, a, a°,...,a'?*} with a CFG with the following
nonterminals:
GO; G17 G27 G37 G47 G5



How Many NonTerminals Were Used?

We generates {e, a, a°,...,a'?*} with a CFG with the following
nonterminals:

GO; G17 G27 G37 G47 G5
FOaFlaF27F3aF47F5



How Many NonTerminals Were Used?

We generates {e, a, a°,...,a'?*} with a CFG with the following
nonterminals:

GO; G17 G27 G37 G47 G5
FOaFl)F27F3aF47F5
EOa E].a E2a E3a E47 E5



How Many NonTerminals Were Used?

We generates {e, a, a°,...,a'?*} with a CFG with the following
nonterminals:

Go, G1, G2, G3, Ga, Gs
Fo, F1, F2, F3, F4, Fs

Eo, E1, Bz, E3, B4, Es

S0, 51, 52, 53, Sa,



How Many NonTerminals Were Used?

We generates {e, a, a°,...,a'?*} with a CFG with the following
nonterminals:

GO; G17 G27 G37 G47 G5

FOaFl)F27F3aF47F5

EOa Ela E2a E3a E47 E5

505517527537547

Thm Let A= {e, a,...,a*®*}. There is a CFG G such that
L(G) = A and |G| = 23. (We will generalize this later.)



Subsets of {e,a,...,a'?*}

What about {e, a,...,a'?*} — {a”, a0 280}



Subsets of {e,a,...,a'?*}

What about {e, a,...,a'?*} — {a”, a0 280}
1. The way we got a’ into the CFG was by
S — E()So

50 — FzGl.



Subsets of {e,a,...,a'?*}

What about {e, a,...,a'?*} — {a”, a0 280}
1. The way we got a’ into the CFG was by
S — E()So

50 — FzGl.



Subsets of {e,a,...,a'?*}

What about {e, a,...,a'?*} — {a”, a0 280}
1. The way we got a’ into the CFG was by
S — E()So
50 — FgGl.

Toss out Sg — F>Gy.



Subsets of {e,a,...,a'?*}

What about {e, a,...,a'?*} — {a”, a0 280}
1. The way we got a’ into the CFG was by
S — E()So
So — F2G1.

Toss out Sg — F>Gy.

2. The way we got a'% into the CFG was by
S— E()S()
50 — FoGg.



Subsets of {e,a,...,a'?*}

What about {e, a,...,a'?*} — {a”, a0 280}
1. The way we got a’ into the CFG was by
S — E()So
So — Fg Gl.

Toss out Sg — F>Gy.
2. The way we got a'% into the CFG was by
S— E()S()
50 — FoGg.
Toss out Sg — FoGo.



Subsets of {e,a,...,a'?*}

What about {e, a,...,a'?*} — {a”, a0 280}
1. The way we got a’ into the CFG was by
S — E()So
So — Fg Gl.

Toss out Sg — F>Gy.

2. The way we got a'% into the CFG was by
S— E()S()
50 — FoGg.
Toss out Sg — FoGo.

3. The way we got a0 into the CFG was by
S— E3S3
53 — FoGl.



Subsets of {e,a,...,a'?*}

What about {e, a,...,a'?*} — {a”, a0 280}
1. The way we got a’ into the CFG was by
S — E()So
So — Fg Gl.

Toss out Sg — F>Gy.

2. The way we got a'% into the CFG was by
S— E()S()
50 — FoGg.
Toss out Sg — FoGo.

3. The way we got a0 into the CFG was by
S— E3S3
53 — FoGl.
Toss out S3 — FoGy.



Subsets of {e,a,...,a'?*}

What about {e, a,...,a'?*} — {a”, a0 280}
1. The way we got a’ into the CFG was by
S — E()So
So — Fz Gl.

Toss out Sg — F>Gy.

2. The way we got a'% into the CFG was by
S— E()S()
50 — FoGg.
Toss out Sg — FoGo.
3. The way we got a0 into the CFG was by
S— E3S3
53 — FoGl.
Toss out S3 — FoGy.
Thm Let AC {e,a,...,a'?*}. Thereis a CFG G such that
L(G) = A and |G| = 23. (We will generalize this later.)



Generalization

Thm Let n = r3.
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1. Let A= {e,a,...,a*®*}. Thereis a CFG G such that
L(G) = Aand |G| = 4r +3 = O(n'/3).



Generalization

Thm Let n = r3.
1. Let A= {e,a,...,a*®*}. Thereis a CFG G such that
L(G) = Aand |G| = 4r +3 = O(n'/3).
2. Let AC {e,a,...,a'?*}. Thereis a CFG G such that
L(G) = Aand |G| = 4r +3 = O(n'/3).



Generalization

Thm Let n = r3.
1. Let A= {e,a,...,a*®*}. Thereis a CFG G such that
L(G) = Aand |G| = 4r +3 = O(n'/3).
2. Let AC {e,a,...,a'?*}. Thereis a CFG G such that
L(G) = Aand |G| = 4r +3 = O(n'/3).
Thm Let n€N. Let AC {e,a,...,a" !}. Thereisa CFG G such
that L(G) = A and |G| = O(n'/3).



Does some A C {e,a,...,a" '} Require Q(n'/3)
NonTerms?



Does some A C {e,a,...,a" '} Require Q(n'/3)
NonTerms?

Thm For all n there exists A C {e, a,...,a" 1} such that if CFG
G has L(G) = A then |G| = Q(n%).
The proof is not constructive.
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1. How many subsets of {e, a,...,a" '} are there?
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Thm For all n there exists A C {e, a,...,a" 1} such that if CFG
G has L(G) = A then |G| = Q(n®).
The proof is not constructive.

1. How many subsets of {e,a,...,a" !} are there? 2"
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Does some A C {e,a,...,a" '} Require Q(n'/3)
NonTerms?

Thm For all n there exists A C {e, a,...,a" 1} such that if CFG
G has L(G) = A then |G| = Q(n®).
The proof is not constructive.
1. How many subsets of {e,a,...,a" !} are there? 2"
2. How many CFG's have t nonterminals? . The number of
possible productions of the form A — BC is t3. The number
of possible productions of the form A — ais t.



Does some A C {e,a,...,a" '} Require Q(n'/3)
NonTerms?

Thm For all n there exists A C {e, a,...,a" 1} such that if CFG
G has L(G) = A then |G| = Q(n®).
The proof is not constructive.

1. How many subsets of {e,a,...,a" !} are there? 2"

2. How many CFG's have t nonterminals? . The number of
possible productions of the form A — BC is t3. The number
of possible productions of the form A — ais t. So there are
t3 + t possible productions.



Does some A C {e,a,...,a" '} Require Q(n'/3)
NonTerms?

Thm For all n there exists A C {e, a,...,a" 1} such that if CFG
G has L(G) = A then |G| = Q(n®).
The proof is not constructive.

1. How many subsets of {e,a,...,a" !} are there? 2"

2. How many CFG's have t nonterminals? . The number of
possible productions of the form A — BC is t3. The number
of possible productions of the form A — ais t. So there are
t3 + t possible productions.

So there are 28t possible CFG's with t nonterminals.



Does some A C {e,a,...,a" '} Require Q(n'/3)
NonTerms?

Thm For all n there exists A C {e, a,...,a" 1} such that if CFG
G has L(G) = A then |G| = Q(n®).
The proof is not constructive.

1. How many subsets of {e,a,...,a" !} are there? 2"

2. How many CFG's have t nonterminals? . The number of
possible productions of the form A — BC is t3. The number
of possible productions of the form A — ais t. So there are
t3 + t possible productions.

So there are 28t possible CFG's with t nonterminals.

For there to be some A that no CFG on t nonterminals generates
we need 28+t < 2. Take t = 0.5n1/3,



DFAs for Finite Unary
Sets



