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Probabilistic Method For
Sum Free Sets

Exposition by William Gasarch



The Prob Method

Recall that we showed R(k) ≥ 1
e
√
2
k2k/2

by the following thought experiment.

1) Take a complete graph on n = 1
e
√
2
k2k/2 vertices (round up).

2) ∀{x , y} ∈
([n]
2

)
color {x , y} by flipping a fair coin.

3) Calc the Prob of a k-homog set. Find Prob < 1.

4) Hence a coloring that has no homog set of size k must exist.

Note

1) The proof is nonconstructive. It does not give the coloring. It
just shows that such a coloring exists.

2) This method is very powerful and is used a lot.

3) We will use the Prob Method to show there are large sum-free
sets.
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Sum Free Set Problem

A More Sophisticated Use of Prob Method.
Definition: A set of numbers A is sum free if there is NO
x , y , z ∈ A such that x + y = z .

Example: Let y1, . . . , ym ∈ (1/3, 2/3) (so they are all between 1/3
and 2/3). Note that yi + yj > 2/3, hence yi + yj /∈ {y1, . . . , ym}.



ANOTHER EXAMPLE

Def: frac(x) is the fractional part of x . E.g., frac(1.414) = .414.

Lemma: If y1, y2, y3 are such that
frac(y1), frac(y2), frac(y3) ∈ (1/3, 2/3) then y1 + y2 6= y3.
Proof: STUDENTS DO THIS. ITS EASY.
Example: Let A = {y1, . . . , ym} all have fractional part in
(1/3, 2/3). A is sum free by above Lemma.
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QUESTION

Given x1, . . . , xn ∈ R does there exist a LARGE sum-free subset?
How Large?

VOTE:

1. There is a sumfree set of size roughly n/3.

2. There is a sumfree set of size roughly
√
n.

3. There is a sumfree set of size roughly log n.

STUDENTS - WORK ON THIS IN GROUPS.
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SUM SET PROBLEM

Theorem For all ε > 0, for all A that are a set of n real numbers,
there is a sum-free subset of A of size (1/3− ε)n.

Proof: Let L be LESS than everything in A and U be BIGGER
than everything in A. We will make U − L LARGE later.
For a ∈ [L,U] let

Ba = {x ∈ A : frac(ax) ∈ (1/3, 2/3)}.

For all a, Ba is sum-free by Lemma above.
SO we need an a such that Ba is LARGE.
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How Big IS Ba?

What is the EXPECTED VALUE of |Ba|?

Let x ∈ A.
Pra∈[L,U](frac(ax) ∈ (1/3, 2/3))

We take U − L large enough so that this prob is ≥ (1/3− ε).

E (|Ba|) =
∑
x∈A

Pra∈[L,U](frac(ax) ∈ (1/3, 2/3))

=
∑
x∈A

(1/3− ε)

= (1/3− ε)n.

So THERE EXISTS an a such that |Ba| ≥ (1/3− ε)n.
What is a? I DON”T KNOW AND I DON”T CARE!
End of Proof



How Big IS Ba?

What is the EXPECTED VALUE of |Ba|?
Let x ∈ A.

Pra∈[L,U](frac(ax) ∈ (1/3, 2/3))

We take U − L large enough so that this prob is ≥ (1/3− ε).

E (|Ba|) =
∑
x∈A

Pra∈[L,U](frac(ax) ∈ (1/3, 2/3))

=
∑
x∈A

(1/3− ε)

= (1/3− ε)n.

So THERE EXISTS an a such that |Ba| ≥ (1/3− ε)n.
What is a? I DON”T KNOW AND I DON”T CARE!
End of Proof



How Big IS Ba?

What is the EXPECTED VALUE of |Ba|?
Let x ∈ A.

Pra∈[L,U](frac(ax) ∈ (1/3, 2/3))

We take U − L large enough so that this prob is ≥ (1/3− ε).

E (|Ba|) =
∑
x∈A

Pra∈[L,U](frac(ax) ∈ (1/3, 2/3))

=
∑
x∈A

(1/3− ε)

= (1/3− ε)n.

So THERE EXISTS an a such that |Ba| ≥ (1/3− ε)n.
What is a? I DON”T KNOW AND I DON”T CARE!
End of Proof



How Big IS Ba?

What is the EXPECTED VALUE of |Ba|?
Let x ∈ A.

Pra∈[L,U](frac(ax) ∈ (1/3, 2/3))

We take U − L large enough so that this prob is ≥ (1/3− ε).

E (|Ba|) =
∑
x∈A

Pra∈[L,U](frac(ax) ∈ (1/3, 2/3))

=
∑
x∈A

(1/3− ε)

= (1/3− ε)n.

So THERE EXISTS an a such that |Ba| ≥ (1/3− ε)n.
What is a? I DON”T KNOW AND I DON”T CARE!
End of Proof


