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The Finite Hypergraph Ramsey Theorem

Thm (Va)(¥k)
(3n) such that
(VCOL: (1)) — [2]) there exists an homog set of size k.

a = 1: V 2-colorings of [2k — 1] some color appears k times. The
set of all x with that color is a homog set of size k.

a = 2: This is the finite Ramsey Thm for Graphs, which gave
n =221 Qur proof used a = 1 case.

a = 3: We proved this with n = TOW(2k — 1).
We will do much better.
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Revisit Proof of 3-Hyper Ramsey: TOW Bounds

Thm (Vk)(3n) such that (VCOL: (I7) — [2]) there exists an
homog set of size k.
The proof took n and did the following:

1) Start with H; = [n].
2) Apply 2-ary Ramsey Theory 2k — 1 times. |H;| > Q(log(|H;-1]).
3) Apply 1-ary Ramsey Theory 1 time. H = Hpi_1/2.

Idea We would get a much better bound if we did:

1) Start with H; = [n].

2) Apply 1-ary Ramsey Theory lots of times. |H;| > H;_1/2.
3) Apply 2-ary Ramsey Theory 1 time. H = Q(log H;).
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First Step of Our Construction

Since every 3-subset has a color, harder to draw pictures so | won't

-(.
Look at all triples that have 1,2 in them.
COL(1,2,3) =
COL(1,2,4) = B
COL(1,2,5) = B.
(1,2,6) =R

COL(1,2,n) =R
What to make of this? Discuss.
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First Stage Formally

We are given COL: (I7) — [2].
X1 = 1. X = 2. H1 = [n] — {1,2}.
COL': H; — [2] is COL/(z) = COL(x1, x2, 2).

c1,2 is the color that occurs the most often.
H, = {ZZ COL(Xl,XQ,Z) = C1,2}- Note |H2‘ > |H1|/2.

Now what? Discuss.
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Second Stage

We have Hy, x1,x0, c1, Ho

x3 is the least element of H,. Discuss what to do next.
Key Will look at COL(x1, x3,z) and COL(x2, x3, z).
Notation We will use Hz as a running variable.

COL': H, — [2] is COL/(z) = COL(xy, x3, 2).

c1,3 is the color that occurs the most often.

Hz = {ZZ COL(Xl,X2,Z) = C172}. Note ’Hg‘ > ’Hz‘/2 > ’Hl‘/22
COL': H3 — [2] is COL/(z) = COL(x, x3, 2).

23 is the color that occurs the most often.

Hz = {ZI COL(X27X2,Z) = C273}. Note ’H3‘ > ’H3‘/2 > ’Hl‘/23
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We have Hg, x1,...,xs and {¢jj: 1 <i<j<s}
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General Case

We have Hg, x1,...,xs and {¢jj: 1 <i<j<s}
Xs+1 is the least element of Hs.

Key COL(x1, Xs+1,2), COL(x2, Xs+1, 2), - .., COL(Xs, Xs+1, ).
Notation We will use Hs11 as a running variable.
COL': Hs — [2] is COL/(z) = COL(x1, Xs+1, 2).
c1,s+1 is the color that occurs the most often.
Hs11 ={z: COL(x1, Xs41,2) = C1,s41}-

COL': Hg41 — [2] is COL/(z) = COL(x2, X541, 2).
C2,s+1 is the color that occurs the most often.
Hs1 = {z: COL(x2, Xs41,2) = C2,s41}-

Keep doing this for x3, ..., xs.
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How Big Is H,?

‘Hly =n
Hsy1 takes Hs and cuts it in half s times.
|Hs 1| > i\H \

|Hs+1‘ > ‘H | = 25 25— 1|Hsfl| 2s+s 5s+(s—1) |HS 1|

|Hil _ n
|Hs41] = m“”ﬂ 222 pja
Approx |Hs| > 252/2
We will later see how big we need n to be.
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Assume we do the construction to get xi,...,xs. We pick s later.

How big does n have to be so that construction goes for s steps?
>1

_n_
252/2 —

n> 25%/2
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We apply 2-ary Ramsey to COL” to get a homog set H of size
log s/2.

We later pick s such that k < log(s)/2. Assume |H| = k.
Assume the color of the homog set is R.

Assume

H:{X,'1<X,'2<'--<X,'k}

Let a < b < c. Look at COL(x;,, xi,, xi.)

Since x;,, x;, € H, COL(x;,, x;,, z) = R for any surviving z.
So COL(X,‘a,X,'b,X,'C) =R.

Hence H is homog for COL.
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How Big Does N Have to Be. Part |l

We need

k <logs/2
2k <logs

n Z 252/2 Z 224k

We take n = 22%
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Final Notes

1) Erdés-Turan (1952) (Vk)[Rs(k) < 22].
2) One can show that there exists cs, ¢, . .. such that
cak
(VK)[Ra(k) < 22 I
25
(VK)[Rs(k) < 2% .
etc.

3) Conlon, Fox, Sudakov (2009) (Vk)[Rs(k) < 22™]..
This can be used to improve the ¢4, cs, . . ..

4) Why did it take 2009-1952= 57 years to improve the bound?
Discuss.

5) Lower Bound: R3(k) > 2k/2,
6) The good money says Rs(k) > 22"



