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Problem 1a

S — AABB
S — ABAB
A — AAA

B — BBB

A—a

B — b.

Give 0o number of strings NOT in L(G). Several Answers.
So the set {w: |w| =1 (mod 2)} works.

a* (shout out to Issac-Felix-Nolawe!). Also b*
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S — AABB
S — ABAB
A — AAA

B — BBB

A—a

B — b.

Convert to Chomsky Normal Form.

We do two of the rules and leave the rest to the reader.
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S — AABB
BECOMES the following set of rules
S — A[ABB].

[ABB] — A[BB]
[BB] — BB.

Note Some of you might have done

[ABB] — [A][BB]

[A] — A

We allowed this even though its not quite right.
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A — AAA

BECOMES the following
A — A[AA]

[AA] — AA
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Problem 2a

Give an algorithm that will, GIVEN a DFA M produce a CFG G
such that L(M) = L(G).

Given M = (Q, X, s, F) create the following CFG.
Nonterminals: @

Start NT: s

Rules

For every é-transition §(q,0) = p we have the rule g — op.

For every f € F we have the rule f — e.
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L={w: #,(w) =0 (mod 2) A #p(w) =0 (mod 2)}.
DFA:

Q= {(07 0)7 (07 1)7 (17 0)7 (17 1)}

s =(0,0)

F={(0,0)}

For0 <i,j<1:

6((i,5),a) = (i + 1 (mod 2),j)

o((i,J), b) i,j+1 (mod 2))

—
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Q ={(0,0),(0,1),(1,0),(1,1)}. s=(0,0). F={(0,0)}
For0<i,j<1:
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or0 § iJ § 1.
0((i,5),a) = (i+ 1 (mod 2),j)
6((7,4), b) = (i,j+1 (mod 2))

We form the CFG using the DFA

N = {(0,0),(0,1),(1,0),(1,1)}. S=(0,0)
For0<i,j<1:

(i,j) = a(i+1 (mod 2),)

(i,j) = b(i,j+1 (mod 2))

(0,0) — e.
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Ly ={w: #a(w) =0 (mod n) A #,(w) =0 (mod n)}.
DFA for L,:

Q={(ij):0<ij<n-1} s=(0,0). F={(0,0)}
For0<i,j<1:

5((1,j),a) = (i+1 (mod n),j)

5((7,/), b) = (i,j+1 (mod n))

We form the CFG using the DFA
N={(ij):0<ij<n—1}. S=(0,0).

(i,j) = a(i +1 (mod n),j)

(i,j) = b(i,j+1 (mod n))

(0,0) — e

Number of rules: 2n?.
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Problem 3a

Show that L(G) = {e,a,a%,...,a*®"} (Hint: Use that every
number can be written in base 2.)

0 < x<127.

There exists 0 < x7,...,x5 < 1.

x:x6><26+X5><25+X4><24+X3><25+x2><22+x1x21+x0><20.

S5— E0E1E2E3E4E5E6
If x; =0 thendo E; — e
If x; = 1 then do E; = a%.
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Convert the grammar to CNF.

S — E0E1E2E3E4E5E6

BECOMES

S5— Eo[E1E2E3E4E5E6]
[E1E2E3E4EsEg) — Eq[EnE3EqEsEg)
[ExE3EsEsEg| — Ep[E3EsEsEe)
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[EsEsEe] — E4|EsEg)
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For all t there exists a CNFG G that generates {e, a, a’,. .., azt_l}
that has FILL IN number of NTs. You may use O-notation.

Ey — a| e (so L(Ey) = {e, a}.

E1 — EgEp ‘ € (SO {6,32} - L(El)).

Ey — E1E; | e (so0 {e,a*} C L(E)).

Ei > — E; 3E: 3] e (so {e, a2t_2} C L(E;-2)).
Er1— Er 2E: 2| e (so {e,a® '} C L(E:_1)).

S5— Eo s Et—l

S-rule becomes t rules using t NTs when put in CNF.
There are t NTs of type E;.

So there are 2t NT's. So FILLIN is 2t.
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Problem 3d

For all t there exists a CNFG G that generates {e, a, a’,. .., azt_l}
that has 2t NTs.

Hence

For all n there exists a CNFG G that generates {e,a,a*,...,a"}
that has O(log n) NTs.



