CMSC Y453\ - Agonthm Des(ign
Lectufe |2- Network Flow - Basic (oncepts

Ne:tuork ﬂow L= c‘a.uicel DmL\CY“ , wlnd/\
emu('gcé 'From t\/\f. ’(\'(JA o}c opcretiom racerd\,
a bronds of appli&é math.

A flow network (ar st petwerk) s o divected
dfrep\r\ G=(V €) , pLhere eada eé(ge (nv)€E
has an associsted ca\oa,c'ft\a c(uwy) 2 0+
theve ave tpo Jpccia\ vertices -
source (§) + JSink (1)
3 (No edges entler 5, o edges leave t)

sink

Source

Max-Flow : T\/\inkivg of e%ésc (u,\/\ Qs 3 pipe
thet @n vy clu,v) units of Flow,
how much flow en we push from s to t?




What do mean I’J(a flo ?
- A'(\W s a ‘ﬁmc,tiov\ 'F Wa)o’owg eé(,L
e,ASQ to & real number Fu,v) 2 0O
- Satisfies:
- Capacita tonstraint
Vv )EE, fluy) < cluyv)
(f\ow cannct exceed capac(to)

- Fluw LOV\SCNé,tiOV\ (Or IOélaV‘“’): out
VveVnistl /"{m
| ' flu) = 2 $vw)
vy T ewee - (v,weE

(flowm = flow oot | except ot

Source + sink )

JA Exemp\u: Fuv)/cluy)

O, O,




Want To meaximize fofel_ﬂau value ) defined
1= £°) = ")
Flow wonservation '\mpliCJ

flow out of 5 =Flow into t

\\C\\= 5t8+5 = |3
€.\ = §+8+5=21  (This the max 'ﬂou)

Max- Flow Problem: Given a flow V\e'twovk)
compute the €low of max total value

T\r\is s 3 L\eaviL& JtchiCA ProHcm Laith
) \ovg l'\'utonat n=|V\, m=1E|, C‘g;;ia
- Ford- Fulkerson (1456 - O((mm)C)
- Dinitz (1979) - G n:m)
- Edmonds- Karp (\472) - Oln.m*)
- Gabow (1985) - O(nm\ocg C\
- C'\o\é\oc,g 'Téf\)eh (\986) .
- Olnwm \%7 “/\MB



Psth-Based View: An ectuiue\ewt way to
view & flow is as & llection of
paths from sto t (like wires))
- Cad~ st ’Pet\/\ \s éss(ignec\ Q uc'gl\t
- Sum o{ ucgl\'b ot e,xceec) &gfc Capéélt'{)

=21 =2\

Juct a differeit popectives on the
sdme math, concept
- Some a&goﬂﬁ\wu oYt movt C%gC L’&JCJ
- some ave more path loased -
&« L

Cxevase

Claim:  An st network has an aégv bated
flow of velue % '\ﬁ it has 2 pet\/\-\oeicé

flow of valve x.




(/OhtaJOSJC one source /sink 7

22, - Can C&ﬂ'la_ Simulate Wou[tiple Joww/Jinks\
- Add “super souree ?V\A/Of "Juper J'm'(”“

+ (omnect to othew. ™

- (an Yon also Jpcch[\é_ |in|<égcs7
(eaf‘ all ’HUU {ruvv\ S Wmust (go tD ti )
- No - Galled wult- Lommoc]it\a {low

- NP-hard!

Max- Flow - (A)'/\a (gree% fails
Simple greeév} strategy

- f'w\é dwa peﬂ'\ from s to €
of strid:lv& posiﬁ\le- Cépééitics

- pu.sl\ Qs W\ULL‘ “ow Qs UO\A QWn
élovaéf this path

- r(,c\,ucc (remeiniveg) wpec,\ﬁu
on edges of path



Tots| flow= 5+38+5- K4

Not optimel ! Bul wo move ]Dos.-ce,pecit\a\
s-t Pa‘t\/u '

How to fixgreeé.a 7
_ e need to consider st paths that bsth:
-add new Flow wheve cépaciho exists
- veduce tlow where flow exists



1£1=18  (not optimsl)

Eégc (b, carnied
flow of €. e an
veduee this lov -3

*e

Conserves Flow balance 4

|£1=21 optimal !

Haw fo ﬁ)m\elizc d&gmw‘bvg / Y‘chUci ga p&Jrl'\S?

Residual Network- Given st network G + flow f,
define C\'f to be <t netvork

- same Vertices 2« G

- forwerd eé(gm Ceon 83d wore flow)
for (u ~VYEE st Fluv) < clwy)
sdd edge (uv) with capacity:

c.}(m,\/) = cluv) - Fluw)
Tntuition: can 88 ¢ (v more flow



- Backward e&ga (can veduee eristing flow)
S
For (wy)EE it. CHM,\I)>O
add vevewe e%gz (v,u) uith (,épécitw-.
(._(_(V)\A) = f(v\)\/)
Intuition: con tum off c{_(v\,v) £l

:fo\r CXc\,mp|c:
can 2dd +2

o
C‘{ vedue bg 9 C e
¢
In G, e @n P\Aslt\ +3 flow
on this path. 1€1=2) Coptima!)




Questions:
(1) I¥ G, has aflow, on we vse it
to increase G flow ?
(2) I€ we vepeat this process , Lill it
lead To the op't)mal €low (OV£ef
stuck, ke grccé\o) 7

.o hi
Both anspers are Yes ' ot &

jete”
(V) Straghtforuard. /
( @) Not So easy C Mm-Cut/Max-How Thm )

Claim: Given network G +'F|Uw'€, if flisa
flow in Gg , then F+€"is & flow in G.

Pfoafz skd?d/\%
Cepac\t-a, constyaint : if (u,v) is fomeré céfc
fuwhd for G 2 0 <Fu) ¢ clu )
£alid for 61’9 O ¢4 ) ¢ cluyn)
def. of G > ci(u,\ﬂ = c(u,v)-f(u,\/)

.
’
R

2> 0% fluHA }(u,ﬂ $ ,Jfﬁﬁ:;)*(d‘m’ )- ﬂ"‘;ﬂ)
= clu,wv) v

(Lecm 'Hou conserVation + loakwéf a CAgeJ as éyexrdse )




Foré Fu\\nemon Agwtt\w\n
- Tnit flp: £=0

C FlV\A aNn S- 't Pa't‘/\ In rCﬁJUéIgTéfl\ CT;

'F &« Mmex. ‘Hou on ‘(:Lus patL
Upéet& raodvalgrepk based on new flow: f(-ﬁf

‘FOY‘A-'Fulkemoh (G)s)t)

f{<0 J set Fu)<0 Vi )EE

w_h»l_e (trve )

6'{"’ Compute (C’Jic\-éf\fapl\ for €/ Glarm)
if (Gg hos wo st path) 7/ DFs = Onrm)
et € 7 f is maxflow

I < any pa‘tL frams to € in G

C < Mmin capacita of any &\oc on W
Increase 'f b‘@ c)éémo +¢ To eéoeJ bf W

Running time:
gf ~ Ead~ ikeration of the uhile ‘oop
33 can be done in O(n+m) time (DFS)
- N diswu Y\Um'aw O][ itefé'tiohj
i next lecture.




Ji:

f3:

fa:




Corredtness:
- Eds% to see f;Lat F‘pro&cei a valid flow
— On termination - IS .ft o,o‘tiWia‘ -7
-To prove t]nu we Y\cccl to mtroc\ucc
a velated concept - aut
- Tutuitively - Flow cannot be increased

becawse it satuwates all ﬁé(gw 0][ l

a \Oottle\(\ ch ...................................
- Rcw»ovw(\g these L:oﬂlcncclc Cc%gu

cuts t]r\c Y\e)ﬂ/Jork ln JCwo e

Definition: Given an s-t network | a cut is
3 'Paf'titiov\ 01[ ‘t\nc vertex set X,X
sudhthat seX« teY.

The ce,pant of at (XY) is the sum,
D’F @p e,utles {:row\ X 'toY
C(X Y) - Z'\ Z dx,9)

xeX 9eY

X ={s,a} Y ={bcdt} X ={s,a,b,d} Y ={c,t}
o(X,Y)=5+3+8+5=21 c(X,)Y)=5+3+10+3+10=31




Definition: Given G, o flow JC, vout X,Y)
ée\tin( tL(’. net 'ﬂow across the it to
e Sum o\c X"Y ﬂmm minws the Y—)X ”ows.

j(X)Y) = Z: :f(’)t,‘()) g Z: f(‘ﬁfx)
(oeXsY (e X

Example:  Tuwo cits on the same flow | \f1=13

X ={s,a} Y =1{bcd,t} X ={s,a,b,d} Y ={c,t}
fX)Y)=0b5+0+8+5)—1=17

Iv\tuitivella‘ The flow acvoss any cut = 1£1
Coy flow conservation)

Lemma: GWGV\ anuy V\CthO\/'k (2, any ‘“Uw{',
and anyy cut CX,Y\, JC(X)Y)= H:‘ .

(Proof &ven in pé( lecture no’(u)



Given any cut (X)Yy,a\\ the X [ Y
flow wust rose over the ]
CA ¢S 0{ t\ne t' T‘/\u : T

S . S capeéft\& X ,Y)

Lemma: (:ii\/e\r\ é\ma. networ k G, émg ‘F‘ow{
and anyg wt X, ¥):
l'F‘ S C(,X)Y)

This holds ‘Fbr ey wt 5o i \/\o\AJ For

the \mimmum-cepeci’cg wt.

To prove thet the F-F aégori’c\nw\ \$ opti mel,
it suffices 1o prove that the FF flow c{()uah
the min—capecit(f) wt.

This is 2 oametg\)ence, 0{ U/\& '(o“(mig J(dVMOLU t\/\CchlM

Max- ﬂow/Min- Cut Theorem:
—W\c \Co“owivg are c%u'\velcvd:f
@) fis o max flow for G
i) Residual network G\L has wo s-€ patl\
@) 1f\-= LCX,Y) for some it (X,Y) of G




Proof :
A=) [\03 Lowtrééictiov\]
TIf G had an st Pa‘t\n , we could pr
flow on ‘t‘/\is ‘Fet\/\, iwcrw'\vg ‘How velue. 7/
&)= W
- Let X = vertices reachable -Grovn s in Gy
- et Y=V \X C(al rcmeiv\ivg vcrtices)
- dinee wo -t Pat\n , téY
2 (X,Y)isaawt
2> Jor eadh (x)\:\)éX"Y
Fx,y) = clny) <
> FXY)-XY)
" By previous lanme, FXY)=1€]
S 1= (X Y) v
: Iz

Gy

W)= W
- E\O‘ Pve\/iouu levama \fl ¢ CCX)X)
For ol Flows £ + ol cuts (X,Y)
-T€ eq)ua\itta \S a"ttaineé {:W awa 'ﬂow éV\A

élma w‘t) t\l'\\s 'How must \ae, maximumw




Summe{‘\&=
~— Flow networks « flowas
— Max-(:low Pro\olem
- Gn{‘cecl\a £ails

- Residval network + avgmenting paths
= Forc)- Fu‘l(eerh A&’orithm

('Fiml e\()gwmntivg Y)é’c]/\ ) upéajr(, ( CSiclua])
- (uts + capacities ~—
- Max- Flou/Min-Cut T\'\Corf,m

CMex flos = Min Cut)
- Whew!



