CMsc 451 - Algorithm Desipn
Lectuste 11 - All- pairs Shortest Poths « Flogd- (Marshe ||

Eorlicr, Ve (overed the single-source shovtest PatL

PY o\o\e,w\ ‘Fw e%’e— ueg\/\teé égrapl‘\s.
Dijkstra - (j(wwnl%gw) n= V| wm=IE\

Rellman- Ford - O(n-m)  Lallows neg. 6%0{ uc&‘l\tﬂ

Notation:
- The wit of a path is sum of ecgge wegl'\tr
- The distence betreen two vertices ue v is
min. st o any petl\ from w to v.

All- poivs $ hovtest ’PétL\SZ
Given é'grep\/\ G =(V)E ). Eadh e%f"
(u)€ € has ue\g\/\t Luv), oy
be V\egatwc (but wo heg. wst oodu )
co\mrm’&, distance betueen all PRUTS
of vertices uyv € V.

We || p\rcsmt Flo\é\é-(/\)amloa“ agfohtlom
DP-based, G(n*) time.



Nates:

- Dis CD\IC‘(CA ‘lY\éQFCV\c‘CY\tLa \/J\a ’Roloeft
Flmac\ + Stqo‘nm Warshall (mid 12605).
- First Qucovered (byt not credited )
oy Bernerd ?ova~~
- General D? strudure works for Manyy
TC&L(/\é\gi‘it\@ pro‘o\ew:
- Travsitive dosure of? Q Io’me\g e [ation
- (Convey t :fiv\'\tc s":a‘tt avtomaton 'h)
regular gcpression
- Compute max capac'n‘tv() paths

-LV‘Put / Owtpui Repfuentat\ow

-Iv\\oucti (A\()gm&nteé) éé\')ecenoa anJcr'an
V=1 LZ,..,m 3
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Wi = { w(i)) Wty G))eEE
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Oujtput Distance wmatrix

dt'\)‘ = distance from ¢ fo

N (o0 v wo patlf\)

vjofz |4 tj/

v |18|o 1S — SpeccS O(V‘t)

a(1|3 8

11 |w|7]|°
Pathe? O™ pathy > Ol storace?

C\(,\chr trick - Pcéuw J'tomgeto @) Cvf')
“Hook matvix  H="lln l.n)
- For eadn O) eV
¢ F shortest at\n is
c!nf‘&(.:t (&ége (L,\)))

K = any vertex alo
Ehe Shortest path.




Flo‘aé- Wavshal| Ag)’or ithm:
- How Yo reduce shortest Fatl\s to
smaller JuloPm\olcms 2

- Obviovs 7 (Qut not best!)

- Qest\fncét) Paﬁ,\ Mgt\f\
€L dij = shortest patl: from
iTO) UJivg < leéga

- Buwld \'\Wd, c\,Ou‘o\iv(\{f:

(20) ®) (0)

d. = vvnn(éwj dy. )
) X J )
() (3
< s L
Qig“ e edges

~ This leads To o slower égwifhm.

- F\o%é- Warshell insight
- Dont vestrict |6vgt\\ , vesteict
w\/\io\/\ \/e,rtic.c.s &ov\ cav\go ‘tl/’fovgl\.

- é“\/ﬂ)’\ é« petl/\ <V| ,VL,-")\/Q_' )Vl>
Va... Vg, O%C '(:Le mtermediate vertices.



?

-Jor 1€, 3¢n « Osksn
Q\,e'f'mc:
O
C)’Lj ° wst of shortest PeJcl'\
from Toj with intermediate
vertices Fam 11, X3.

(9) . .
Approao\n- d‘J = W ( no intermedistes 2 céboc)
Jor k=1 ton

compute d(t-? for oll ¢ L)< .
dé?% = 00 (no path)
d\") = 13(5,1,6)
%) =9 (5,2,6)
i) =8 (5,3,2,6)
d) =6 (5,4,1,6)
dé‘?é = d;% =6 (no change)



‘DY Formulation:

. (0
'&OSM: &L\) = Wi\') (_v\o '\v\tefmeéiéj[c& 2 Cég’e WCg\/\t>

k21 Cases:
- Shortest Pa’c\n does not pass t\wugh k:
= on\‘a intermediates ave 1. k3

() (x-1)
7 9y < 9y

( - Shortert Pa‘t\n passes J(}\mtg\r\ K -

- Jince vo neg. wst c,vc\u S visits k once
- Pothh goes L2k then k~2

- These paths \fkc:‘;v\tc\rv?ke_‘é)‘\am £) 0, k1)
= dcc? — ol Ak\s




PP Credo - T% all op‘tiom + take best

('*’ij .\]C k=0
c\q‘} = d(‘\j)w k)
Y min { CON wn ("7
dih Ak\)

Botkom- Up Ivnplemcntatlon
- Buwld matrm dll. SYME N\
= Ma'tﬂx 0{ hooks 1‘0 save &C\Slom

',HmeA ua\r&\na\\ (wYJ n,l. V\‘D
for (1 ¢4 sn) Vinit &
c\[.t,\\-.l‘— w[t,)]
b1 g

(%)
'Fﬁv: Ck=|ton) //meu'tcA
for Cr<¢,)¢n)
new(ost &« AL. k 1+ A[\!,)_.\
\f(“CN(DS‘t< &[b, -]) // 'O&lt(/\f '\'Ogo
dib))‘l‘_V\CW(DSt // t\nm\g\n 'S
‘A[u,\\]& [ // upéa‘tc hook
T_ctwn O\+\'\ m&{ricm // rcturn di.sts + l’\oo]u




Wunm\gg time: On*) o
Huh?

% - DP formulation had thvee parameters: ) ,k

5{ thw d t
\outt élgont m Coes no USL\C\
- We onl\a (WAL 4 ki— k‘\ yJO We rca||\9 o\nl\a
need two copies of A‘S wmatrix
- wurvent ~ prc\/\'ous

- In \Caut, Wwe an s\/\ow ‘t\/\at oV\Ile_ one
wmaktrix JU'mws (Sce pc\( notes 'FOY‘ c\e‘ta’ul:)

Woo ks
0|8 oo 17
o0 01 oo
4 0 (5)

0

_0029

=2 = W=




Ext{‘ectig the Shortest Psth:
~As mentioned alove , We vie \/\{L,)] to
rcwr.(ivelxa extradt path
-Tf dLi,j1=0 2 no path
otheruise (get-PatL (i,) yields edges on
shortest path.

é’it_ a)at\/\ Ci, i)  / path from ¢ o j

it (hLi,31= %) / divect Patl/\
Lretorn (i) / path is Jigj\o e§§¢
else

mide W1 A ivrmidew)
_rc‘tu(v\ gct- P&t\/\ (l;,VVlic\) %Dg&frpétl/) (\M ic‘«) ))

N wondtenate

Suv\amar :
(0- F'O&CX*C\)MJ‘/\&H all- pairs shortest pe:tl/\s
- O gime / OGn*) space
- qu,\/\c,wra‘ structure @n ‘oc, eppltcc\, 1o
W\a\ma_ similar ?a't\n-mla’ccé problewu.



