CMSC Y45\ - A!gorit\rwh Des(ign
Lectute - DP: LCS and Edit Distence
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Co W\pdta‘tione\ Lg(V\OYmQS

“This |Cc,turc - DtﬁV\bm'\c_ ?regfemm&gr (DP) a&\bowit\qmg
:s:o\r' Ttwo Stf(ng prou;ssirg 'Pfo[a\ﬁmsf
- Lovegeft Cowmon JubJuiuemu (LCS)
— B4t Distance

Motét'\c'm* X \s @ String = <’X,,-~-,'Xm>
Over sovne gpkebd 2
eg. T=1ob,c,523, 2 " 1AL G,T)
\X\"' \cvgt\/\ of X
X prefi)c LT, XY

A StﬁYg Z= <2\,-~~ ,%;7 15 d J‘uLS%uen(,e o'(
.X'\f 25 dnovedtens & exv in ordeyrin X

655- x = [A[BIR[AJCTAIDIAIBIRTA
7 = [ATAID[ATA




Given Stﬁvgs X+ Y , theiv lovgat
(OMM OV Ju]olc(&ucvwe (LCS) IS @ Wmax

\evgt\\ Strivg that subur()ucwc,e_ 01[ Lw“n

Example :
X = [A[B|R|A|C[A|D[A|B|R[A|

\\ /// / : s - CTERTSETS
v — [V[A[B[B[AID[ATB[B[A[D[O]O]

Note: The LLS is nt umgue
Les (ABCY ,BAQY) = KACY o BC)

DP Formu\a't\on ‘Fo\r LCS:
—Dewmp01c into Ju'aprolo\erm (Y‘ecumi\/c)
- ?rinicip\c of op’timalit\a wall a)apl\a\
(Subpro“ﬂms Jl’\auu ‘oc Jo'\ICJ op‘tima“O)

De\tinc? For OS¢ m OS\’)S n:
!Lcs(c,j)= Ievgt\h of LCs for
prel‘im X‘ (7‘.-»7‘&7 VY)’ <(‘)\ ‘95>
€. Xs- (ABRAC) Y, { YABBAD)
Qes(5,6)= 3 ({ABAY)



Rasis: 1f =O o« =0 (empt\&string)
then LS i cw\pta

> Qsi0)= u(0,)) =0

Last dnaraders matda: x =g
(SUppose %= Yy ‘A
Claim: LLS also ends in ‘A
Proof : Obyiovs. T not, we wuld etond

\t \o& éppcv\éiv&g mn .A..

- Since LLS ends in ‘A, We M3y s well
assume it comes from Mat\nig: % Lith 13-
(:T\\cfe \$ WO \ocne‘('\‘t ‘Frovh Wié'tdf\i\/g Ct earlier)
- Once matdhed | x; vy, ort elimated
from further wnsiderstion.

- We &\I\OQ\é— Ao our “ou{‘ wiﬂ« ‘FQVV\é\V\ACTS
Ky <x,...xi_‘> ¥ Y’l'\= Yy Y 7

Xy

Xi A Xiq A

\ L
> les(i—1,7—1) +1
/

Yj
Y; A Y A

> f =) sz falil 50+ L




Lést o\f‘éf‘édteﬁs c!o woC VV\d't(JA: %i 7'-' ‘35
-Either x; or Y; or batl, are wit in LCS.

- %; is nol in LCS
- We wmow ignore x; < tontinve W\a’tol\inéd
emeinder XL-\ =<X\ ...7‘-H> with Y\;
D> fuli),)

K Xi—1 ]X[ skip z;
T; les(i — 1, 4)
max -
Yj i
Y B X A
les(i, 7 — 1)
A e

- ‘6\) 3 V\O't fn LCS
- (s«ommetri(,ah gnore Yy, + continve
mafcukwg tmainder Y\i’\ with :X—{
> Qus(i,j-1)

- Both x;+ R not in LCS
- This Lill be hendled La aloo\'c Qses.



- But which?

DP Credo: Pont be smart.
Try em all. Toke the best,

. | Les(i-1)y)

= i (x.# -35) Les (L,\))’W\ax Q,(,J(L,\')-D
Fine\ DP Formﬂbfion .

0 it min (,))=0

(i, >9)

'QCS((,)\Z |+ Les (L—l))-l) .\{ Xy = \60

YV\GX{LUO-l,)\D\g -rf- XL*S\')G,PO)
Las(iyy-1)

N

- Covrect pess ‘Follow ‘(fom eav\ie\r éui\/etion
- Recursive 'IW\p\cme,V\’(e‘UOV\ will take &xp. time
- Imteéé Ym'\\é ‘té\a\e Les [O..m)o..v\l tloro\grl\
—Wmemoizatlion Ccec\qiv\g)
oy -~ loo-ttOW\- UDO




MQW\O'LZCC\ IVV\\:)\Cmtn‘t&tion (\- Hoo\u)
- Ruild table fle, ] r&curswc'\a\
- Add toble HLO.m 0 ) to emind
U 6(2 decisions mee\c, 30 Wt Ln
reconstrodt LCS .
- Tnitt fes [ i3 1 (ondefined)
- Final result: memo—lu(m,n\ m= X ,V\ZIY‘

memo- lu(c,\\ / mewoized LLS
ff (lcsh,ﬂ“\\ / UV\AC{W\QA?
ﬂc(t O or §=0) / \oasis
{esle,j3e O

else (‘x‘ ‘333 f wmath?

Les L, \)1 = |+ memo- \es (i- \,J 1)
HILPY= N

else /7 x4y [ dort matdn
skipk & memo-lg (i-1,)) 7 las it ship x:
skipY « memo-les (i,3-1) 7 les it skip 93
i_{'_(s\tipx z skip‘(\ // lo(tt(,\f“‘o' JU\O X
e Li Ve skipX ; WLje T

tlse U \od:tcr Yo s‘pp W)
Les 5,3 skipY 5 Wi j1e €

Ceturn lu Lt,{l I fine| Les valve




Runhiveg time : O(y\.w\)

X=(BACDB)—— 0 1 2 3 4=n 0123 4=n

Y = (BDCB) ——+—B D C B BDCB
0 Jlooooio 0 [of0 0070 ~ Addzi(=y;)
1 1 BTl 1|+ Skip o
2 2 Al il T - skipy,
3 3 Clloi'1:i'112[2
A 4 DIt STt LCS = (BCB)
5) m=5 B 1‘()’\1f212 31— start here

Add yge éf'ﬁ'h LCS
3 9.u+[S,'-Il= 94.5*[."\)3]+\ = 3 Cont . with R4 3]
(BB = <BO *'B
‘ No J\avge to S - (BD)
xg= B'# y =D Cont.wths H[4 2]
= ch*[S,z‘k max (M;[q’ﬂ’ Qni[S,l]) =2

(BDY = max({eD), <p))

Extrocti ng the LCS:
- e use the H watrix

_ Sta»r't ot H[M)n] & ‘t{‘éoe |oe(,\‘ "‘D HLO)O])
H: D) "
o[

®»
|

*-

- Entries: HC33 -
WA A=y o S, contiwe vith T, 1)
1 Skip . Cotinve tith KL,
' Skip y; . Continue with ALERN



- Note that L\/\av(\ges to L-VJ WmimiC

vewwvswe structure

gi-_\cs-setbuencc (') // (gc‘t the LS rcz{)ucv\cc,
LCS « B / initialize
Lew; Yo n /) start at bittom- right

switch (R1i,;7)
' 'pwrcpcné % Yo WS/ vwat(,L\ 7(\-‘:\(/))-
ST
T - / skip v
Rl I skip v,
| veturn LCS

C‘“—'@gum &IOO\/C/ 1£0~r wawple)

while (i #@ o J#0)  Jend at Yop-left

Ruvmig timc? d(v\-\- YV\) - Eec\/\'\\ofa’(:im O\C(XLW\CV\tS
C;Lt\l\er L o«\.) (0\(‘ \ooH/\)
Eoﬁovv\ - UP M plCWI wté{icm (see Pé{ 'for c)etails)

—'Fl“ ow \o\a Na(o IV L("' OoO..m
+ wl \ma ol JEO-n

= Also (j( V\'W\)



Edit Distonce:
- lA)'\c!el wed in genomics
- Givon K= xmy + YoCyy0)
{\ou many edit ops are needed
to covvert X into Y , where edit ops :
“wsert & dhar of ¥ into X
-c\,e\d:c - (Lér Of X
- b\né\n\ge Q (J/\BY‘ o( X 1o W\ét(«L\ o
chav of ¥
= This AC(’W\a o melfic own dfiv(\gs c&l\e&
the Levenshtein distance (Visdimiv Levenslnte,iv\)

EXAW\ka C\/\avcxgc {ABRACADABRAY - CYABBADARBADOO)

____________________ Delete cRa .................... Change ‘R’ to ‘B’

C|A|D[A|[B|R|A : Lev(X,Y) =9

t
OO - Insert ‘O’

T T
BIA[D|A[B|B|A|D|O|O

- We'|l present the vewrsive DP fomolation
- Ivv\p\cmcwte\o\e (memorzed or losttom- up)
wm Olmn) time



- Strocturslly similar to LLS
~ Cate trick - inserting wto X i like

S
o\clctivg ‘Frdw\ Y

Dcﬁv{stion: CJNLV\ X=<7‘\-~~'xm>“'-\l‘ﬁ QQ\‘O“)
For 0¢ism > O¢jen
Lev (m, ) = Levenghten distance
loefwcen X G+ Y <:j) 33>
Fina\(goa\- Lev (m,n)

PRasis:
1=0 - No dhars in X. MMQMSC{U from Y
= W (0,))=y
3=0 ~ No chars in Y. Need t deletes from X
2 lew(i0)= 1
_otheruie if MIN Li)§)> O

Last dharackers matdh: %, = 43
- We chould &° ahead « mat da t\/\ew\
+ continve Ltk remainders Xg,-\‘\' M 5\

= i€(76¢=g)ﬂ Lev(iy)= Lev @1, §-1)




* . .
Y >— Le*v(z —1,7—-1)

Y A Y A

Lact characters do wot matda: % # 4

- Naé ‘\'o Ao SoW\Ct\/\\Vg \ \auft b\)\\a‘t‘ ?
® Iwsexrt Yy ot end of X,
@Dc\ttc %X
@ Change % wito Y,

= I ony of these cases, distance goes up \oo’f\

¥ ©, veove done with 95
~+ (ontinue uith vemsinder Y\i‘\
= |+ LL\/CL,\'\-D
@, we are done with %
+ continve Lith vemainder X.;.\
= 1+ Lev(i-1)y)
X ®, we are done with booth XiY¥ Y
Continve with vemainders XA ,Y:,'-\
= 1+ 1w (), )



3 ()ptianj :

— xZ
®| * :
¥ .
L*ev(z',j — 1) —l|—1: msert y;
Yj—1 B
7 ]
AXV2 A X'_1
min @ Z L .
Yj >7—— Lfv(z —1,7) +1: delete x;
Y; B Y; B
Xi—1 A
)
L?v(i — 1,5 — 1) | +1: change z; to y;
® Y1 B

Wh '\c\r\ optwh?.

- Remember t\nc DY (redo - Tﬂa al\
Take best (min)
- Final DP formulation:

r J CinsexT all ‘_(J-) '|f =0
L (Qelete sl X.3 if \')= O

L‘*\‘u»j)zﬁ Lev(i-1, j-1) (matdh) if L)?O v X =Y,
qu) j‘\) P WMot )‘:.--ddtte‘)‘i

................

|+ w.'mz Lev (-, )) Y '|f i,,\')>0¢ p ‘{)3
\ Lev iV, 1)</ c\/\evgc TR




Leave im‘:\cmcnta't\'on Ac xeveise. @
- On-m) ke LS
- (an tytract edits in O(mren) time

Summara:
DP Algorithms for
- Longe,st Common \SUbS(,reuch(L (LCS)
- edit CLevenshtein) distance

- Eot\/\ YUn N O(v\-w\) Twe (%uedré'tic)

G

Can we o better 7
LCS — Yeo- Nexr linear time
LL\lcml'\tcir\ - IV\ prad‘ia, —\Oes

/ 1w t\ntona - WO

Lower bound of

I(n**) for Sy €20
under the Strovc\g ExPoneﬂtia]
Time \-\npot\nesis (,SETH)



