
BILL, RECORD LECTURE!!!!

BILL RECORD LECTURE!!!



Slight Improvement on
R(k)

Exposition by William Gasarch

March 14, 2025



R(a,b) ≤ R(a − 1,b) + R(a,b − 1)

We proved

Theorem R(a, b) ≤ R(a− 1, b) + R(a, b − 1)
Now lets used it
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Better Upper Bound on R(a,b)

Thm For all a, b ≥ 2, R(a, b) ≤
(a+b

b

)
.

We prove this by induction on a+ b.

Base If a+ b = 4 then a = b = 2.

R(2, 2) = 1(2+2
2

)
=

(4
2

)
= 6.

1 ≤ 6.



Better Upper Bound on R(a,b)

Thm For all a, b ≥ 2, R(a, b) ≤
(a+b

b

)
.

We prove this by induction on a+ b.

Base If a+ b = 4 then a = b = 2.

R(2, 2) = 1(2+2
2

)
=

(4
2

)
= 6.

1 ≤ 6.



Better Upper Bound on R(a,b)

Thm For all a, b ≥ 2, R(a, b) ≤
(a+b

b

)
.

We prove this by induction on a+ b.

Base If a+ b = 4 then a = b = 2.

R(2, 2) = 1(2+2
2

)
=

(4
2

)
= 6.

1 ≤ 6.



Better Upper Bound on R(a,b)

Thm For all a, b ≥ 2, R(a, b) ≤
(a+b

b

)
.

We prove this by induction on a+ b.

Base If a+ b = 4 then a = b = 2.

R(2, 2) = 1

(2+2
2

)
=

(4
2

)
= 6.

1 ≤ 6.



Better Upper Bound on R(a,b)

Thm For all a, b ≥ 2, R(a, b) ≤
(a+b

b

)
.

We prove this by induction on a+ b.

Base If a+ b = 4 then a = b = 2.

R(2, 2) = 1(2+2
2

)
=

(4
2

)
= 6.

1 ≤ 6.



Better Upper Bound on R(a,b)

Thm For all a, b ≥ 2, R(a, b) ≤
(a+b

b

)
.

We prove this by induction on a+ b.

Base If a+ b = 4 then a = b = 2.

R(2, 2) = 1(2+2
2

)
=

(4
2

)
= 6.

1 ≤ 6.



Induction Step

IH For all a′, b′ with a′ + b′ < a+ b, R(a′, b′) ≤
(a′+b′

a′

)
.

IS

R(a, b) ≤ R(a− 1, b) + R(a, b − 1) ≤
(a+b−1

b

)
+

(a+b−1
b−1

)
.

Need (
a+ b − 1

b

)
+

(
a+ b − 1

b − 1

)
≤

(
a+ b

b

)
Actually they are equal. We prove this on the next slide.
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Comb Argument

(
a+ b − 1

b

)
+

(
a+ b − 1

b − 1

)
≤

(
a+ b

b

)

RHS is numb of ways to choose b elts from a set of a+ b elts.

We show LHS also solves that problem. Say there are a+ b people.

Soren is one of them. There are 2 ways to pick out b people.

Include Soren! Need to pick b − 1 from a+ b − 1,
(a+b−1

b−1
)
.

Do NOT include Soren! Need to pick b from a+ b − 1,
(a+b−1

b

)
.

DONE
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So What About R(k)?

R(k) = R(k , k) ≤
(
2k

k

)
∼ 22k√

k
.

A Slight improvement over R(k) ≤ 22k−1.

Best Known R(k) ≤ (4− ε)k for a very small ε.
Proof is long, hard, and I don’t know it.
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