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1. Introduction

For n € N let E" the n-dimensional Euclidean space, i.e. R" with Euclidean distances. For any
m > 0 integer, let £,,, denote the m-progression with distance 1, that is, a set of m points on a line
so that there is a unit distance between the consecutive points. In general, for any « € R, afy,
stands for an m-progression with distance «, that is, a set of m points on a line so that there is a
distance o between the consecutive points.

For any finite sets A, B C E", we write E" — (A, B) if for every red/blue-coloring of E", there is
either a red copy of A or a blue copy of B. Conversely, write E" -~ (A, B) if a red/blue-coloring of E"
exists that does not contain any red copy of A nor any blue copy of B.

In this note we investigate the case where A and B are progressions. The general question is that
for which n, my, m, does E" — (£p,, £m,) hold. These kind of problems, in a much more general
form, were first studied in a series of papers by Erdés, Graham, Montgomery, Rothschild, Spencer
and Straus [6-8].

Conlon and Fox [1] proved that there is a constant ¢ > 0 such that E" - (£;, £,,) for all m > 2",
However, it follows from a result of Szlam [12] and Frankl and Wilson [9] that E" — ({5, £;,) for
some other constant ¢’ > 0 and m < 2°™,
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If we replace ¢, with ¢3, the situation is quite different. Conlon and Wu [2] showed that
E" — (€3, £n) for m = 10°°, independent of the dimension n. The proof is based on a random
spherical coloring, that is, the color of each point depends only on its distance from the origin. So
it can be applied in any dimension. Spherical colorings were applied by Erdés et al. [6] to show
a four-coloring of E" with no monochromatic £3. In this note we construct an explicit spherical
coloring to improve the bound 10°° to 1177.

Theorem 1. For any n > 0, there exists a red/blue-coloring of E" that does not contain any red copy
of €3 and any blue copy of £1177.

We also studied progressions with different distances. Observe that the statement E" —
(Olredgml s ablueemz) is equivalent to E" — (enn , (ablue/ared)gmz )-

Theorem 2.
For any n > O, there exists a red/blue-coloring of E" that does not contain any red copy of £3 and
any blue copy of alggsg, Wwhenever o € R satisfies at least one of the following conditions:

e’ ¢Q

e a’=p/q, p,qeNand 47 fq,
o o’ >2,

o a? < 1/(7-47%-48)

For integers a < b let [a, b] = {a,a+ 1, ..., b}. For any real y let |y | be the integral part of y
and let {y} :== y — [y ] be the fractional part. Denote by F, the field with p elements and by S, the
set of squares in [F,. We write IF; and 5;‘ for the corresponding sets without zero.

2. Overview

In Sections 3 and 4 we prove Theorems 1 and 2, respectively. Both proofs follow the same ideas
which we sketch in this section.

We start with the most important fact: If three points x, y, z lie in arithmetic progression, their
norms satisfy an equation of the form

x> = 2ly* + |z]* =K,

where K = 2|x — y|> = 2|y — z|?, so it depends on the distance of the points and not on their
locations. It is therefore natural to give a coloring, which only depends on the norm of the points.

First we choose a suitable prime p, two integer parameters d, [ and a red/blue coloring of F,
where 0,d, 2d, ..., (I — 1)d are colored red and the remaining numbers blue. Then we color each
point x € E" to the color of ||| (mod p).

Let X,Y,Z €{0,d, 2d, ..., (Il — 1)d} be the squared norms of three red points, that form an ¢3,
already rounded and reduced modulo p. Observe that we have K = 2 here. To avoid red copies of
{3, we need two conditions on the parameters p, d, I:

e p should be large enough so that p > 2(I — 1)d + K + 2. This allows us to look at the equations
X —2Y + Z = K’ for values of K’ close to K in the integers instead of modulo p, since
—p+K <X-2Y+Z<p+K.

ed>4sothat K <d—2.Then1 <K <d—1.But K’ =X — 2Y + Z should be 0 modulo d for
a red ¢3, which gives the desired contradiction.

The squared norms of a longer progression {xi,xs,...,X,} can be described by a quadratic
polynomial function: |x;|> = ai® + bi + c. By appropriately rescaling the problem and looking at
sub-progressions, we can assume that the coefficients a and b are integral, at the cost of having
some error term. We get |x;|2 &~ a(i+b')? +c’ and therefore, the function hits every square or every
non-square modulo p, shifted by a constant. What remains is to choose I large enough, for a fixed
p, such that {C,C +d,C+2d,...,C + (I — 1)d} contains both squares and non-squares for every
choice of C. This guarantees that there are no arbitrarily long blue progressions.
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3. Proof of Theorem 1

Lemma 1. Let x,y,z € E" form a configuration congruent to als ie. x — 2y +z = 0 and
|x —y|> = |y — z|*> = . Then we have

x> = 2ly* + |z|* = 22°.

Proof.
x> = 2ly* + |z|* =Ix|* = 2y* + |2y — x
=[x> = 2ly]> +4ly]> + |xI* — 4(x, )

| 2

=2[x* 4 2ly|* — 4(x.y) O
=2[x — y|?
=202,

Now we define the red/blue coloring of E". Let R (resp. B) denote the set of red (resp. blue)
points. Let
R={xeE"| [IxI*] €{0,4,8, 12} + 292}
and
B:=E"\R.

We have to show that there is no red copy of ¢35 and no blue copy of £¢1177. Suppose that
X,y,z € E" form a red configuration congruent to 5.

For simplicity, let X = [|x|?], Y = ||y|*], Z = ||z|*| and let X' = {|x|?}, Y' = {|yI*}. 2’ = {1zI*}.

By Lemma 1, X + X' —2Y —=2Y' +Z+Z7Z =2.

Lemma 2. We have
X-=-2Y+Ze{1,2,3}.

Proof. For R =X’ —2Y'+Z’, we have |R| < 2. Butthen X —2Y +Z =2 —R.Since X —2Y +Z € Z,
R € Z, therefore, R € {—1,0,1},s0 X —2Y+Z €{1,2,3}. O

Since x,y,z are red, X, Y,Z € {0, 4, 8, 12} + 29Z. To get a contradiction, it is enough to show is
that the three equations X — 2Y +Z =k, k € {1, 2, 3}, do not have any solution in F,9 such that
X,Y,Z € {0,4,8,12}. Since —29 +3 < —24 < X —2Y +Z < 24 < 29 + 1 as inequalities in Z
with X, Y, Z € {0, 4, 8, 12}, it is enough to show that the equations do not have any solutions in Z,
which is clear when considered modulo 4.

Now we show that there is no blue copy of £1177.

Lemma 3. For all ¢ € Fag:
Sy9 +¢ Z Fag \ {0, 4,8, 12}

Proof. The squares modulo 29 are 0, 1, 4, 5, 6, 7, 9, 13, 16, 20, 22, 23, 24, 25, 28, so the non-
squares do not contain an arithmetic progression of 4 elements with consecutive distance 4, which
is equivalent to the statement of the Lemma. O

Suppose that {xq, X1, ..., X117¢} forms a blue congruent copy of £1177. For 0 < i < 1176, let
X; = |x;|*. By Lemma 1, for 0 < i < 1174, X;1» = 2Xi;1 — X; + 2. We obtain that

Xi=i+ X —Xo—1)i+Xo, i€][0,1176].

Let B := Xy — Xp — 1. To understand the integral part of i> 4 fi 4 X, we approximate § by a rational
number.
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Lemma 4 (Dirichlet’s Approximation Theorem [11]). For all B € R and N € N there exist a, d € Z with
1 < d < N such that
dg —al < .
dp —al <
Let a, d € Z satisfy the conditions of Dirichlet’s approximation theorem with N = 28. Then with
e=pB—13, le|l < 555.50

.2 . .2 a . .
“+Bi+Xo=1 +&1+Xo+€l.
Consider now only every dth point, let Xj/ = Xgj. Then

X| = Xg = (dj)* + aj + Xo + €dj,

, , 1176 1176
|UeNo|d]§1176}|=1+{le—i—tJ:B.

and

d 28

Lemma 5. There exists ¢ € F,g such that
¢+ S39 S {1Xj] (mod 29) | j € [0, 42]}.

Proof.

X) =(dj + (2d)"'a)* — ((2d)"'a)* 4 29N + X, + €dj
=(dj +5)? + ¢’ +r + edj + 29N,

where s, ¢’ € [0, 28] and N, N’ are suitable integers, r := {Xo} < 1 and (2d)~! is the inverse of 2d
in F,9 considered as an integer in [0, 28].

Observe that dj + s = M has a solution j for each M considered as an equation in Fy9 and that
for n := —sd™!,j_ :=n —kand j, := n + k with k € Fo,

(dj- +5)° = (djs +5)°.
Therefore,

{(dj+sP+c'lieln—14,n0) = {(dj+5sV +cli € [n,n + 141} = ¢" + So.
Let 1o € [0, 28] be a representative of 7.

e Case 1: ng < 14
Note that 7y + 29 < 42. We can assume that either

Lr +edno] = L1 +€d(no + k)], Vk € [0, 14],
or
r + ed(no + 15)] = |r + ed(no + k)|, Vk € [15,29].
Indeed, otherwise, as r + €dj is either increasing or decreasing in j,
|(r + edno) — (r + €d(no + 29))| > 1,

which contradicts |29¢d| < 1.
But then either

{LX/] (mod 29) | j € [no, no + 141} = ¢’ + |r + edno] + S9
or
{LX/] (mod 29) | j € [no + 15, no + 291} = ¢’ + 1 + €d(no + 15)] + Szo.
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e Case 2: ng > 14

We can proceed similarly. Note that ng — 14 > 0, g + 14 < 42. We can assume that either
Lr + edno| = [r +ed(no + k)], Vke[-14,0]

or
Lr +edno| = [r +ed(no + k)], Vk € [0, 14],

otherwise, as r + edj is either increasing or decreasing in j,
|(r + €d(no — 14)) — (r + ed(no + 14)) > 1,

which contradicts |29¢d| < 1.
But then either

{1X]] (mod 29) | j € [0 — 14, 110]} = ¢’ + L1 + edro] + Sao
or
{lxj] (mod 29) | j € [110, o + 141} = ¢’ + L1 + €dno + Sp9. [

Lemmas 3 and 5 together imply that there is no blue copy of ¢1177 in the construction and that
completes the proof of Theorem 1. O

4. Proof of Theorem 2

Analogously to the distance one case, set
R = {x € E" | ||x*] € {0, 5, 10, 15, 20} + 477}
and
B:=E"\R.

We will study for which ar.q € R, is it true that there are no three red points x,y,z € E" that
satisfy the equation |x|? — 2[y|? + |z|> = 22, and for which apye € R is it true that there are no
6628 blue points Xo, X1, . . . , Xes27 in E" that satisfy the equations |x;|* — 2|4 1>+ [Xi12|* = 202, for
i € [0, 6625] and then give the corresponding ratios appe/cres- We choose the bigger prime 47 and
the above coloring as it allows us some freedom to increase the distances in the 3-term arithmetic
progression.

Lemma 6. Let x, Yy, z form a copy of areql3 with 47N + 1 < afed < 47N +3/2 and N € Zs then
LIXI?] = 2LyI*] + LlzI*] € {1,2, 3, 4} (mod 47).

Proof. Let R := ({|x|*} — 2{ly|?} + {|z|?*}), clearly |R| < 2. Now
LIxI?] —2[yI*] + L|z|*] = 2a* — R. Since 2a* € [2, 3] +47Z and ||x|*] — 2[|y|*]| + LIz|*] € Z,
we have [[x2] — 2|Iy|?] + LIz|?] € {1, 2, 3, 4} (mod 47). O

Lemma 7. Forall c € Fyy:
Sy +¢ Z Fur \ {0, 5, 10, 15, 20},
and
(Fa7 \ Si7) + ¢ € F47 \ {0, 5, 10, 15, 20},

Proof. Assume for a contradiction that L := {c, c + 5, c + 10, ¢ + 15, ¢ + 20} is either contained in
(F47 \ S47) = (F3; \ Sj;) or in Sj;. The squares in Fy, are 1, 2, 3, 4,6,7,8,9, 12, 14, 16, 17, 18, 21,

5
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24, 25, 27, 28, 32, 34, 36, 37, 42 and it is easy to see that there is no interval and no gap of size 5
in the squares. Now

{19¢, 19¢ + 1, 19¢ + 2, 19¢ + 3, 19¢ + 4} = 19L C 19(F}, \ S};) = S
or
19L € 1953, = (F%, \ Si).

a contradiction. O

We now choose a longer arithmetic progression, compared to the distance one case which allows
us to add an additional error term.

Let apye € Ry such that af,, = b+€; with b € N\47Z and 0 < €; < 17(7-47*-48) and suppose
that {xg, X1, . .., Xgeag)} forms a copy of apelgsae. For 0 < i < 8648, let X; = |x;|?. By Lemma 1, for
0 < i < 8646, Xiy2 = 2Xi11 — Xi + 20y, consequently X; = a,,i* + (X; — Xo — 1)i + Xo. Let
B = X1 —Xo — 1. Let a, d € Z satisfy the conditions of Dirichlet’s approximation theorem with
N =47, so

a
2 2 . 2 2 . .
Uppel” + Bi+X = apy,i +El+x+61l

with |e;] < 1/(48d). Consider only every dth point, let Xj’ = Xgj. Then
X = Xg = apo(di) + aj + Xo + €1dj,

. . 8648 8648

and

Lemma 8. There exists ¢ € F4; such that
¢+ Sa7 S {1X{] (mod 47) | j € [0, 184]}
or
¢+ (Fa7 \ Sg7) S {LX]] (mod 47) | j € [0, 184]}

Proof. Suppose first that d < 47. Then
X =ap d* + aj + Xo + €1dj

=bd** + aj + Xo + €1dj + e,d%*f

=b(dj + (2db)"'a)® — ((2b)"'a)® 4+ 47N + Xy + €1dj + €,d?}

=b(dj + 5)* + ¢’ +1 + e1dj + €,d** + 47N/,
where s, ¢’ € [0, 46] and N, N’ are suitable integers, r := {Xo} < 1 and (2db)~! is the inverse of 2db
in F47 considered as an integer in [0, 46].

Now either b is a square and b(dj + s)> will run through S4; or otherwise b(dj + s)* will run
through (F47 \ S};). In both cases denote the corresponding set by S.

Observe that dj + s = M has a solution j for each M considered as an equation in F4; and that
for n .= —sd™!,j_ :=n —kandj, == n+ k with k € Fyy,

b(dj_ + s)* = b(dj,. +s5)*.
Therefore,
{bldj+s)P+c |jeln—23n)} ={bldj+sP’+c |jelnn+23]}=c +S.
Let o be a representative of 5 in [0, 46] and write E(u) :=r + €1du + €2d*u?. As E is at most
quadratic, it changes its monotonicity at most once.

6
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e Case 1: ng < 23.
Let § := 0 if E is monotone in [ng, no + 47] and & := 47 otherwise. Let n; := ng + 8. Now E is
monotone in I := [ny, n1 + 47].
Note that n; + 47 < § + 69 < 116 < 185. Assume that

LE(m)] = LE(m + k)], Vk e [0,23]

or
LE(n1 +24)] = |E(n + k)], Vk e [24,47].
Then
{LX/] (mod 47) | j € [n1,m + 231} = "+ [E(m)] +S
or

{1X{] (mod 47) | j € [n1 + 24,1 + 471} = ¢’ + [E(m + 24)] +5.

Otherwise, as E is monotone in I,
[E(n1) — E(m +47)| > 1,
which is a contradiction to
[E(n1) — E(n1 + 47)|
=[47€1d + (94n; + 47%)erd?|
<|47¢1d| + |(94n; + 47%)ead?|

47 -
<g T (94-93 447216 e,

<— 5 47l| |<
+5- € .
=48 21 =

e Case 2: 19 > 23
Similarly, let § := 0 if E is monotone in [no—23, no+23] and § := 47 otherwise. Let n1 := no+3.
Now E is monotone in I := [n; — 23, n1 + 23].

Note that n; —23>§ >0, n; +23 <8 +69 < 116 < 185 and assume that
LE(n1)] = LE(m + k)|, Vk e [-23,0]

or
LE(m)] = |E(n + k)|, Vke][0,23].
Then
{lx;] (mod 47) | j € [n1 — 23, m1} = ¢’ + [E(m)] +S
or

{Lx] (mod 47) | j € [m1, m + 231} = ¢’ + [E(m)] +S.

Otherwise, as E is monotone in I,
|[E(m —23) — E(n1 +23)| > 1,
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which is a contradiction to
|E(m — 23) — E(n1 + 23)|
=|46€1d + (9211 + 2 - 23%)ead?|
<|46€1d| + (9211 + 2 - 23%)exd?|

46 -
< g 192 93+2:239)46% ey

. € < L.
=48 2

Now let d = 47, then a # 0. Then

X =ap i + aj + Xo + €1dj

=aj + Xo + €1dj + €2d2j2 + 47N

=aj + ¢ + 1 + €1dj + e2d* + 47N,
where ¢ € [0, 46], N, N’ are integers and r := {Xo} < 1.

Again, write E(1) := r 4+ e;dpu + €,d*u? and let § := 0 if E is monotone in [0, 92] or § := 92
otherwise. Now E is monotone in I :=§ + [0,92] and I C [0, 184]. If

E(6)] = E(6 + k)], Vk € [O0, 46]
then
{LX{] (mod 47) | j € [8, 8 + 46]} = Fa7 2 Su7.
Otherwise, let n € § 4+[1, 46] be such that |E(n — 1)| = |E(n)]. Note that [n — 1, n +46] C I. Again,
if
LE(n)] = |E(n+ k)], Vk e [0, 46]
then
{1X{] (mod 47) | j € [, n + 461} = F47 2 Sa7.
Otherwise, as E is monotone in I,
|E(n — 1) — E(n + 46)| > 1,

which is a contradiction to
[E(n — 1) — E(n + 46)|
=|47€1d + (94n + 46% — 1)e2d?|
<|47¢1d| + |(94n + 46% — 1)e2d?|

47 -
<g T(94- 140+ 47)46 |y

<47+7 47%e,| <1
=18 el==

4.1. Large numbers

Together, Lemmas 6 and 8 prove Theorem 2 for «? > 2. The intervals [2n/3, n] forn e Z>3\47Z
cover Rs as 2n/3 <n—1forn > 3 and 2n/3 < n— 2 for n € 1+ 47N. Therefore it is sufficient to
use red progressions o.gf3 and blue progressions oppel,m with 1 < arzed < 3/2 and ozﬁ,ue € Z>3\47Z.

8
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4.2. Small numbers

Let ¢ := 7-47%-48. Analogously to the case of large ratios, Lemmas 6 and 8 prove Theorem 2 for
a? < 1/(2c). The intervals [n/(14-1/c), n] for n € Zsa(c+1)\47Z cover Rsyc as n/(1+1/c) < n—2 for
n > 2(c + 1). Therefore it is sufficient to use red progressions a;.qf3 and blue progressions opyelm
with 1 < af,, < 1+ 1/c and o, € Zoyc11) \ 47Z.

4.3. Rational numbers

[
Let «®> = p/q where p,q € N, 47 t pq and k, r € Z such that 0 < r < 47 and q = 47k +r. Let
r~! be the inverse of r in Fy; considered as an integer in [1, 46] and let ayeq = +/qr—! and
ape = +/pr=1. Then our construction does not contain any red copy of a,.q¢3 and no blue
copy of appelm Which proves Theorem 2 for & = appye/tred-

e Case 2:
Let o> = p/q where p, q € N, 47 | p and gcd(p, q) = 1. Let g be the inverse of q in Z/47pZ
considered as an integer in [0, 47p — 1] and N € Z> such that gg = 47pN + 1. Then

+ 1)(47pN + 1 1
(p1gd = PEDANFY 0 1 v+ 1),
p p p
Now, since 47 { (p+ 1)g and 0 < 1/p < 1/2, our construction does not contain any red copy

of areq€3 and no blue copy of apelim for areq := +/(p + 1)gq/p and apye = +/(p + 1)g, which
proves Theorem 2 for o = apye/red-

4.4. Irrationals

Let o? be irrational. Then the sequence ((47k + 1)/(470%))ken (mod 1) is uniformly distributed
(see e.g. [10, Theorem 3.2]) and equivalently ((47k 4 1)/a?)xen (mod 47) is uniformly distributed.
In particular there exist p, ¢ € N with p = q = 1 (imod 47) and such that

1

p
Q<a2<q 2

Now let atreq := /p/a? and apye = /p. Then our construction does not contain any red copy of
aregl3 and no blue copy of apyel, which proves Theorem 2 for o = apjye/req-

Remarks

We believe that the bound 1177 in Theorem 1 is far from optimal. Let m3 be the largest integer
for which E" — (€3, £;,,) holds for every n > 2, or equivalently, E2 — (¢, £m;) holds. Erdés
et al. [7] showed that E> — ({4, £5), and recently Currier et al. [3] showed that E> — ({3, £3),
therefore, ms > 3. We cannot rule out the possibility that ms; = 3.

Similarly, let m4 (resp. ms) be the largest integer for which E" — ({4, £1,) (resp. E" — (€5, £ing))
holds for every n > 2. Clearly, ms < m4 < ms. Improving the above result of Erdds et al.
Tsaturian [13] showed that E2 — ({5, £,), consequently, my > ms > 2.

For ¢g, the situation is different. Define mg analogously. It is not known, whether mg > 2, on the
other hand, Erdds et al. [6] proved that E" -~ (£g, £¢) for every n > 2, therefore, mg < 5.

For Theorem 2 we also believe that the bound 8649 is far from optimal and the conditions for «
can be dropped. It is clear that by using different primes in the proof we get a finite bound on m for
every value of «: The Pélya-Vinogradov inequality (see e.g. [5, p. 135]) guarantees that the length
of gaps in the squares is sub-linear in p. We can therefore use the construction in Section 4.3 with
any high enough prime that does not divide g. This will however not give a uniform bound for m.

During the review progress of this manuscript Currier, Moore and Yip published a preprint [4]
on the same problem. In particular it contains an improvement to Theorem 1.
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