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Notation

Def Let COL: (4) — [1,000,000]. Let c € N.

A set H C Ais c-homogenous if COL restricted to (g’) takes on
at most ¢ values. (From now on c-homog.)

Def If L1, Ly are linearly ordered sets then L; = L, means there is
an order preserving bijection between L1 and Lo.
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We Will Prove The Following Two Theorems

Thm YCOL: (%) — [1,000,000] 3 a 4-homog H = w?.

Thm 3COL: (%) — [4] Such that there is no 3-homog H = w?.
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Theorem About Coloring w?

Thm YCOL: (%) — [1,000,000] 3 a 4-homog H = w?.
We represent w? as follows, which is standard:
w-141, w-142, w-143, w-1+4
w-2+1, w-242, w-243, w-2+44,
w-34+1, w-34+2, w-34+3, w-3+4+4,

Edges within a copy of w are called internal.
Edges between copies of w are called external.
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The Internal Edges

For each i € N let

A={w - i+lLw-i+2w-i+3...}.
Apply infinite Ramsey to (Az") to get infinite H; C A; and color ¢;
such that COL on (';’) is always c;. Replace A; with H;.
Some color ¢ appears as ¢; infinitely often.
Kill all the A;’s that disagree

We assume all Internal edges are R.
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Where We Are Now?

We relabeled so that the w? is represented by
w-141 w-142 w-143, w-1+44
w-241 w-242 w-243, w-2+4+4,
w-34+1, w-342, w-34+3, w-3+4,

Within any copy of w all of the edges are R.
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Coloring 4-Sets

Plan
» We will create a clever coloring COL': (T) — [1,000,000]3.
» Let H' be an infinite homog set (relative to COL’).

» We will use H' to create H, such that
(a) H is 4-homog relative to COL, and
(b) H = w2
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Coloring 4-Sets (cont)

We color x; < x2 < x3 < x4 with the 3-tuple of colors below:
COL(w - x1 + x2,w - X3 + xa)

COL(w - x1 + x3,w - X2 + Xa)

COL(w - x1 + x4, w - x2 + x3)

By the 4-ary Ramsey Theorem there is a homog set H'.

Let (B, G, ) be the color of the homog set.
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The Set We Begin With

LetH’:{h1<h2<h3<h4<---}

Let H” be

w-hi+h, w-h+h, w-h+h3, w-h+hg,
w-hy+hy, w-hy+h, w-hy+h3, w-hy+ hg,
w-h3+h, w-h3+hy, w-h3+h3, w-hs+ hg,

We will thin out H” to get the desired H.
For which external edges (w - hj + hj,w - hi + h) do we get
COL(w'hi—i-hj,w-hk—i-hg) € {B, , }

from H' being homog of color (B, G, )?
We continue this on the next slide.
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Which External Edges Must Be in B, G,

For which external edges (w - hj + hj,w - hi + hy) do we get

COL(CL) - hj + hj,w - hi + hg) S {B, G, }

from H' being homog of color (B, G, )?
Since the edge is external we assume h; < hy.
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from H' being homog of color (B, G, )?
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Which External Edges Must Be in B, G,

For which external edges (w - h; + hj,w - hy + hy) do we get

COL(w - h; + hj,w - hi + hg) S {B7 G, }

from H' being homog of color (B, G, )?

Since the edge is external we assume h; < hy.

Recall that COL/(x1 < x2 < x3 < x4) =

COL(w - x1 + x2,w - X3 + xa)

COL(w X1+ X3, w - Xo + X4)

COL(w - x1 + xa,w - x2 + x3)

If h; < hj < hx < hy then COL/(h,' < hj < h < hg) = (B,G, ) SO
COL(w - hj + hj,w - hg + hg) = B.

If hy < hy < hj < hy then COL’(h,‘ < he < hj < h@) = (B,G, ) e}
COL(w - hj + hj,w - hy + he) = G.



Which External Edges Must Be in B,

For which external edges (w - h; + hj,w - hy + hy) do we get

COL(w-h;—i—hj,w-hk—i—hg)E{B, , }

from H' being homog of color (B, G, )?

Since the edge is external we assume h; < hy.

Recall that COL/(x1 < x2 < x3 < x4) =

COL(w - x1 + x2,w - X3 + xa)

COL(w X1+ X3, w - Xo + X4)

COL(w - x1 + xa,w - x2 + x3)

If h; < hj < hx < hy then COL/(h,' < hj < h < hg) = (B, R ) SO
COL(w - hi + hj,w - hg + hg) = B.

If hy < hy < hj < hy then COL’(h,‘ < he < hj < hg) = (B, R ) e}
COL(w - hj + hj,w - hy + he) =

If hi < hy < hj < hy then COL/(h; < hy < hj < hy) = (B, G, ) so
COL((/J - hi + hj,w - hg + hg) =
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What Do We Need the h;’s To Look Like?

Need If (w - hj + hj,w - hi + hy) is an external edge with h; < hy
then either

h;<hj<hk<hg,0r
h;<hk<hj<hg,0r
hi<hg<hj<hk.

It suffices to have

hi < hj,

hy < hy, and

hi, hj, hy, hy all different.

Next slide has a thinned out version of H” that suffices.
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We define H as:
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w
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The Homog Set

Recall ' = {hy < hp < hs < hy <---}

We define H as:
w - h21 —+ h22,
w - h31 —I— h32,
w - h51 —+ h52,

w
w
w

H is 4-homog and,

H = w?
So we are donel!

) h21 + h237
. h31 + h33,
. h51 + h53,

w h21 + h24,
w - h31 + h34,
w h51 + h54,

w - h21 -+ h25,
w - h31 + h357
w - h51 =+ h557



There is a Coloring With
No 3-Homog Set



There is a Coloring With No 3-Homog



There is a Coloring With No 3-Homog
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There is a Coloring With No 3-Homog

Thm 3COL: (”22) — [4] such that there is no 3-homog H = w?.
We use this representation
w-21 422 w2l 423 w2l 424 w2t 425,
w-3'+32 w3143 w343 w343
w-514+5% w-5145% w.514+5% w5455
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The Coloring

We define COL(w - a + b,w - ¢ + d).
1) By the representation, a < b, ¢ < d, and b, ¢, d are all different.
2) We assume a < c.

R Ifa=c

1 Ifa< db<c<d
COL(w-a+ b,w-c+d) = sl ¢
2 Ifa<candec<b<d
3

Ifa<candc<d<b

The proof that there is no 3-homog set is left to the reader.



