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Pattern for Mod 14

10°=1

10t =10

10°=10x10=2

1°=2x10=6

10*=6x10=4

10°=4x10=12

10°=12x10=8

10" =8x10=10

(1,10,2,6,4,12,8).

AFTER start state need to keep track of

(1) weighted sum mod 14 and (2) digit position mod 6.
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DFA for Mod 14

Idea Have a start state that goes into a grid-DFA for mod 14.
Q={stU{(i,j):0<i<13 AN 0< <5}

Forall 0 <o <9, d(s,0) = (1 x 0,0).
Use weights 10,2,6,4,12, 8.

5((g,0),0) = (¢ + 10 x o (mod 14),1)
5((g,1),0) = (g +2 x o (mod 14),2)
3((g,2),0) = (g +6 x o (mod 14),3)
3((g,3),0) = (g +4 x o (mod 14),4)
3((g,4),0) = (¢ + 12 x 0 (mod 14),5)
9((g,5),0) = (¢ +8 x o (mod 14),0)
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DFA for Mod n, (al, bo, e bmfl)

Idea Have a start state that goes into a grid-DFA for mod n.
Q={stu{(i,j):0<i<n—-1 AN 0<j<m-1}

Q| =1+ nm.

Forall 0 <o <9, d(s,0) = (a1 X 7,0).

Use weights by, ..., by, 1.

3((q,0),0) = (g + bo x o (mod n), 1)

3((g,1),0) = (g + by X 0 (mod n),2)

3((g,2),0) = (g + by x o (mod n), 3)

;5((q, m — 2), o) .: (g + bmo x o (mod n),m—1)
((g,m—1),0) = (g + bm-1 x o (mod n),0)
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Mod 15

10°0=1

101 =10

102 = 100 = 10
(1,E).

Use formula: 1+ 15 x 1 = 16.
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100=1
10! =10
102 =4
103 =38

10* = 0 ALL REST ARE 0.
(1,10,4,8,0).
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DFA for Mod 16

Weights (1,10, 4,8,0).

Q= {s}U{(q.j): 0<i<15

1Q| =1+ 16 x 4 = 65.
Forall 0 <o <9, d(s,0) =
Forall0 <o <9, §((
Forall 0 <o <9, d((q,
Forall 0 <o <9, §((
Forall 0 <o <9, §((

A 0< <3}

g+ 10 x o (mod 16), 1)
=(qg+4 x o (mod 16),2)

e R



DFA for Mod 16

Weights (1,10, 4,8,0).
Q={s}U{(q.j):0<i<15 A 0<,j<3}
|Q| =1+16 x 4 = 65.

Forall 0 <o <9, i(s,0) =(1x0,0).

Forall 0 <o <9, 6((q,0),0) = (g + 10 x ¢ (mod 16),1)
Forall0 <o <9, d((q,1),0) = (g + 4 x o (mod 16),2)
Forall 0 <o <9, 6((q,2),0) = (g +8 x o (mod 16),3)
Forall 0 <o <9, d((q,3),0) = (q,3).

Can we do this with < 65 states?
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Can Do With Slightly Less Than 65 States

Q={s}U{(q,j):0<i<15 A 0<j<3}
|Q| =1+ 16 x 4 = 65.

Forall 0 <o <9, §(s,0) = (1 x 0,0).

Once the machine leave state (0,0), ..., (15,0) will never
return.

Key Will never use (10,0), (11,0), (12,0), (13,0), (14,0),
(15,0).

So only need 65 — 6 = 59.

An answer of 65 still gets full credit.

Can you do better than 59 states? | leave this to you.
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Pattern for Mod 17

After calcluation the pattern is
1,10,15,14,4,6,9,5,16,7,2,3,13,11,8,12
Mod is 17, pattern is length 16.

DFA size 17 x 16 = 272.
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100=1
101 =10
102 =10
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DFA for Mod 18

Weights (1,10).

Q={stu{i:0<i<17}
Q[ =1+18=19.
Weights (1, 10).

Forall0<o <9 d(s,0)=1xo0

Forall 0 <o <9, 6(q,0) =g+ 10 x 0 (mod 18)
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This Pattern and DFA May Be on Future HW

Let n > 10.
If pattern is (ao,...,ar-1,b0,- -, bm)
then DFA is of size XXX.

This Question may be on a future HW so work on while you
are still in the mindset.

There are several cases.
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PROBLEM 2

a) DFA for L1 ={a": n=0 (mod 6)}
Q=1{0,1,2,3,45} s=0 F ={0} 6 states.
6(g,a) =q+1 (mod 6)

b) DFA for L, ={a": n=0 (mod 9)}
Q@=1{0,1,2,3,456,7,8 s=0 F ={0} 9 states.
6(g,a) =q+1 (mod 9)

c) DFA for L; N L, USING THE CONSTRUCTION would have
9 X 6 = b4 states.

d) LinL,={a": n=0 (mod 18)}

There is a DFA with 18 states for L; N Ly similar to the DFA's
for Ll, L2.

e) Thought question: What about L; U L,? DISCUSS.
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Key
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Q=1{0,....17}
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YES there is a DFA for
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PROBLEM 2e

YES there is a DFA for

LLUuL,={a":n=0 (mod6) ORn=0 (mod9)}.

Key

{a":n=0 (mod 6) ORnNn=0 (mod9)}={a":n=0,6,9,12

Q=1{0,...,17} s=0 F =1{0,6,9,12} 18 states.
d(g,a) =g+ 1 (mod 18)
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There is a DFA for L; U L, with 54 states.
Every DFA for L; U L, has > 54 states.

Upshot
Let L; be a regular lang with DFA size n;.
Let L, be a regular lang with DFA size n,.

1) There is a DFA for Ly N L, of size nyn, by the general
construction.

2) There are Ly, L, where the DFA is much smaller.

3) Discuss: Do there exists Ly, L, such that DFA requires
n1n2?
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PROBLEM 2 More Reflections

More Generally We've seen many constructions where the
constructed DFA could have many states (nyn, or 2").

However, the DFA's that come up in practice are usually
much smaller than those given by the constructions.

This is why DFAs are so useful in practice.



