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What is an operational 
semantics?
A method of defining the meaning of programs by 
describing the actions carried out during 
execution. 

There are many different flavors: 

• Evaluator 
• Natural (aka big-step) 
• Reduction (aka SOS, small-step) 
• Abstract machine 



What is an operational 
semantics used for?
• Specifying a programming language 
• Communicating language design ideas 
• Validating claims about languages 
• Validating claims about type systems, etc 
• Proving correctness of a compiler 
• ... 
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admits an asymptotically more e!cient implementation of generic count than any λb implementation. We
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1 INTRODUCTION

In today’s programming languages we "nd a wealth of powerful constructs and features — excep-
tions, higher-order store, dynamic method dispatch, coroutines, explicit continuations, concurrency
features, Lisp-style ‘quote’ and so on — which may be present or absent in various combinations
in any given language. There are of course many important pragmatic and stylistic di#erences
between languages, but here we are concerned with whether languages may di#er more essentially
in their expressive power, according to the selection of features they contain.
One can interpret this question in various ways. For instance, Felleisen [1991] considers the

question of whether a language L admits a translation into a sublanguage L ′ in a way which
respects not only the behaviour of programs but also aspects of their (global or local) syntactic
structure. If the translation of some L-program into L ′ requires a complete global restructuring,
we may say that L ′ is in some way less expressive than L. In the present paper, however, we
have in mind even more fundamental expressivity di#erences that would not be bridged even if
whole-program translations were admitted. These fall under two headings.

(1) Computability: Are there operations of a given type that are programmable in L but not
expressible at all in L ′?
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We extend the operational semantics to λh. Speci!cally, we add two new reduction rules: one for
handling return values and another for handling operation invocations.

S-Ret handle (return V ) with H ! N [V/x], where Hval
= {val x !→ N }

S-Op handle E[do ! V ] with H ! N [V/p, (λy.handle E[return y] with H )/r],

where H !
= {! p r !→ N }

The !rst rule invokes the success clause. The second rule handles an operation via the corresponding
operation clause. If we were naïvely to extend evaluation contexts with the handle construct then
our semantics would become nondeterministic, as it may pick an arbitrary handler in scope. In
order to ensure that the semantics is deterministic, we instead add a distinct form of evaluation
context for e"ectful computation, which we call handler contexts.

Handler contexts H ::= [ ] | handle H with H | let x ← H in N

We replace the S-Lift rule with a corresponding rule for handler contexts.

H[M] ! H[N ], if M ! N

The separation between pure evaluation contexts E and handler contexts H ensures that the S-Op
rule always selects the innermost handler.

We now characterise normal forms and state the standard type soundness property of λh.

De!nition 3.1 (Computation normal forms). A computation term N is normal with respect to Σ, if
N = return V for some V or N = E[do !W ] for some ! ∈ dom(Σ), E, andW .

Theorem 3.2 (Type Soundness). If % M : C, then either there exists % N : C such that M !∗ N
and N is normal with respect to Σ, or M diverges.

3.3 The Role of Types

Readers familiar with backtracking search algorithms may wonder where types come into the
expressiveness picture. Types will not play a direct role in our proofs but rather in the characterisa-
tion of which programs can be meaningfully compared. In particular, types are used to rule out
global approaches such as continuation passing style (CPS): without types one could obtain an
e#cient pure generic count program by CPS transforming the entire program.

Readers familiar with e"ect handlers may wonder why our handler calculus does not include an
e"ect type system. As types frame the comparison of programs between languages, we require
that types be !xed across languages; hence λh does not include e"ect types. Future work includes
reconciling e"ect typing with our approach to expressiveness.

4 ABSTRACT MACHINE SEMANTICS

Thus far we have introduced the base calculus λb and its extension with e"ect handlers λh. For
each calculus we have given a small-step operational semantics which uses a substitution model
for evaluation. Whilst this model is semantically pleasing, it falls short of providing a realistic
account of practical computation as substitution is an expensive operation. We now develop a more
practical model of computation based on an abstract machine semantics.

4.1 Base Machine

We choose a CEK-style abstract machine semantics [Felleisen and Friedman 1987] for λb based on
that of Hillerström et al. [2020a]. The CEK machine operates on con!gurations which are triples of
the form 〈M | γ | σ 〉. The !rst component contains the computation currently being evaluated. The
second component contains the environment γ which binds free variables. The third component
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Values
T-Var
x : A ∈ Γ

Γ " x : A

T-Unit

Γ " 〈〉 : Unit

T-Nat
k ∈ N

Γ " k : Nat

T-Const
c : A→ B

Γ " c : A→ B

T-Lam
Γ, x : A " M : B

Γ " λxA.M : A→ B

T-Rec
Γ, f : A→ B, x : A " M : B

Γ " rec f A→B x .M : A→ B

T-Prod
Γ " V : A Γ " W : B

Γ " 〈V ,W 〉 : A × B

T-Inl
Γ " V : A

Γ " (inlV )B : A + B

T-Inr
Γ " W : B

Γ " (inrW )A : A + B

Computations

T-App
Γ " V : A→ B Γ " W : A

Γ " V W : B

T-Split
Γ " V : A × B Γ, x : A, y : B " N : C

Γ " let 〈x, y〉 = V in N : C

T-Case
Γ " V : A + B Γ, x : A " M : C Γ, y : B " N : C

Γ " case V {inl x '→ M; inr y '→ N } : C

T-Return
Γ " V : A

Γ " return V : A

T-Let
Γ " M : A Γ, x : A " N : C

Γ " let x ← M in N : C

Fig. 1. Typing Rules for λb

S-App (λxA.M)V ! M[V/x]

S-App-Rec (rec f A x .M)V ! M[(rec f A x .M)/f ,V/x]
S-Const c V ! return (!c" (V ))
S-Split let 〈x, y〉 = 〈V ,W 〉 in N ! N [V/x,W/y]

S-Case-inl case (inlV )B {inl x '→ M; inr y '→ N } ! M[V/x]

S-Case-inr case (inrV )A {inl x '→ M; inr y '→ N } ! N [V/y]
S-Let let x ← return V in N ! N [V/x]
S-Lift E[M]! E[N ], if M ! N

Evaluation contexts E ::= [ ] | let x ← E in N

Fig. 2. Contextual Small-Step Operational Semantics

We make use of standard syntactic sugar for pattern matching. For instance, we write

λ〈〉.M := λxUnit.M, where x " FV (M)

for suspended computations, and if the binder has a type other than Unit, we write:

λ_A.M := λxA.M, where x " FV (M)

We use the standard encoding of booleans as a sum:

Bool := Unit + Unit true := inl 〈〉 false := inr 〈〉

if V then M else N := case V {inl 〈〉 '→ M; inr 〈〉 '→ N }

Proc. ACM Program. Lang., Vol. 4, No. ICFP, Article 100. Publication date: August 2020.
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� ,QWURGXFWLRQ

6RIWZDUH�LV�DUJXDEO\�WKH�PRVW�FRPSOLFDWHG�DQG�YDULHG�NLQG�RI�DUWLIDFW�KXPDQV�SURGXFH�
3HRSOH�ZKR�PDNH�VRIWZDUH�DW�WKH�KLJKHVW�SURIHVVLRQDO�OHYHO�WKLQN�GHHSO\�DERXW�WKH�PHDQ�
LQJ�DQG�FRUUHFWQHVV�RI�WKH�SURJUDPV�WKH\�ZULWH� $ FRPPDQG�RI�VRIWZDUH�GHVLJQ�DW�WKLV
OHYHO�UHTXLUHV�GHYHORSLQJ�DQ�XQGHUVWDQGLQJ�RI�KRZ�ZH�JLYH�PHDQLQJ�WR�SKUDVHV�RI�D�SUR�
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7KLV�FRXUVH�FRYHUV�EDVLF�WKHRUHWLFDO�LGHDV�DQG�SUDFWLFDO�WHFKQLTXHV�IRU�PRGHOLQJ�DQG�DQ�

DO\]LQJ�SURJUDPPLQJ�ODQJXDJHV� DQG�OHYHUDJLQJ�WKRVH�WHFKQLTXHV�WR�PHFKDQLFDOO\�UHDVRQ
DERXW�SURJUDPV�

� 6\QWD[� 6HPDQWLFV� 	�0DFKLQHV�IRU�$ULWKPHWLF

��� 0RGHOOLQJ�6\QWD[�ZLWK�,QGXFWLYH�6HWV

7KH V\QWD[ RI�D�SURJUDPPLQJ�ODQJXDJH�LV�D�VHW�RI�UXOHV�IRU�WKH�DUUDQJHPHQW�RI�ZRUGV�DQG
SKUDVHV�WR�FUHDWH�ZHOO�IRUPHG�VHQWHQFHV�LQ�WKH�ODQJXDJH� ,Q�RWKHU�ZRUGV� LW�LV�WKH�JUDPPDU
RI�SURJUDPV� 6\QWD[�FRPHV�LQ�WZR�IRUPV� FRQFUHWH�V\QWD[ GHVFULEHV�WKH�ZD\�SURJUDPV�DFWX�
DOO\�ORRN�DW�WKH�OHYHO�RI�EUDFHV� VHPLFRORQV� ZKLWHVSDFH� HWF�� ZKLOH DEVWUDFW�V\QWD[ GHVFULEHV
WKH�VWUXFWXUH�RI�SURJUDPV�ZLWKRXW�ZRUU\LQJ�RYHU�WKH�VXSHUILFLDO�GHWDLOV�RI�FRQFUHWH�V\Q�
WD[� &RQFUHWH�V\QWD[� ZKLOH�WKH�VWXII�RI�IUHQ]LHG�IHUYRU� LV�DFWXDOO\�QRW�DOO�WKDW�VLJQLILFDQW
IRU�IRUPDOO\�UHDVRQLQJ�DERXW�SURJUDPPLQJ�ODQJXDJHV�VR�ZH�IRFXV�H[FOXVLYHO\�RQ�DEVWUDFW
V\QWD[�
3URJUDPV�JHQHUDOO\�KDYH�D�WUHH�OLNH�VWUXFWXUH�RI�QHVWLQJ�SKUDVHV�DQG�H[SUHVVLRQV� VR

GHILQLQJ�WKH�DEVWUDFW�V\QWD[�RI�D�ODQJXDJH�LV�QR�PRUH�FRPSOLFDWHG�WKDQ�GHILQLQJ�DQ�LQGXF�
WLYH�VHW� $V�D�FDVH�VWXG\� OHW·V�ORRN�DW�D�YHU\�VLPSOH�SURJUDPPLQJ�ODQJXDJH� WKH�ODQJXDJH
RI�DULWKPHWLF�H[SUHVVLRQV� 7R�NHHS�WKLQJV�DV�VLPSOH�DV�SRVVLEOH� WKH�ODQJXDJH�ZLOO�LQFOXGH
LQWHJHUV� D�FRXSOH�ELQDU\�RSHUDWRUV�OLNH�PXOWLSOLFDWLRQ�DQG�DGGLWLRQ� D�XQDU\�RSHUDWRU�IRU
VXFFHVVRU�DQG�SUHGHFHVVRU�
+HUH�LV�DQ�LQGXFWLYH�PDWKHPDWLFDO�GHILQLWLRQ�RI�WKH�VHW A� ,W�LV�WKH�VPDOOHVW�VHW�VDWLV�

I\LQJ�WKH�IROORZLQJ�FRQVWUDLQWV�

i ∈ Z ⇒ i ∈ A ���
e ∈ A ⇒ 3UHG(e) ∈ A ���
e ∈ A ⇒ 6XFF(e) ∈ A ���

e1 ∈ A ∧ e2 ∈ A ⇒ 3OXV(e1, e2) ∈ A ���
e1 ∈ A ∧ e2 ∈ A ⇒ 0XOW(e1, e2) ∈ A ���

/LNH�DQ\�LQGXFWLYH�GHILQLWLRQ� WKLV�FDQ�EH�YLHZHG�VLPXOWDQHRXVO\�DV�D�UHFLSH�IRU FRQ�
VWUXFWLQJPHPEHUV�RI�WKH�VHW A DQG�DV�D�SURFHGXUH�IRU FKHFNLQJ LI�D�YDOXH�LV�D�PHPEHU�RI�WKH
VHW A�
,QWHUSUHWHG�DV�D�UHFLSH� \RX�FDQ�VHH�WKDW�HYHU\�LQWHJHU�LV�DQ A SURJUDP� VR 5 LV�DQ A

SURJUDP�E\����� 6LQFH 5 LV�DQ A SURJUDP� 3UHG(5) LV�DQ A SURJUDP�E\����� $QG�WKHUHIRUH
�

• Syntax 
• Semantics 

• Natural, big-step 
• Evaluator 
• Structured, small-step 
• Reduction 
• Standard reduction 
• Abstract machine



Syntax of

� ,QWURGXFWLRQ

6RIWZDUH�LV�DUJXDEO\�WKH�PRVW�FRPSOLFDWHG�DQG�YDULHG�NLQG�RI�DUWLIDFW�KXPDQV�SURGXFH�
3HRSOH�ZKR�PDNH�VRIWZDUH�DW�WKH�KLJKHVW�SURIHVVLRQDO�OHYHO�WKLQN�GHHSO\�DERXW�WKH�PHDQ�
LQJ�DQG�FRUUHFWQHVV�RI�WKH�SURJUDPV�WKH\�ZULWH� $ FRPPDQG�RI�VRIWZDUH�GHVLJQ�DW�WKLV
OHYHO�UHTXLUHV�GHYHORSLQJ�DQ�XQGHUVWDQGLQJ�RI�KRZ�ZH�JLYH�PHDQLQJ�WR�SKUDVHV�RI�D�SUR�
JUDPPLQJ�ODQJXDJH�DQG�KRZ�WR�EXLOG�DQDO\WLF�WRROV�IRU�SURYLQJ�SURSHUWLHV�RI�SURJUDPV�
7KLV�FRXUVH�FRYHUV�EDVLF�WKHRUHWLFDO�LGHDV�DQG�SUDFWLFDO�WHFKQLTXHV�IRU�PRGHOLQJ�DQG�DQ�

DO\]LQJ�SURJUDPPLQJ�ODQJXDJHV� DQG�OHYHUDJLQJ�WKRVH�WHFKQLTXHV�WR�PHFKDQLFDOO\�UHDVRQ
DERXW�SURJUDPV�

� 6\QWD[� 6HPDQWLFV� 	�0DFKLQHV�IRU�$ULWKPHWLF

��� 0RGHOOLQJ�6\QWD[�ZLWK�,QGXFWLYH�6HWV

7KH V\QWD[ RI�D�SURJUDPPLQJ�ODQJXDJH�LV�D�VHW�RI�UXOHV�IRU�WKH�DUUDQJHPHQW�RI�ZRUGV�DQG
SKUDVHV�WR�FUHDWH�ZHOO�IRUPHG�VHQWHQFHV�LQ�WKH�ODQJXDJH� ,Q�RWKHU�ZRUGV� LW�LV�WKH�JUDPPDU
RI�SURJUDPV� 6\QWD[�FRPHV�LQ�WZR�IRUPV� FRQFUHWH�V\QWD[ GHVFULEHV�WKH�ZD\�SURJUDPV�DFWX�
DOO\�ORRN�DW�WKH�OHYHO�RI�EUDFHV� VHPLFRORQV� ZKLWHVSDFH� HWF�� ZKLOH DEVWUDFW�V\QWD[ GHVFULEHV
WKH�VWUXFWXUH�RI�SURJUDPV�ZLWKRXW�ZRUU\LQJ�RYHU�WKH�VXSHUILFLDO�GHWDLOV�RI�FRQFUHWH�V\Q�
WD[� &RQFUHWH�V\QWD[� ZKLOH�WKH�VWXII�RI�IUHQ]LHG�IHUYRU� LV�DFWXDOO\�QRW�DOO�WKDW�VLJQLILFDQW
IRU�IRUPDOO\�UHDVRQLQJ�DERXW�SURJUDPPLQJ�ODQJXDJHV�VR�ZH�IRFXV�H[FOXVLYHO\�RQ�DEVWUDFW
V\QWD[�
3URJUDPV�JHQHUDOO\�KDYH�D�WUHH�OLNH�VWUXFWXUH�RI�QHVWLQJ�SKUDVHV�DQG�H[SUHVVLRQV� VR

GHILQLQJ�WKH�DEVWUDFW�V\QWD[�RI�D�ODQJXDJH�LV�QR�PRUH�FRPSOLFDWHG�WKDQ�GHILQLQJ�DQ�LQGXF�
WLYH�VHW� $V�D�FDVH�VWXG\� OHW·V�ORRN�DW�D�YHU\�VLPSOH�SURJUDPPLQJ�ODQJXDJH� WKH�ODQJXDJH
RI�DULWKPHWLF�H[SUHVVLRQV� 7R�NHHS�WKLQJV�DV�VLPSOH�DV�SRVVLEOH� WKH�ODQJXDJH�ZLOO�LQFOXGH
LQWHJHUV� D�FRXSOH�ELQDU\�RSHUDWRUV�OLNH�PXOWLSOLFDWLRQ�DQG�DGGLWLRQ� D�XQDU\�RSHUDWRU�IRU
VXFFHVVRU�DQG�SUHGHFHVVRU�
+HUH�LV�DQ�LQGXFWLYH�PDWKHPDWLFDO�GHILQLWLRQ�RI�WKH�VHW A� ,W�LV�WKH�VPDOOHVW�VHW�VDWLV�

I\LQJ�WKH�IROORZLQJ�FRQVWUDLQWV�

i ∈ Z ⇒ i ∈ A ���
e ∈ A ⇒ 3UHG(e) ∈ A ���
e ∈ A ⇒ 6XFF(e) ∈ A ���

e1 ∈ A ∧ e2 ∈ A ⇒ 3OXV(e1, e2) ∈ A ���
e1 ∈ A ∧ e2 ∈ A ⇒ 0XOW(e1, e2) ∈ A ���

/LNH�DQ\�LQGXFWLYH�GHILQLWLRQ� WKLV�FDQ�EH�YLHZHG�VLPXOWDQHRXVO\�DV�D�UHFLSH�IRU FRQ�
VWUXFWLQJPHPEHUV�RI�WKH�VHW A DQG�DV�D�SURFHGXUH�IRU FKHFNLQJ LI�D�YDOXH�LV�D�PHPEHU�RI�WKH
VHW A�
,QWHUSUHWHG�DV�D�UHFLSH� \RX�FDQ�VHH�WKDW�HYHU\�LQWHJHU�LV�DQ A SURJUDP� VR 5 LV�DQ A

SURJUDP�E\����� 6LQFH 5 LV�DQ A SURJUDP� 3UHG(5) LV�DQ A SURJUDP�E\����� $QG�WKHUHIRUH
�

� ,QWURGXFWLRQ

6RIWZDUH�LV�DUJXDEO\�WKH�PRVW�FRPSOLFDWHG�DQG�YDULHG�NLQG�RI�DUWLIDFW�KXPDQV�SURGXFH�
3HRSOH�ZKR�PDNH�VRIWZDUH�DW�WKH�KLJKHVW�SURIHVVLRQDO�OHYHO�WKLQN�GHHSO\�DERXW�WKH�PHDQ�
LQJ�DQG�FRUUHFWQHVV�RI�WKH�SURJUDPV�WKH\�ZULWH� $ FRPPDQG�RI�VRIWZDUH�GHVLJQ�DW�WKLV
OHYHO�UHTXLUHV�GHYHORSLQJ�DQ�XQGHUVWDQGLQJ�RI�KRZ�ZH�JLYH�PHDQLQJ�WR�SKUDVHV�RI�D�SUR�
JUDPPLQJ�ODQJXDJH�DQG�KRZ�WR�EXLOG�DQDO\WLF�WRROV�IRU�SURYLQJ�SURSHUWLHV�RI�SURJUDPV�
7KLV�FRXUVH�FRYHUV�EDVLF�WKHRUHWLFDO�LGHDV�DQG�SUDFWLFDO�WHFKQLTXHV�IRU�PRGHOLQJ�DQG�DQ�

DO\]LQJ�SURJUDPPLQJ�ODQJXDJHV� DQG�OHYHUDJLQJ�WKRVH�WHFKQLTXHV�WR�PHFKDQLFDOO\�UHDVRQ
DERXW�SURJUDPV�

� 6\QWD[� 6HPDQWLFV� 	�0DFKLQHV�IRU�$ULWKPHWLF

��� 0RGHOOLQJ�6\QWD[�ZLWK�,QGXFWLYH�6HWV

7KH V\QWD[ RI�D�SURJUDPPLQJ�ODQJXDJH�LV�D�VHW�RI�UXOHV�IRU�WKH�DUUDQJHPHQW�RI�ZRUGV�DQG
SKUDVHV�WR�FUHDWH�ZHOO�IRUPHG�VHQWHQFHV�LQ�WKH�ODQJXDJH� ,Q�RWKHU�ZRUGV� LW�LV�WKH�JUDPPDU
RI�SURJUDPV� 6\QWD[�FRPHV�LQ�WZR�IRUPV� FRQFUHWH�V\QWD[ GHVFULEHV�WKH�ZD\�SURJUDPV�DFWX�
DOO\�ORRN�DW�WKH�OHYHO�RI�EUDFHV� VHPLFRORQV� ZKLWHVSDFH� HWF�� ZKLOH DEVWUDFW�V\QWD[ GHVFULEHV
WKH�VWUXFWXUH�RI�SURJUDPV�ZLWKRXW�ZRUU\LQJ�RYHU�WKH�VXSHUILFLDO�GHWDLOV�RI�FRQFUHWH�V\Q�
WD[� &RQFUHWH�V\QWD[� ZKLOH�WKH�VWXII�RI�IUHQ]LHG�IHUYRU� LV�DFWXDOO\�QRW�DOO�WKDW�VLJQLILFDQW
IRU�IRUPDOO\�UHDVRQLQJ�DERXW�SURJUDPPLQJ�ODQJXDJHV�VR�ZH�IRFXV�H[FOXVLYHO\�RQ�DEVWUDFW
V\QWD[�
3URJUDPV�JHQHUDOO\�KDYH�D�WUHH�OLNH�VWUXFWXUH�RI�QHVWLQJ�SKUDVHV�DQG�H[SUHVVLRQV� VR

GHILQLQJ�WKH�DEVWUDFW�V\QWD[�RI�D�ODQJXDJH�LV�QR�PRUH�FRPSOLFDWHG�WKDQ�GHILQLQJ�DQ�LQGXF�
WLYH�VHW� $V�D�FDVH�VWXG\� OHW·V�ORRN�DW�D�YHU\�VLPSOH�SURJUDPPLQJ�ODQJXDJH� WKH�ODQJXDJH
RI�DULWKPHWLF�H[SUHVVLRQV� 7R�NHHS�WKLQJV�DV�VLPSOH�DV�SRVVLEOH� WKH�ODQJXDJH�ZLOO�LQFOXGH
LQWHJHUV� D�FRXSOH�ELQDU\�RSHUDWRUV�OLNH�PXOWLSOLFDWLRQ�DQG�DGGLWLRQ� D�XQDU\�RSHUDWRU�IRU
VXFFHVVRU�DQG�SUHGHFHVVRU�
+HUH�LV�DQ�LQGXFWLYH�PDWKHPDWLFDO�GHILQLWLRQ�RI�WKH�VHW A� ,W�LV�WKH�VPDOOHVW�VHW�VDWLV�

I\LQJ�WKH�IROORZLQJ�FRQVWUDLQWV�

i ∈ Z ⇒ i ∈ A ���
e ∈ A ⇒ 3UHG(e) ∈ A ���
e ∈ A ⇒ 6XFF(e) ∈ A ���

e1 ∈ A ∧ e2 ∈ A ⇒ 3OXV(e1, e2) ∈ A ���
e1 ∈ A ∧ e2 ∈ A ⇒ 0XOW(e1, e2) ∈ A ���

/LNH�DQ\�LQGXFWLYH�GHILQLWLRQ� WKLV�FDQ�EH�YLHZHG�VLPXOWDQHRXVO\�DV�D�UHFLSH�IRU FRQ�
VWUXFWLQJPHPEHUV�RI�WKH�VHW A DQG�DV�D�SURFHGXUH�IRU FKHFNLQJ LI�D�YDOXH�LV�D�PHPEHU�RI�WKH
VHW A�
,QWHUSUHWHG�DV�D�UHFLSH� \RX�FDQ�VHH�WKDW�HYHU\�LQWHJHU�LV�DQ A SURJUDP� VR 5 LV�DQ A

SURJUDP�E\����� 6LQFH 5 LV�DQ A SURJUDP� 3UHG(5) LV�DQ A SURJUDP�E\����� $QG�WKHUHIRUH
�

3 ways: 1/3



Syntax of

� ,QWURGXFWLRQ

6RIWZDUH�LV�DUJXDEO\�WKH�PRVW�FRPSOLFDWHG�DQG�YDULHG�NLQG�RI�DUWLIDFW�KXPDQV�SURGXFH�
3HRSOH�ZKR�PDNH�VRIWZDUH�DW�WKH�KLJKHVW�SURIHVVLRQDO�OHYHO�WKLQN�GHHSO\�DERXW�WKH�PHDQ�
LQJ�DQG�FRUUHFWQHVV�RI�WKH�SURJUDPV�WKH\�ZULWH� $ FRPPDQG�RI�VRIWZDUH�GHVLJQ�DW�WKLV
OHYHO�UHTXLUHV�GHYHORSLQJ�DQ�XQGHUVWDQGLQJ�RI�KRZ�ZH�JLYH�PHDQLQJ�WR�SKUDVHV�RI�D�SUR�
JUDPPLQJ�ODQJXDJH�DQG�KRZ�WR�EXLOG�DQDO\WLF�WRROV�IRU�SURYLQJ�SURSHUWLHV�RI�SURJUDPV�
7KLV�FRXUVH�FRYHUV�EDVLF�WKHRUHWLFDO�LGHDV�DQG�SUDFWLFDO�WHFKQLTXHV�IRU�PRGHOLQJ�DQG�DQ�

DO\]LQJ�SURJUDPPLQJ�ODQJXDJHV� DQG�OHYHUDJLQJ�WKRVH�WHFKQLTXHV�WR�PHFKDQLFDOO\�UHDVRQ
DERXW�SURJUDPV�

� 6\QWD[� 6HPDQWLFV� 	�0DFKLQHV�IRU�$ULWKPHWLF

��� 0RGHOOLQJ�6\QWD[�ZLWK�,QGXFWLYH�6HWV

7KH V\QWD[ RI�D�SURJUDPPLQJ�ODQJXDJH�LV�D�VHW�RI�UXOHV�IRU�WKH�DUUDQJHPHQW�RI�ZRUGV�DQG
SKUDVHV�WR�FUHDWH�ZHOO�IRUPHG�VHQWHQFHV�LQ�WKH�ODQJXDJH� ,Q�RWKHU�ZRUGV� LW�LV�WKH�JUDPPDU
RI�SURJUDPV� 6\QWD[�FRPHV�LQ�WZR�IRUPV� FRQFUHWH�V\QWD[ GHVFULEHV�WKH�ZD\�SURJUDPV�DFWX�
DOO\�ORRN�DW�WKH�OHYHO�RI�EUDFHV� VHPLFRORQV� ZKLWHVSDFH� HWF�� ZKLOH DEVWUDFW�V\QWD[ GHVFULEHV
WKH�VWUXFWXUH�RI�SURJUDPV�ZLWKRXW�ZRUU\LQJ�RYHU�WKH�VXSHUILFLDO�GHWDLOV�RI�FRQFUHWH�V\Q�
WD[� &RQFUHWH�V\QWD[� ZKLOH�WKH�VWXII�RI�IUHQ]LHG�IHUYRU� LV�DFWXDOO\�QRW�DOO�WKDW�VLJQLILFDQW
IRU�IRUPDOO\�UHDVRQLQJ�DERXW�SURJUDPPLQJ�ODQJXDJHV�VR�ZH�IRFXV�H[FOXVLYHO\�RQ�DEVWUDFW
V\QWD[�
3URJUDPV�JHQHUDOO\�KDYH�D�WUHH�OLNH�VWUXFWXUH�RI�QHVWLQJ�SKUDVHV�DQG�H[SUHVVLRQV� VR

GHILQLQJ�WKH�DEVWUDFW�V\QWD[�RI�D�ODQJXDJH�LV�QR�PRUH�FRPSOLFDWHG�WKDQ�GHILQLQJ�DQ�LQGXF�
WLYH�VHW� $V�D�FDVH�VWXG\� OHW·V�ORRN�DW�D�YHU\�VLPSOH�SURJUDPPLQJ�ODQJXDJH� WKH�ODQJXDJH
RI�DULWKPHWLF�H[SUHVVLRQV� 7R�NHHS�WKLQJV�DV�VLPSOH�DV�SRVVLEOH� WKH�ODQJXDJH�ZLOO�LQFOXGH
LQWHJHUV� D�FRXSOH�ELQDU\�RSHUDWRUV�OLNH�PXOWLSOLFDWLRQ�DQG�DGGLWLRQ� D�XQDU\�RSHUDWRU�IRU
VXFFHVVRU�DQG�SUHGHFHVVRU�
+HUH�LV�DQ�LQGXFWLYH�PDWKHPDWLFDO�GHILQLWLRQ�RI�WKH�VHW A� ,W�LV�WKH�VPDOOHVW�VHW�VDWLV�

I\LQJ�WKH�IROORZLQJ�FRQVWUDLQWV�

i ∈ Z ⇒ i ∈ A ���
e ∈ A ⇒ 3UHG(e) ∈ A ���
e ∈ A ⇒ 6XFF(e) ∈ A ���

e1 ∈ A ∧ e2 ∈ A ⇒ 3OXV(e1, e2) ∈ A ���
e1 ∈ A ∧ e2 ∈ A ⇒ 0XOW(e1, e2) ∈ A ���

/LNH�DQ\�LQGXFWLYH�GHILQLWLRQ� WKLV�FDQ�EH�YLHZHG�VLPXOWDQHRXVO\�DV�D�UHFLSH�IRU FRQ�
VWUXFWLQJPHPEHUV�RI�WKH�VHW A DQG�DV�D�SURFHGXUH�IRU FKHFNLQJ LI�D�YDOXH�LV�D�PHPEHU�RI�WKH
VHW A�
,QWHUSUHWHG�DV�D�UHFLSH� \RX�FDQ�VHH�WKDW�HYHU\�LQWHJHU�LV�DQ A SURJUDP� VR 5 LV�DQ A

SURJUDP�E\����� 6LQFH 5 LV�DQ A SURJUDP� 3UHG(5) LV�DQ A SURJUDP�E\����� $QG�WKHUHIRUH
�

0XOW(3UHG(5), 5) LV�DQ A SURJUDP�E\����� 7KH�UHFLSH� OHWV�XV�EXLOG�XS�ELJJHU�DQG�ELJJHU
H[SUHVVLRQV�IURP�RWKHU�H[SUHVVLRQV�
,QWHUSUHWHG�DV�D�FKHFNLQJ�SURFHGXUH� ZH�FDQ�DQVZHU�WKH�TXHVWLRQ�´LV 3OXV(4, 6XFF(2)) DQ

A SURJUDP"µ ,W�LV� DFFRUGLQJ�WR����� LI�ERWK 4 DQG 6XFF(2) DUH A SURJUDPV� 6LQFH 4 LV�DQ
LQWHJHU� LW�LV�DQ A SURJUDP� E\����� 6XFF(2) LV�DQ A SURJUDP�LI 2 LV�DQ A SURJUDP� ZKLFK�RI
FRXUVH�LW�LV� E\�����
$Q�DOWHUQDWLYH�QRWDWLRQ�IRU�GHILQLQJ�H[DFWO\�WKH�VDPH�VHW A LV�WR�XVH�D�%1) JUDPPDU�

Z i ::= . . . | − 1 | 0 | 1 | . . .
A e ::= i

| 3UHG(e)
| 6XFF(e)
| 3OXV(e, e)
| 0XOW(e, e)

,Q�ERWK�RI�WKHVH�GHILQLWLRQV� WKH�RFFXUUHQFHV�RI�´iµ�DQG�´eµ�DUH�RFFXUUHQFHV�RI PHWD�
YDULDEOHV³WKH\�DUH�YDULDEOHV�LQ�WKH�ODQJXDJH�GHVFULELQJ�WKH�SURJUDPPLQJ�ODQJXDJH��LQ
WKLV�FDVH A�� 7KH�GHVFULELQJ� ODQJXDJH� LWVHOI��LQ�WKLV�FDVH�PDWK� EXW�RIWHQ� LW� LV�DQRWKHU
SURJUDPPLQJ�ODQJXDJH��LV�FDOOHG�WKH PHWD�ODQJXDJH� ZKLOH�WKH�GHVFULEHG�ODQJXDJH��A�
LV�FDOOHG�WKH REMHFW�ODQJXDJH� %\�FRQYHQWLRQ� WKH�QDPH�RI�D�PHWD�YDULDEOH�VLJQDOV�WKH�VHW
RI�YDOXHV�LW�UDQJHV�RYHU� 6R�IRU�H[DPSOH�D�PHWD�YDULDEOH i PD\�UHIHU�WR 5 RU 17� EXW�QHYHU
6XFF(3)�
<HW�DQRWKHU�QRWDWLRQ�IRU�GHILQLQJ�H[DFWO\�WKH�VDPH�VHW�LV�WR�XVH�LQIHUHQFH�UXOHV� ZKLFK

LV�D�WZR�GLPHQVLRQDO�QRWDWLRQ�IRU�ZULWLQJ�LPSOLFDWLRQV� 7KH�JHQHUDO�IRUP�RI�DQ LQIHUHQFH
UXOH LV�

H1 H2 . . . Hn

C

+HUH H1 WKURXJK Hn DUH�K\SRWKHVHV�DQG C LV�WKH�FRQFOXVLRQ� 7KH�LQIHUHQFH�UXOH�VWDWHV
WKDW�LI H1 WKURXJK Hn DUH�WUXH� WKHQ�FRQFOXVLRQ�PXVW�EH�WUXH�DV�ZHOO� ,Q�RWKHU�ZRUGV� WKH
LQIHUHQFH�UXOH�LV� MXVW�D�QRWDWLRQ�IRU H1 ∧ H2 ∧ · · · ∧ Hn ⇒ C� :LWK�WKDW�LQ�PLQG� LW� LV
VWUDLJKWIRUZDUG�WR�WUDQVOLWHUDWH�WKH�ILUVW�IRUPXODWLRQ�RI A LQWR�D�VHW�RI�LQIHUHQFH�UXOHV�

i ∈ Z
i ∈ A

���
e ∈ A

3UHG(e) ∈ A
���

e ∈ A
6XFF(e) ∈ A

���
e1 ∈ A e2 ∈ A
3OXV(e1, e2) ∈ A

���
e1 ∈ A e2 ∈ A
0XOW(e1, e2) ∈ A

���

7KLV�VHW�RI�LQIHUHQFH�UXOHV�HVWDEOLVKHV�D�YHU\�VLPSOH SURRI�V\VWHP IRU�FRQVWUXFWLQJ�SURRIV
WKDW�DQ�H[SUHVVLRQ� LV� LQ� WKH� VHW A� $ SURRI� LV� VLPSO\�D� WUHH� FRQVWUXFWHG� IROORZLQJ� WKH
LQIHUHQFH�UXOHV�DERYH� $V�DQ�H[DPSOH� KHUH�LV�D�SURRI�WKDW 3OXV(4, 6XFF(2)) ∈ A�

4 ∈ Z
4 ∈ A

2 ∈ Z
2 ∈ A

6XFF(2) ∈ A
3OXV(4, 6XFF(2)) ∈ A

�

3 ways: 2/3



Inference rules

0XOW(3UHG(5), 5) LV�DQ A SURJUDP�E\����� 7KH�UHFLSH� OHWV�XV�EXLOG�XS�ELJJHU�DQG�ELJJHU
H[SUHVVLRQV�IURP�RWKHU�H[SUHVVLRQV�
,QWHUSUHWHG�DV�D�FKHFNLQJ�SURFHGXUH� ZH�FDQ�DQVZHU�WKH�TXHVWLRQ�´LV 3OXV(4, 6XFF(2)) DQ

A SURJUDP"µ ,W�LV� DFFRUGLQJ�WR����� LI�ERWK 4 DQG 6XFF(2) DUH A SURJUDPV� 6LQFH 4 LV�DQ
LQWHJHU� LW�LV�DQ A SURJUDP� E\����� 6XFF(2) LV�DQ A SURJUDP�LI 2 LV�DQ A SURJUDP� ZKLFK�RI
FRXUVH�LW�LV� E\�����
$Q�DOWHUQDWLYH�QRWDWLRQ�IRU�GHILQLQJ�H[DFWO\�WKH�VDPH�VHW A LV�WR�XVH�D�%1) JUDPPDU�

Z i ::= . . . | − 1 | 0 | 1 | . . .
A e ::= i

| 3UHG(e)
| 6XFF(e)
| 3OXV(e, e)
| 0XOW(e, e)

,Q�ERWK�RI�WKHVH�GHILQLWLRQV� WKH�RFFXUUHQFHV�RI�´iµ�DQG�´eµ�DUH�RFFXUUHQFHV�RI PHWD�
YDULDEOHV³WKH\�DUH�YDULDEOHV�LQ�WKH�ODQJXDJH�GHVFULELQJ�WKH�SURJUDPPLQJ�ODQJXDJH��LQ
WKLV�FDVH A�� 7KH�GHVFULELQJ� ODQJXDJH� LWVHOI��LQ�WKLV�FDVH�PDWK� EXW�RIWHQ� LW� LV�DQRWKHU
SURJUDPPLQJ�ODQJXDJH��LV�FDOOHG�WKH PHWD�ODQJXDJH� ZKLOH�WKH�GHVFULEHG�ODQJXDJH��A�
LV�FDOOHG�WKH REMHFW�ODQJXDJH� %\�FRQYHQWLRQ� WKH�QDPH�RI�D�PHWD�YDULDEOH�VLJQDOV�WKH�VHW
RI�YDOXHV�LW�UDQJHV�RYHU� 6R�IRU�H[DPSOH�D�PHWD�YDULDEOH i PD\�UHIHU�WR 5 RU 17� EXW�QHYHU
6XFF(3)�
<HW�DQRWKHU�QRWDWLRQ�IRU�GHILQLQJ�H[DFWO\�WKH�VDPH�VHW�LV�WR�XVH�LQIHUHQFH�UXOHV� ZKLFK

LV�D�WZR�GLPHQVLRQDO�QRWDWLRQ�IRU�ZULWLQJ�LPSOLFDWLRQV� 7KH�JHQHUDO�IRUP�RI�DQ LQIHUHQFH
UXOH LV�

H1 H2 . . . Hn

C

+HUH H1 WKURXJK Hn DUH�K\SRWKHVHV�DQG C LV�WKH�FRQFOXVLRQ� 7KH�LQIHUHQFH�UXOH�VWDWHV
WKDW�LI H1 WKURXJK Hn DUH�WUXH� WKHQ�FRQFOXVLRQ�PXVW�EH�WUXH�DV�ZHOO� ,Q�RWKHU�ZRUGV� WKH
LQIHUHQFH�UXOH�LV� MXVW�D�QRWDWLRQ�IRU H1 ∧ H2 ∧ · · · ∧ Hn ⇒ C� :LWK�WKDW�LQ�PLQG� LW� LV
VWUDLJKWIRUZDUG�WR�WUDQVOLWHUDWH�WKH�ILUVW�IRUPXODWLRQ�RI A LQWR�D�VHW�RI�LQIHUHQFH�UXOHV�

i ∈ Z
i ∈ A

���
e ∈ A

3UHG(e) ∈ A
���

e ∈ A
6XFF(e) ∈ A

���
e1 ∈ A e2 ∈ A
3OXV(e1, e2) ∈ A

���
e1 ∈ A e2 ∈ A
0XOW(e1, e2) ∈ A

���

7KLV�VHW�RI�LQIHUHQFH�UXOHV�HVWDEOLVKHV�D�YHU\�VLPSOH SURRI�V\VWHP IRU�FRQVWUXFWLQJ�SURRIV
WKDW�DQ�H[SUHVVLRQ� LV� LQ� WKH� VHW A� $ SURRI� LV� VLPSO\�D� WUHH� FRQVWUXFWHG� IROORZLQJ� WKH
LQIHUHQFH�UXOHV�DERYH� $V�DQ�H[DPSOH� KHUH�LV�D�SURRI�WKDW 3OXV(4, 6XFF(2)) ∈ A�

4 ∈ Z
4 ∈ A

2 ∈ Z
2 ∈ A

6XFF(2) ∈ A
3OXV(4, 6XFF(2)) ∈ A

�



Inference rules

0XOW(3UHG(5), 5) LV�DQ A SURJUDP�E\����� 7KH�UHFLSH� OHWV�XV�EXLOG�XS�ELJJHU�DQG�ELJJHU
H[SUHVVLRQV�IURP�RWKHU�H[SUHVVLRQV�
,QWHUSUHWHG�DV�D�FKHFNLQJ�SURFHGXUH� ZH�FDQ�DQVZHU�WKH�TXHVWLRQ�´LV 3OXV(4, 6XFF(2)) DQ

A SURJUDP"µ ,W�LV� DFFRUGLQJ�WR����� LI�ERWK 4 DQG 6XFF(2) DUH A SURJUDPV� 6LQFH 4 LV�DQ
LQWHJHU� LW�LV�DQ A SURJUDP� E\����� 6XFF(2) LV�DQ A SURJUDP�LI 2 LV�DQ A SURJUDP� ZKLFK�RI
FRXUVH�LW�LV� E\�����
$Q�DOWHUQDWLYH�QRWDWLRQ�IRU�GHILQLQJ�H[DFWO\�WKH�VDPH�VHW A LV�WR�XVH�D�%1) JUDPPDU�

Z i ::= . . . | − 1 | 0 | 1 | . . .
A e ::= i

| 3UHG(e)
| 6XFF(e)
| 3OXV(e, e)
| 0XOW(e, e)

,Q�ERWK�RI�WKHVH�GHILQLWLRQV� WKH�RFFXUUHQFHV�RI�´iµ�DQG�´eµ�DUH�RFFXUUHQFHV�RI PHWD�
YDULDEOHV³WKH\�DUH�YDULDEOHV�LQ�WKH�ODQJXDJH�GHVFULELQJ�WKH�SURJUDPPLQJ�ODQJXDJH��LQ
WKLV�FDVH A�� 7KH�GHVFULELQJ� ODQJXDJH� LWVHOI��LQ�WKLV�FDVH�PDWK� EXW�RIWHQ� LW� LV�DQRWKHU
SURJUDPPLQJ�ODQJXDJH��LV�FDOOHG�WKH PHWD�ODQJXDJH� ZKLOH�WKH�GHVFULEHG�ODQJXDJH��A�
LV�FDOOHG�WKH REMHFW�ODQJXDJH� %\�FRQYHQWLRQ� WKH�QDPH�RI�D�PHWD�YDULDEOH�VLJQDOV�WKH�VHW
RI�YDOXHV�LW�UDQJHV�RYHU� 6R�IRU�H[DPSOH�D�PHWD�YDULDEOH i PD\�UHIHU�WR 5 RU 17� EXW�QHYHU
6XFF(3)�
<HW�DQRWKHU�QRWDWLRQ�IRU�GHILQLQJ�H[DFWO\�WKH�VDPH�VHW�LV�WR�XVH�LQIHUHQFH�UXOHV� ZKLFK

LV�D�WZR�GLPHQVLRQDO�QRWDWLRQ�IRU�ZULWLQJ�LPSOLFDWLRQV� 7KH�JHQHUDO�IRUP�RI�DQ LQIHUHQFH
UXOH LV�

H1 H2 . . . Hn

C

+HUH H1 WKURXJK Hn DUH�K\SRWKHVHV�DQG C LV�WKH�FRQFOXVLRQ� 7KH�LQIHUHQFH�UXOH�VWDWHV
WKDW�LI H1 WKURXJK Hn DUH�WUXH� WKHQ�FRQFOXVLRQ�PXVW�EH�WUXH�DV�ZHOO� ,Q�RWKHU�ZRUGV� WKH
LQIHUHQFH�UXOH�LV� MXVW�D�QRWDWLRQ�IRU H1 ∧ H2 ∧ · · · ∧ Hn ⇒ C� :LWK�WKDW�LQ�PLQG� LW� LV
VWUDLJKWIRUZDUG�WR�WUDQVOLWHUDWH�WKH�ILUVW�IRUPXODWLRQ�RI A LQWR�D�VHW�RI�LQIHUHQFH�UXOHV�

i ∈ Z
i ∈ A

���
e ∈ A

3UHG(e) ∈ A
���

e ∈ A
6XFF(e) ∈ A

���
e1 ∈ A e2 ∈ A
3OXV(e1, e2) ∈ A

���
e1 ∈ A e2 ∈ A
0XOW(e1, e2) ∈ A

���

7KLV�VHW�RI�LQIHUHQFH�UXOHV�HVWDEOLVKHV�D�YHU\�VLPSOH SURRI�V\VWHP IRU�FRQVWUXFWLQJ�SURRIV
WKDW�DQ�H[SUHVVLRQ� LV� LQ� WKH� VHW A� $ SURRI� LV� VLPSO\�D� WUHH� FRQVWUXFWHG� IROORZLQJ� WKH
LQIHUHQFH�UXOHV�DERYH� $V�DQ�H[DPSOH� KHUH�LV�D�SURRI�WKDW 3OXV(4, 6XFF(2)) ∈ A�

4 ∈ Z
4 ∈ A

2 ∈ Z
2 ∈ A

6XFF(2) ∈ A
3OXV(4, 6XFF(2)) ∈ A

�

0XOW(3UHG(5), 5) LV�DQ A SURJUDP�E\����� 7KH�UHFLSH� OHWV�XV�EXLOG�XS�ELJJHU�DQG�ELJJHU
H[SUHVVLRQV�IURP�RWKHU�H[SUHVVLRQV�
,QWHUSUHWHG�DV�D�FKHFNLQJ�SURFHGXUH� ZH�FDQ�DQVZHU�WKH�TXHVWLRQ�´LV 3OXV(4, 6XFF(2)) DQ

A SURJUDP"µ ,W�LV� DFFRUGLQJ�WR����� LI�ERWK 4 DQG 6XFF(2) DUH A SURJUDPV� 6LQFH 4 LV�DQ
LQWHJHU� LW�LV�DQ A SURJUDP� E\����� 6XFF(2) LV�DQ A SURJUDP�LI 2 LV�DQ A SURJUDP� ZKLFK�RI
FRXUVH�LW�LV� E\�����
$Q�DOWHUQDWLYH�QRWDWLRQ�IRU�GHILQLQJ�H[DFWO\�WKH�VDPH�VHW A LV�WR�XVH�D�%1) JUDPPDU�

Z i ::= . . . | − 1 | 0 | 1 | . . .
A e ::= i

| 3UHG(e)
| 6XFF(e)
| 3OXV(e, e)
| 0XOW(e, e)

,Q�ERWK�RI�WKHVH�GHILQLWLRQV� WKH�RFFXUUHQFHV�RI�´iµ�DQG�´eµ�DUH�RFFXUUHQFHV�RI PHWD�
YDULDEOHV³WKH\�DUH�YDULDEOHV�LQ�WKH�ODQJXDJH�GHVFULELQJ�WKH�SURJUDPPLQJ�ODQJXDJH��LQ
WKLV�FDVH A�� 7KH�GHVFULELQJ� ODQJXDJH� LWVHOI��LQ�WKLV�FDVH�PDWK� EXW�RIWHQ� LW� LV�DQRWKHU
SURJUDPPLQJ�ODQJXDJH��LV�FDOOHG�WKH PHWD�ODQJXDJH� ZKLOH�WKH�GHVFULEHG�ODQJXDJH��A�
LV�FDOOHG�WKH REMHFW�ODQJXDJH� %\�FRQYHQWLRQ� WKH�QDPH�RI�D�PHWD�YDULDEOH�VLJQDOV�WKH�VHW
RI�YDOXHV�LW�UDQJHV�RYHU� 6R�IRU�H[DPSOH�D�PHWD�YDULDEOH i PD\�UHIHU�WR 5 RU 17� EXW�QHYHU
6XFF(3)�
<HW�DQRWKHU�QRWDWLRQ�IRU�GHILQLQJ�H[DFWO\�WKH�VDPH�VHW�LV�WR�XVH�LQIHUHQFH�UXOHV� ZKLFK

LV�D�WZR�GLPHQVLRQDO�QRWDWLRQ�IRU�ZULWLQJ�LPSOLFDWLRQV� 7KH�JHQHUDO�IRUP�RI�DQ LQIHUHQFH
UXOH LV�

H1 H2 . . . Hn

C

+HUH H1 WKURXJK Hn DUH�K\SRWKHVHV�DQG C LV�WKH�FRQFOXVLRQ� 7KH�LQIHUHQFH�UXOH�VWDWHV
WKDW�LI H1 WKURXJK Hn DUH�WUXH� WKHQ�FRQFOXVLRQ�PXVW�EH�WUXH�DV�ZHOO� ,Q�RWKHU�ZRUGV� WKH
LQIHUHQFH�UXOH�LV� MXVW�D�QRWDWLRQ�IRU H1 ∧ H2 ∧ · · · ∧ Hn ⇒ C� :LWK�WKDW�LQ�PLQG� LW� LV
VWUDLJKWIRUZDUG�WR�WUDQVOLWHUDWH�WKH�ILUVW�IRUPXODWLRQ�RI A LQWR�D�VHW�RI�LQIHUHQFH�UXOHV�

i ∈ Z
i ∈ A

���
e ∈ A

3UHG(e) ∈ A
���

e ∈ A
6XFF(e) ∈ A

���
e1 ∈ A e2 ∈ A
3OXV(e1, e2) ∈ A

���
e1 ∈ A e2 ∈ A
0XOW(e1, e2) ∈ A

���

7KLV�VHW�RI�LQIHUHQFH�UXOHV�HVWDEOLVKHV�D�YHU\�VLPSOH SURRI�V\VWHP IRU�FRQVWUXFWLQJ�SURRIV
WKDW�DQ�H[SUHVVLRQ� LV� LQ� WKH� VHW A� $ SURRI� LV� VLPSO\�D� WUHH� FRQVWUXFWHG� IROORZLQJ� WKH
LQIHUHQFH�UXOHV�DERYH� $V�DQ�H[DPSOH� KHUH�LV�D�SURRI�WKDW 3OXV(4, 6XFF(2)) ∈ A�

4 ∈ Z
4 ∈ A

2 ∈ Z
2 ∈ A

6XFF(2) ∈ A
3OXV(4, 6XFF(2)) ∈ A

�



Syntax of

� ,QWURGXFWLRQ

6RIWZDUH�LV�DUJXDEO\�WKH�PRVW�FRPSOLFDWHG�DQG�YDULHG�NLQG�RI�DUWLIDFW�KXPDQV�SURGXFH�
3HRSOH�ZKR�PDNH�VRIWZDUH�DW�WKH�KLJKHVW�SURIHVVLRQDO�OHYHO�WKLQN�GHHSO\�DERXW�WKH�PHDQ�
LQJ�DQG�FRUUHFWQHVV�RI�WKH�SURJUDPV�WKH\�ZULWH� $ FRPPDQG�RI�VRIWZDUH�GHVLJQ�DW�WKLV
OHYHO�UHTXLUHV�GHYHORSLQJ�DQ�XQGHUVWDQGLQJ�RI�KRZ�ZH�JLYH�PHDQLQJ�WR�SKUDVHV�RI�D�SUR�
JUDPPLQJ�ODQJXDJH�DQG�KRZ�WR�EXLOG�DQDO\WLF�WRROV�IRU�SURYLQJ�SURSHUWLHV�RI�SURJUDPV�
7KLV�FRXUVH�FRYHUV�EDVLF�WKHRUHWLFDO�LGHDV�DQG�SUDFWLFDO�WHFKQLTXHV�IRU�PRGHOLQJ�DQG�DQ�

DO\]LQJ�SURJUDPPLQJ�ODQJXDJHV� DQG�OHYHUDJLQJ�WKRVH�WHFKQLTXHV�WR�PHFKDQLFDOO\�UHDVRQ
DERXW�SURJUDPV�

� 6\QWD[� 6HPDQWLFV� 	�0DFKLQHV�IRU�$ULWKPHWLF

��� 0RGHOOLQJ�6\QWD[�ZLWK�,QGXFWLYH�6HWV

7KH V\QWD[ RI�D�SURJUDPPLQJ�ODQJXDJH�LV�D�VHW�RI�UXOHV�IRU�WKH�DUUDQJHPHQW�RI�ZRUGV�DQG
SKUDVHV�WR�FUHDWH�ZHOO�IRUPHG�VHQWHQFHV�LQ�WKH�ODQJXDJH� ,Q�RWKHU�ZRUGV� LW�LV�WKH�JUDPPDU
RI�SURJUDPV� 6\QWD[�FRPHV�LQ�WZR�IRUPV� FRQFUHWH�V\QWD[ GHVFULEHV�WKH�ZD\�SURJUDPV�DFWX�
DOO\�ORRN�DW�WKH�OHYHO�RI�EUDFHV� VHPLFRORQV� ZKLWHVSDFH� HWF�� ZKLOH DEVWUDFW�V\QWD[ GHVFULEHV
WKH�VWUXFWXUH�RI�SURJUDPV�ZLWKRXW�ZRUU\LQJ�RYHU�WKH�VXSHUILFLDO�GHWDLOV�RI�FRQFUHWH�V\Q�
WD[� &RQFUHWH�V\QWD[� ZKLOH�WKH�VWXII�RI�IUHQ]LHG�IHUYRU� LV�DFWXDOO\�QRW�DOO�WKDW�VLJQLILFDQW
IRU�IRUPDOO\�UHDVRQLQJ�DERXW�SURJUDPPLQJ�ODQJXDJHV�VR�ZH�IRFXV�H[FOXVLYHO\�RQ�DEVWUDFW
V\QWD[�
3URJUDPV�JHQHUDOO\�KDYH�D�WUHH�OLNH�VWUXFWXUH�RI�QHVWLQJ�SKUDVHV�DQG�H[SUHVVLRQV� VR

GHILQLQJ�WKH�DEVWUDFW�V\QWD[�RI�D�ODQJXDJH�LV�QR�PRUH�FRPSOLFDWHG�WKDQ�GHILQLQJ�DQ�LQGXF�
WLYH�VHW� $V�D�FDVH�VWXG\� OHW·V�ORRN�DW�D�YHU\�VLPSOH�SURJUDPPLQJ�ODQJXDJH� WKH�ODQJXDJH
RI�DULWKPHWLF�H[SUHVVLRQV� 7R�NHHS�WKLQJV�DV�VLPSOH�DV�SRVVLEOH� WKH�ODQJXDJH�ZLOO�LQFOXGH
LQWHJHUV� D�FRXSOH�ELQDU\�RSHUDWRUV�OLNH�PXOWLSOLFDWLRQ�DQG�DGGLWLRQ� D�XQDU\�RSHUDWRU�IRU
VXFFHVVRU�DQG�SUHGHFHVVRU�
+HUH�LV�DQ�LQGXFWLYH�PDWKHPDWLFDO�GHILQLWLRQ�RI�WKH�VHW A� ,W�LV�WKH�VPDOOHVW�VHW�VDWLV�

I\LQJ�WKH�IROORZLQJ�FRQVWUDLQWV�

i ∈ Z ⇒ i ∈ A ���
e ∈ A ⇒ 3UHG(e) ∈ A ���
e ∈ A ⇒ 6XFF(e) ∈ A ���

e1 ∈ A ∧ e2 ∈ A ⇒ 3OXV(e1, e2) ∈ A ���
e1 ∈ A ∧ e2 ∈ A ⇒ 0XOW(e1, e2) ∈ A ���

/LNH�DQ\�LQGXFWLYH�GHILQLWLRQ� WKLV�FDQ�EH�YLHZHG�VLPXOWDQHRXVO\�DV�D�UHFLSH�IRU FRQ�
VWUXFWLQJPHPEHUV�RI�WKH�VHW A DQG�DV�D�SURFHGXUH�IRU FKHFNLQJ LI�D�YDOXH�LV�D�PHPEHU�RI�WKH
VHW A�
,QWHUSUHWHG�DV�D�UHFLSH� \RX�FDQ�VHH�WKDW�HYHU\�LQWHJHU�LV�DQ A SURJUDP� VR 5 LV�DQ A

SURJUDP�E\����� 6LQFH 5 LV�DQ A SURJUDP� 3UHG(5) LV�DQ A SURJUDP�E\����� $QG�WKHUHIRUH
�

3 ways: 3/3

0XOW(3UHG(5), 5) LV�DQ A SURJUDP�E\����� 7KH�UHFLSH� OHWV�XV�EXLOG�XS�ELJJHU�DQG�ELJJHU
H[SUHVVLRQV�IURP�RWKHU�H[SUHVVLRQV�
,QWHUSUHWHG�DV�D�FKHFNLQJ�SURFHGXUH� ZH�FDQ�DQVZHU�WKH�TXHVWLRQ�´LV 3OXV(4, 6XFF(2)) DQ

A SURJUDP"µ ,W�LV� DFFRUGLQJ�WR����� LI�ERWK 4 DQG 6XFF(2) DUH A SURJUDPV� 6LQFH 4 LV�DQ
LQWHJHU� LW�LV�DQ A SURJUDP� E\����� 6XFF(2) LV�DQ A SURJUDP�LI 2 LV�DQ A SURJUDP� ZKLFK�RI
FRXUVH�LW�LV� E\�����
$Q�DOWHUQDWLYH�QRWDWLRQ�IRU�GHILQLQJ�H[DFWO\�WKH�VDPH�VHW A LV�WR�XVH�D�%1) JUDPPDU�

Z i ::= . . . | − 1 | 0 | 1 | . . .
A e ::= i

| 3UHG(e)
| 6XFF(e)
| 3OXV(e, e)
| 0XOW(e, e)

,Q�ERWK�RI�WKHVH�GHILQLWLRQV� WKH�RFFXUUHQFHV�RI�´iµ�DQG�´eµ�DUH�RFFXUUHQFHV�RI PHWD�
YDULDEOHV³WKH\�DUH�YDULDEOHV�LQ�WKH�ODQJXDJH�GHVFULELQJ�WKH�SURJUDPPLQJ�ODQJXDJH��LQ
WKLV�FDVH A�� 7KH�GHVFULELQJ� ODQJXDJH� LWVHOI��LQ�WKLV�FDVH�PDWK� EXW�RIWHQ� LW� LV�DQRWKHU
SURJUDPPLQJ�ODQJXDJH��LV�FDOOHG�WKH PHWD�ODQJXDJH� ZKLOH�WKH�GHVFULEHG�ODQJXDJH��A�
LV�FDOOHG�WKH REMHFW�ODQJXDJH� %\�FRQYHQWLRQ� WKH�QDPH�RI�D�PHWD�YDULDEOH�VLJQDOV�WKH�VHW
RI�YDOXHV�LW�UDQJHV�RYHU� 6R�IRU�H[DPSOH�D�PHWD�YDULDEOH i PD\�UHIHU�WR 5 RU 17� EXW�QHYHU
6XFF(3)�
<HW�DQRWKHU�QRWDWLRQ�IRU�GHILQLQJ�H[DFWO\�WKH�VDPH�VHW�LV�WR�XVH�LQIHUHQFH�UXOHV� ZKLFK

LV�D�WZR�GLPHQVLRQDO�QRWDWLRQ�IRU�ZULWLQJ�LPSOLFDWLRQV� 7KH�JHQHUDO�IRUP�RI�DQ LQIHUHQFH
UXOH LV�

H1 H2 . . . Hn

C

+HUH H1 WKURXJK Hn DUH�K\SRWKHVHV�DQG C LV�WKH�FRQFOXVLRQ� 7KH�LQIHUHQFH�UXOH�VWDWHV
WKDW�LI H1 WKURXJK Hn DUH�WUXH� WKHQ�FRQFOXVLRQ�PXVW�EH�WUXH�DV�ZHOO� ,Q�RWKHU�ZRUGV� WKH
LQIHUHQFH�UXOH�LV� MXVW�D�QRWDWLRQ�IRU H1 ∧ H2 ∧ · · · ∧ Hn ⇒ C� :LWK�WKDW�LQ�PLQG� LW� LV
VWUDLJKWIRUZDUG�WR�WUDQVOLWHUDWH�WKH�ILUVW�IRUPXODWLRQ�RI A LQWR�D�VHW�RI�LQIHUHQFH�UXOHV�

i ∈ Z
i ∈ A

���
e ∈ A

3UHG(e) ∈ A
���

e ∈ A
6XFF(e) ∈ A

���
e1 ∈ A e2 ∈ A
3OXV(e1, e2) ∈ A

���
e1 ∈ A e2 ∈ A
0XOW(e1, e2) ∈ A

���

7KLV�VHW�RI�LQIHUHQFH�UXOHV�HVWDEOLVKHV�D�YHU\�VLPSOH SURRI�V\VWHP IRU�FRQVWUXFWLQJ�SURRIV
WKDW�DQ�H[SUHVVLRQ� LV� LQ� WKH� VHW A� $ SURRI� LV� VLPSO\�D� WUHH� FRQVWUXFWHG� IROORZLQJ� WKH
LQIHUHQFH�UXOHV�DERYH� $V�DQ�H[DPSOH� KHUH�LV�D�SURRI�WKDW 3OXV(4, 6XFF(2)) ∈ A�

4 ∈ Z
4 ∈ A

2 ∈ Z
2 ∈ A

6XFF(2) ∈ A
3OXV(4, 6XFF(2)) ∈ A

�

0XOW(3UHG(5), 5) LV�DQ A SURJUDP�E\����� 7KH�UHFLSH� OHWV�XV�EXLOG�XS�ELJJHU�DQG�ELJJHU
H[SUHVVLRQV�IURP�RWKHU�H[SUHVVLRQV�
,QWHUSUHWHG�DV�D�FKHFNLQJ�SURFHGXUH� ZH�FDQ�DQVZHU�WKH�TXHVWLRQ�´LV 3OXV(4, 6XFF(2)) DQ

A SURJUDP"µ ,W�LV� DFFRUGLQJ�WR����� LI�ERWK 4 DQG 6XFF(2) DUH A SURJUDPV� 6LQFH 4 LV�DQ
LQWHJHU� LW�LV�DQ A SURJUDP� E\����� 6XFF(2) LV�DQ A SURJUDP�LI 2 LV�DQ A SURJUDP� ZKLFK�RI
FRXUVH�LW�LV� E\�����
$Q�DOWHUQDWLYH�QRWDWLRQ�IRU�GHILQLQJ�H[DFWO\�WKH�VDPH�VHW A LV�WR�XVH�D�%1) JUDPPDU�

Z i ::= . . . | − 1 | 0 | 1 | . . .
A e ::= i

| 3UHG(e)
| 6XFF(e)
| 3OXV(e, e)
| 0XOW(e, e)

,Q�ERWK�RI�WKHVH�GHILQLWLRQV� WKH�RFFXUUHQFHV�RI�´iµ�DQG�´eµ�DUH�RFFXUUHQFHV�RI PHWD�
YDULDEOHV³WKH\�DUH�YDULDEOHV�LQ�WKH�ODQJXDJH�GHVFULELQJ�WKH�SURJUDPPLQJ�ODQJXDJH��LQ
WKLV�FDVH A�� 7KH�GHVFULELQJ� ODQJXDJH� LWVHOI��LQ�WKLV�FDVH�PDWK� EXW�RIWHQ� LW� LV�DQRWKHU
SURJUDPPLQJ�ODQJXDJH��LV�FDOOHG�WKH PHWD�ODQJXDJH� ZKLOH�WKH�GHVFULEHG�ODQJXDJH��A�
LV�FDOOHG�WKH REMHFW�ODQJXDJH� %\�FRQYHQWLRQ� WKH�QDPH�RI�D�PHWD�YDULDEOH�VLJQDOV�WKH�VHW
RI�YDOXHV�LW�UDQJHV�RYHU� 6R�IRU�H[DPSOH�D�PHWD�YDULDEOH i PD\�UHIHU�WR 5 RU 17� EXW�QHYHU
6XFF(3)�
<HW�DQRWKHU�QRWDWLRQ�IRU�GHILQLQJ�H[DFWO\�WKH�VDPH�VHW�LV�WR�XVH�LQIHUHQFH�UXOHV� ZKLFK

LV�D�WZR�GLPHQVLRQDO�QRWDWLRQ�IRU�ZULWLQJ�LPSOLFDWLRQV� 7KH�JHQHUDO�IRUP�RI�DQ LQIHUHQFH
UXOH LV�

H1 H2 . . . Hn

C

+HUH H1 WKURXJK Hn DUH�K\SRWKHVHV�DQG C LV�WKH�FRQFOXVLRQ� 7KH�LQIHUHQFH�UXOH�VWDWHV
WKDW�LI H1 WKURXJK Hn DUH�WUXH� WKHQ�FRQFOXVLRQ�PXVW�EH�WUXH�DV�ZHOO� ,Q�RWKHU�ZRUGV� WKH
LQIHUHQFH�UXOH�LV� MXVW�D�QRWDWLRQ�IRU H1 ∧ H2 ∧ · · · ∧ Hn ⇒ C� :LWK�WKDW�LQ�PLQG� LW� LV
VWUDLJKWIRUZDUG�WR�WUDQVOLWHUDWH�WKH�ILUVW�IRUPXODWLRQ�RI A LQWR�D�VHW�RI�LQIHUHQFH�UXOHV�

i ∈ Z
i ∈ A

���
e ∈ A

3UHG(e) ∈ A
���

e ∈ A
6XFF(e) ∈ A

���
e1 ∈ A e2 ∈ A
3OXV(e1, e2) ∈ A

���
e1 ∈ A e2 ∈ A
0XOW(e1, e2) ∈ A

���

7KLV�VHW�RI�LQIHUHQFH�UXOHV�HVWDEOLVKHV�D�YHU\�VLPSOH SURRI�V\VWHP IRU�FRQVWUXFWLQJ�SURRIV
WKDW�DQ�H[SUHVVLRQ� LV� LQ� WKH� VHW A� $ SURRI� LV� VLPSO\�D� WUHH� FRQVWUXFWHG� IROORZLQJ� WKH
LQIHUHQFH�UXOHV�DERYH� $V�DQ�H[DPSOH� KHUH�LV�D�SURRI�WKDW 3OXV(4, 6XFF(2)) ∈ A�

4 ∈ Z
4 ∈ A

2 ∈ Z
2 ∈ A

6XFF(2) ∈ A
3OXV(4, 6XFF(2)) ∈ A

�



Proof of 

0XOW(3UHG(5), 5) LV�DQ A SURJUDP�E\����� 7KH�UHFLSH� OHWV�XV�EXLOG�XS�ELJJHU�DQG�ELJJHU
H[SUHVVLRQV�IURP�RWKHU�H[SUHVVLRQV�
,QWHUSUHWHG�DV�D�FKHFNLQJ�SURFHGXUH� ZH�FDQ�DQVZHU�WKH�TXHVWLRQ�´LV 3OXV(4, 6XFF(2)) DQ

A SURJUDP"µ ,W�LV� DFFRUGLQJ�WR����� LI�ERWK 4 DQG 6XFF(2) DUH A SURJUDPV� 6LQFH 4 LV�DQ
LQWHJHU� LW�LV�DQ A SURJUDP� E\����� 6XFF(2) LV�DQ A SURJUDP�LI 2 LV�DQ A SURJUDP� ZKLFK�RI
FRXUVH�LW�LV� E\�����
$Q�DOWHUQDWLYH�QRWDWLRQ�IRU�GHILQLQJ�H[DFWO\�WKH�VDPH�VHW A LV�WR�XVH�D�%1) JUDPPDU�

Z i ::= . . . | − 1 | 0 | 1 | . . .
A e ::= i

| 3UHG(e)
| 6XFF(e)
| 3OXV(e, e)
| 0XOW(e, e)

,Q�ERWK�RI�WKHVH�GHILQLWLRQV� WKH�RFFXUUHQFHV�RI�´iµ�DQG�´eµ�DUH�RFFXUUHQFHV�RI PHWD�
YDULDEOHV³WKH\�DUH�YDULDEOHV�LQ�WKH�ODQJXDJH�GHVFULELQJ�WKH�SURJUDPPLQJ�ODQJXDJH��LQ
WKLV�FDVH A�� 7KH�GHVFULELQJ� ODQJXDJH� LWVHOI��LQ�WKLV�FDVH�PDWK� EXW�RIWHQ� LW� LV�DQRWKHU
SURJUDPPLQJ�ODQJXDJH��LV�FDOOHG�WKH PHWD�ODQJXDJH� ZKLOH�WKH�GHVFULEHG�ODQJXDJH��A�
LV�FDOOHG�WKH REMHFW�ODQJXDJH� %\�FRQYHQWLRQ� WKH�QDPH�RI�D�PHWD�YDULDEOH�VLJQDOV�WKH�VHW
RI�YDOXHV�LW�UDQJHV�RYHU� 6R�IRU�H[DPSOH�D�PHWD�YDULDEOH i PD\�UHIHU�WR 5 RU 17� EXW�QHYHU
6XFF(3)�
<HW�DQRWKHU�QRWDWLRQ�IRU�GHILQLQJ�H[DFWO\�WKH�VDPH�VHW�LV�WR�XVH�LQIHUHQFH�UXOHV� ZKLFK

LV�D�WZR�GLPHQVLRQDO�QRWDWLRQ�IRU�ZULWLQJ�LPSOLFDWLRQV� 7KH�JHQHUDO�IRUP�RI�DQ LQIHUHQFH
UXOH LV�

H1 H2 . . . Hn

C

+HUH H1 WKURXJK Hn DUH�K\SRWKHVHV�DQG C LV�WKH�FRQFOXVLRQ� 7KH�LQIHUHQFH�UXOH�VWDWHV
WKDW�LI H1 WKURXJK Hn DUH�WUXH� WKHQ�FRQFOXVLRQ�PXVW�EH�WUXH�DV�ZHOO� ,Q�RWKHU�ZRUGV� WKH
LQIHUHQFH�UXOH�LV� MXVW�D�QRWDWLRQ�IRU H1 ∧ H2 ∧ · · · ∧ Hn ⇒ C� :LWK�WKDW�LQ�PLQG� LW� LV
VWUDLJKWIRUZDUG�WR�WUDQVOLWHUDWH�WKH�ILUVW�IRUPXODWLRQ�RI A LQWR�D�VHW�RI�LQIHUHQFH�UXOHV�

i ∈ Z
i ∈ A

���
e ∈ A

3UHG(e) ∈ A
���

e ∈ A
6XFF(e) ∈ A

���
e1 ∈ A e2 ∈ A
3OXV(e1, e2) ∈ A

���
e1 ∈ A e2 ∈ A
0XOW(e1, e2) ∈ A

���

7KLV�VHW�RI�LQIHUHQFH�UXOHV�HVWDEOLVKHV�D�YHU\�VLPSOH SURRI�V\VWHP IRU�FRQVWUXFWLQJ�SURRIV
WKDW�DQ�H[SUHVVLRQ� LV� LQ� WKH� VHW A� $ SURRI� LV� VLPSO\�D� WUHH� FRQVWUXFWHG� IROORZLQJ� WKH
LQIHUHQFH�UXOHV�DERYH� $V�DQ�H[DPSOH� KHUH�LV�D�SURRI�WKDW 3OXV(4, 6XFF(2)) ∈ A�

4 ∈ Z
4 ∈ A

2 ∈ Z
2 ∈ A

6XFF(2) ∈ A
3OXV(4, 6XFF(2)) ∈ A

�

0XOW(3UHG(5), 5) LV�DQ A SURJUDP�E\����� 7KH�UHFLSH� OHWV�XV�EXLOG�XS�ELJJHU�DQG�ELJJHU
H[SUHVVLRQV�IURP�RWKHU�H[SUHVVLRQV�
,QWHUSUHWHG�DV�D�FKHFNLQJ�SURFHGXUH� ZH�FDQ�DQVZHU�WKH�TXHVWLRQ�´LV 3OXV(4, 6XFF(2)) DQ

A SURJUDP"µ ,W�LV� DFFRUGLQJ�WR����� LI�ERWK 4 DQG 6XFF(2) DUH A SURJUDPV� 6LQFH 4 LV�DQ
LQWHJHU� LW�LV�DQ A SURJUDP� E\����� 6XFF(2) LV�DQ A SURJUDP�LI 2 LV�DQ A SURJUDP� ZKLFK�RI
FRXUVH�LW�LV� E\�����
$Q�DOWHUQDWLYH�QRWDWLRQ�IRU�GHILQLQJ�H[DFWO\�WKH�VDPH�VHW A LV�WR�XVH�D�%1) JUDPPDU�

Z i ::= . . . | − 1 | 0 | 1 | . . .
A e ::= i

| 3UHG(e)
| 6XFF(e)
| 3OXV(e, e)
| 0XOW(e, e)

,Q�ERWK�RI�WKHVH�GHILQLWLRQV� WKH�RFFXUUHQFHV�RI�´iµ�DQG�´eµ�DUH�RFFXUUHQFHV�RI PHWD�
YDULDEOHV³WKH\�DUH�YDULDEOHV�LQ�WKH�ODQJXDJH�GHVFULELQJ�WKH�SURJUDPPLQJ�ODQJXDJH��LQ
WKLV�FDVH A�� 7KH�GHVFULELQJ� ODQJXDJH� LWVHOI��LQ�WKLV�FDVH�PDWK� EXW�RIWHQ� LW� LV�DQRWKHU
SURJUDPPLQJ�ODQJXDJH��LV�FDOOHG�WKH PHWD�ODQJXDJH� ZKLOH�WKH�GHVFULEHG�ODQJXDJH��A�
LV�FDOOHG�WKH REMHFW�ODQJXDJH� %\�FRQYHQWLRQ� WKH�QDPH�RI�D�PHWD�YDULDEOH�VLJQDOV�WKH�VHW
RI�YDOXHV�LW�UDQJHV�RYHU� 6R�IRU�H[DPSOH�D�PHWD�YDULDEOH i PD\�UHIHU�WR 5 RU 17� EXW�QHYHU
6XFF(3)�
<HW�DQRWKHU�QRWDWLRQ�IRU�GHILQLQJ�H[DFWO\�WKH�VDPH�VHW�LV�WR�XVH�LQIHUHQFH�UXOHV� ZKLFK

LV�D�WZR�GLPHQVLRQDO�QRWDWLRQ�IRU�ZULWLQJ�LPSOLFDWLRQV� 7KH�JHQHUDO�IRUP�RI�DQ LQIHUHQFH
UXOH LV�

H1 H2 . . . Hn

C

+HUH H1 WKURXJK Hn DUH�K\SRWKHVHV�DQG C LV�WKH�FRQFOXVLRQ� 7KH�LQIHUHQFH�UXOH�VWDWHV
WKDW�LI H1 WKURXJK Hn DUH�WUXH� WKHQ�FRQFOXVLRQ�PXVW�EH�WUXH�DV�ZHOO� ,Q�RWKHU�ZRUGV� WKH
LQIHUHQFH�UXOH�LV� MXVW�D�QRWDWLRQ�IRU H1 ∧ H2 ∧ · · · ∧ Hn ⇒ C� :LWK�WKDW�LQ�PLQG� LW� LV
VWUDLJKWIRUZDUG�WR�WUDQVOLWHUDWH�WKH�ILUVW�IRUPXODWLRQ�RI A LQWR�D�VHW�RI�LQIHUHQFH�UXOHV�

i ∈ Z
i ∈ A

���
e ∈ A

3UHG(e) ∈ A
���

e ∈ A
6XFF(e) ∈ A

���
e1 ∈ A e2 ∈ A
3OXV(e1, e2) ∈ A

���
e1 ∈ A e2 ∈ A
0XOW(e1, e2) ∈ A

���

7KLV�VHW�RI�LQIHUHQFH�UXOHV�HVWDEOLVKHV�D�YHU\�VLPSOH SURRI�V\VWHP IRU�FRQVWUXFWLQJ�SURRIV
WKDW�DQ�H[SUHVVLRQ� LV� LQ� WKH� VHW A� $ SURRI� LV� VLPSO\�D� WUHH� FRQVWUXFWHG� IROORZLQJ� WKH
LQIHUHQFH�UXOHV�DERYH� $V�DQ�H[DPSOH� KHUH�LV�D�SURRI�WKDW 3OXV(4, 6XFF(2)) ∈ A�

4 ∈ Z
4 ∈ A

2 ∈ Z
2 ∈ A

6XFF(2) ∈ A
3OXV(4, 6XFF(2)) ∈ A

�



Natural semantics of

� ,QWURGXFWLRQ

6RIWZDUH�LV�DUJXDEO\�WKH�PRVW�FRPSOLFDWHG�DQG�YDULHG�NLQG�RI�DUWLIDFW�KXPDQV�SURGXFH�
3HRSOH�ZKR�PDNH�VRIWZDUH�DW�WKH�KLJKHVW�SURIHVVLRQDO�OHYHO�WKLQN�GHHSO\�DERXW�WKH�PHDQ�
LQJ�DQG�FRUUHFWQHVV�RI�WKH�SURJUDPV�WKH\�ZULWH� $ FRPPDQG�RI�VRIWZDUH�GHVLJQ�DW�WKLV
OHYHO�UHTXLUHV�GHYHORSLQJ�DQ�XQGHUVWDQGLQJ�RI�KRZ�ZH�JLYH�PHDQLQJ�WR�SKUDVHV�RI�D�SUR�
JUDPPLQJ�ODQJXDJH�DQG�KRZ�WR�EXLOG�DQDO\WLF�WRROV�IRU�SURYLQJ�SURSHUWLHV�RI�SURJUDPV�
7KLV�FRXUVH�FRYHUV�EDVLF�WKHRUHWLFDO�LGHDV�DQG�SUDFWLFDO�WHFKQLTXHV�IRU�PRGHOLQJ�DQG�DQ�

DO\]LQJ�SURJUDPPLQJ�ODQJXDJHV� DQG�OHYHUDJLQJ�WKRVH�WHFKQLTXHV�WR�PHFKDQLFDOO\�UHDVRQ
DERXW�SURJUDPV�

� 6\QWD[� 6HPDQWLFV� 	�0DFKLQHV�IRU�$ULWKPHWLF

��� 0RGHOOLQJ�6\QWD[�ZLWK�,QGXFWLYH�6HWV

7KH V\QWD[ RI�D�SURJUDPPLQJ�ODQJXDJH�LV�D�VHW�RI�UXOHV�IRU�WKH�DUUDQJHPHQW�RI�ZRUGV�DQG
SKUDVHV�WR�FUHDWH�ZHOO�IRUPHG�VHQWHQFHV�LQ�WKH�ODQJXDJH� ,Q�RWKHU�ZRUGV� LW�LV�WKH�JUDPPDU
RI�SURJUDPV� 6\QWD[�FRPHV�LQ�WZR�IRUPV� FRQFUHWH�V\QWD[ GHVFULEHV�WKH�ZD\�SURJUDPV�DFWX�
DOO\�ORRN�DW�WKH�OHYHO�RI�EUDFHV� VHPLFRORQV� ZKLWHVSDFH� HWF�� ZKLOH DEVWUDFW�V\QWD[ GHVFULEHV
WKH�VWUXFWXUH�RI�SURJUDPV�ZLWKRXW�ZRUU\LQJ�RYHU�WKH�VXSHUILFLDO�GHWDLOV�RI�FRQFUHWH�V\Q�
WD[� &RQFUHWH�V\QWD[� ZKLOH�WKH�VWXII�RI�IUHQ]LHG�IHUYRU� LV�DFWXDOO\�QRW�DOO�WKDW�VLJQLILFDQW
IRU�IRUPDOO\�UHDVRQLQJ�DERXW�SURJUDPPLQJ�ODQJXDJHV�VR�ZH�IRFXV�H[FOXVLYHO\�RQ�DEVWUDFW
V\QWD[�
3URJUDPV�JHQHUDOO\�KDYH�D�WUHH�OLNH�VWUXFWXUH�RI�QHVWLQJ�SKUDVHV�DQG�H[SUHVVLRQV� VR

GHILQLQJ�WKH�DEVWUDFW�V\QWD[�RI�D�ODQJXDJH�LV�QR�PRUH�FRPSOLFDWHG�WKDQ�GHILQLQJ�DQ�LQGXF�
WLYH�VHW� $V�D�FDVH�VWXG\� OHW·V�ORRN�DW�D�YHU\�VLPSOH�SURJUDPPLQJ�ODQJXDJH� WKH�ODQJXDJH
RI�DULWKPHWLF�H[SUHVVLRQV� 7R�NHHS�WKLQJV�DV�VLPSOH�DV�SRVVLEOH� WKH�ODQJXDJH�ZLOO�LQFOXGH
LQWHJHUV� D�FRXSOH�ELQDU\�RSHUDWRUV�OLNH�PXOWLSOLFDWLRQ�DQG�DGGLWLRQ� D�XQDU\�RSHUDWRU�IRU
VXFFHVVRU�DQG�SUHGHFHVVRU�
+HUH�LV�DQ�LQGXFWLYH�PDWKHPDWLFDO�GHILQLWLRQ�RI�WKH�VHW A� ,W�LV�WKH�VPDOOHVW�VHW�VDWLV�

I\LQJ�WKH�IROORZLQJ�FRQVWUDLQWV�

i ∈ Z ⇒ i ∈ A ���
e ∈ A ⇒ 3UHG(e) ∈ A ���
e ∈ A ⇒ 6XFF(e) ∈ A ���

e1 ∈ A ∧ e2 ∈ A ⇒ 3OXV(e1, e2) ∈ A ���
e1 ∈ A ∧ e2 ∈ A ⇒ 0XOW(e1, e2) ∈ A ���

/LNH�DQ\�LQGXFWLYH�GHILQLWLRQ� WKLV�FDQ�EH�YLHZHG�VLPXOWDQHRXVO\�DV�D�UHFLSH�IRU FRQ�
VWUXFWLQJPHPEHUV�RI�WKH�VHW A DQG�DV�D�SURFHGXUH�IRU FKHFNLQJ LI�D�YDOXH�LV�D�PHPEHU�RI�WKH
VHW A�
,QWHUSUHWHG�DV�D�UHFLSH� \RX�FDQ�VHH�WKDW�HYHU\�LQWHJHU�LV�DQ A SURJUDP� VR 5 LV�DQ A

SURJUDP�E\����� 6LQFH 5 LV�DQ A SURJUDP� 3UHG(5) LV�DQ A SURJUDP�E\����� $QG�WKHUHIRUH
�

1RWH�RQ�QRWDWLRQ� 7R�EH�WUXO\�SHGDQWLF� ZH�VKRXOG�DGG�K\SRWKHVHV�WR�HDFK�RI�WKH�LQIHU�
HQFH�UXOHV�WKDW�VWDWH e ∈ A DQG i ∈ Z DQG�VR�RQ� 7KH�FRQYHQWLRQ�WKDW�\RX·OO�IUHTXHQWO\�VHH�
DQG�ZKLFK�LV�XVHG�LQ�WKHVH�QRWHV� LV�WKDW�FHUWDLQ�PHWD�YDULDEOHV�UDQJH�RQO\�RYHU�D�UHVWULFWHG
VHW�RI�YDOXHV� 6R�LI�\RX�VHH�WKH�PHWD�YDULDEOH�´eµ� \RX�FDQ�UHDVRQDEO\�UHDG�LW�DV e VXFK�WKDW
e ∈ A� ,I�\RX�VHH e EHLQJ�XVHG�DV�VRPHWKLQJ�WKDW�LV�QRW�DQ�DULWKPHWLF�H[SUHVVLRQ� WKHQ�LW·V
D�PLVWDNH� /LNHZLVH� i DQG j UDQJH�RQO\�RYHU�LQWHJHUV�
7KH� VLPSOHVW A H[SUHVVLRQ� LV� DQ� LQWHJHU� ZKLFK� FDQQRW�EH� VLPSOLILHG� IXUWKHU� VR� DQ

LQWHJHU�HYDOXDWHV�WR�LWVHOI�DV�VKRZQ�LQ�WKH�OHIWPRVW�UXOH� ,I�DQ�H[SUHVVLRQ e HYDOXDWHV�WR�DQ
LQWHJHU i� WKHQ 6XFF(e) HYDOXDWHV�WR i+ 1 DV�VKRZQ�LQ�WKH�VHFRQG�UXOH� 7KH�UHPDLQLQJ�UXOHV
DUH�VLPLODU�
7KH�SURRI�WKDW�DQ�H[SUHVVLRQ�HYDOXDWHV�WR�VRPH�LQWHJHU�FDQ�EH�JLYHQ�DV�D�SURRI�WUHH

XVLQJ�WKHVH�LQIHUHQFH�UXOHV� )RU�H[DPSOH� KHUH�LV�WKH�SURRI�WKDW 3OXV(4, 6XFF(2)) ⇓ 7�

4 ⇓ 4

2 ⇓ 2

6XFF(2) ⇓ 3

3OXV(4, 6XFF(2)) ⇓ 7

:KHQ�UHDGLQJ�WKHVH�LQIHUHQFH�UXOHV� LW·V�LPSRUWDQW�WR�QRWLFH�WKDW�WKH�ULJKW�KDQG�VLGH�RI
WKH�HYDOXDWLRQ�UHODWLRQ�LV�D�PDWKHPDWLFDO�H[SUHVVLRQ�WKDW�GHQRWHV�DQ�LQWHJHU� QRW�D�SLHFH�RI
V\QWD[� $V�WKH�SUHYLRXV�H[DPSOH�VKRZV� 3OXV(4, 6XFF(2)) HYDOXDWHV�WR 7� QRW�D�UHSUHVHQWDWLRQ
RI�WKH�H[SUHVVLRQ�´�������µ� ,I�LW�KHOSV�WR�VHH�WKLV� D�FRPSOHWHO\�HTXLYDOHQW�IRUPXODWLRQ
RI� IRU�H[DPSOH� WKH 3OXV UXOH�WKDW�VWUHVVHV�HYDOXDWLRQ�SURGXFHV�D�VLQJOH�LQWHJHU�LV�

e1 ⇓ i e2 ⇓ j k = i+ j

3OXV(e1, e2) ⇓ k

(YDOXDWLRQ�LV�GHILQHG�DV�D�UHODWLRQ� EXW�LW�LV�DFWXDOO\�D�VSHFLDO�FDVH�RI�D�UHODWLRQ� LW�LV�D
IXQFWLRQ� &DQ�\RX�FRQYLQFH�\RXUVHOI�RI�WKLV" 7KDW�LV� FDQ�\RX�SURYH�WKDW�LI e ⇓ i DQG e ⇓ j�
WKHQ i = j" $VVXPLQJ�\RX�FDQ� WKDW�PHDQV�ZH�FDQ�ZULWH�WKH ⇓ IXQFWLRQ�DV�D�IXQFWLRQ�LQ�D
SURJUDPPLQJ�ODQJXDJH�VXFK�DV�2&DPO� ,W�QDWXUDOO\�LV�D�UHFXUVLYH�IXQFWLRQ�RYHU�WKH�GDWD
W\SH�RI�V\QWD[�

H2i `2+ 2p�H U2 , �`Bi?V , BMi 4
K�i+? 2 rBi?

AMi B @= B
% S`2/ 2 @= U2p�H 2V @ R
% am++ 2 @= U2p�H 2V Y R
% SHmb U2R- 2kV @= U2p�H 2RV Y U2p�H 2kV
% JmHi U2R- 2kV @= U2p�H 2RV  U2p�H 2kV

7KH�HYDOXDWRU�FDQ�EH�XVHG�DV�D�FDOFXODWRU�IRU�DULWKPHWLF�H[SUHVVLRQV�

O 2p�H USHmb UAMi 9- am++ UAMi kVVVcc
@ , BMi 4 d

�

� ,QWURGXFWLRQ

6RIWZDUH LV DUJXDEO\ WKH PRVW FRPSOLFDWHG DQG YDULHG NLQG RI DUWLIDFW KXPDQV SURGXFH�
3HRSOH ZKR PDNH VRIWZDUH DW WKH KLJKHVW SURIHVVLRQDO OHYHO WKLQN GHHSO\ DERXW WKH PHDQ�
LQJ DQG FRUUHFWQHVV RI WKH SURJUDPV WKH\ ZULWH� $ FRPPDQG RI VRIWZDUH GHVLJQ DW WKLV
OHYHO UHTXLUHV GHYHORSLQJ DQ XQGHUVWDQGLQJ RI KRZ ZH JLYH PHDQLQJ WR SKUDVHV RI D SUR�
JUDPPLQJ ODQJXDJH DQG KRZ WR EXLOG DQDO\WLF WRROV IRU SURYLQJ SURSHUWLHV RI SURJUDPV�
7KLV FRXUVH FRYHUV EDVLF WKHRUHWLFDO LGHDV DQG SUDFWLFDO WHFKQLTXHV IRU PRGHOLQJ DQG DQ�

DO\]LQJ SURJUDPPLQJ ODQJXDJHV� DQG OHYHUDJLQJ WKRVH WHFKQLTXHV WR PHFKDQLFDOO\ UHDVRQ
DERXW SURJUDPV�

� 6\QWD[� 6HPDQWLFV� 	 0DFKLQHV IRU $ULWKPHWLF

D ⊆ A×A → ⊆ A×A ⇓ ⊆ A× Z

6XFF(4) → 5

3OXV(6XFF(4),3UHG(3)) → 3OXV(5,3UHG(3))
3UHG(3) → 2

3OXV(6XFF(4),3UHG(3)) → 3OXV(6XFF(4), 2)

e = . . .
| 5DLVH(e)
| 7U\(e, x, e)

e = . . .
| &DOOFF(x, e) | +DOW(e)

E = . . .
| +DOW(E)

E [+DOW(v)] %−→ v E [&DOOFF(x, e)] %−→ e[)XQ(x′,+DOW(E [x′]))/x]

)UDPH F = . . .
| $SS(!, e) | $SS(v,!)

e (D ∪ β) e′

C[e] → C[e′]
e (D ∪ βY) e

′

C[e] →Y C[e′]

e (D ∪ β) e′

E [e] %−→ E [e′]
e (D ∪ βY) e

′

E [e] %−→Y E [e′]

&RQWH[W C = . . .
| )XQ(x, C)
| $SS(C, e) | $SS(e, C)�



Natural semantics of

� ,QWURGXFWLRQ

6RIWZDUH�LV�DUJXDEO\�WKH�PRVW�FRPSOLFDWHG�DQG�YDULHG�NLQG�RI�DUWLIDFW�KXPDQV�SURGXFH�
3HRSOH�ZKR�PDNH�VRIWZDUH�DW�WKH�KLJKHVW�SURIHVVLRQDO�OHYHO�WKLQN�GHHSO\�DERXW�WKH�PHDQ�
LQJ�DQG�FRUUHFWQHVV�RI�WKH�SURJUDPV�WKH\�ZULWH� $ FRPPDQG�RI�VRIWZDUH�GHVLJQ�DW�WKLV
OHYHO�UHTXLUHV�GHYHORSLQJ�DQ�XQGHUVWDQGLQJ�RI�KRZ�ZH�JLYH�PHDQLQJ�WR�SKUDVHV�RI�D�SUR�
JUDPPLQJ�ODQJXDJH�DQG�KRZ�WR�EXLOG�DQDO\WLF�WRROV�IRU�SURYLQJ�SURSHUWLHV�RI�SURJUDPV�
7KLV�FRXUVH�FRYHUV�EDVLF�WKHRUHWLFDO�LGHDV�DQG�SUDFWLFDO�WHFKQLTXHV�IRU�PRGHOLQJ�DQG�DQ�

DO\]LQJ�SURJUDPPLQJ�ODQJXDJHV� DQG�OHYHUDJLQJ�WKRVH�WHFKQLTXHV�WR�PHFKDQLFDOO\�UHDVRQ
DERXW�SURJUDPV�

� 6\QWD[� 6HPDQWLFV� 	�0DFKLQHV�IRU�$ULWKPHWLF

��� 0RGHOOLQJ�6\QWD[�ZLWK�,QGXFWLYH�6HWV

7KH V\QWD[ RI�D�SURJUDPPLQJ�ODQJXDJH�LV�D�VHW�RI�UXOHV�IRU�WKH�DUUDQJHPHQW�RI�ZRUGV�DQG
SKUDVHV�WR�FUHDWH�ZHOO�IRUPHG�VHQWHQFHV�LQ�WKH�ODQJXDJH� ,Q�RWKHU�ZRUGV� LW�LV�WKH�JUDPPDU
RI�SURJUDPV� 6\QWD[�FRPHV�LQ�WZR�IRUPV� FRQFUHWH�V\QWD[ GHVFULEHV�WKH�ZD\�SURJUDPV�DFWX�
DOO\�ORRN�DW�WKH�OHYHO�RI�EUDFHV� VHPLFRORQV� ZKLWHVSDFH� HWF�� ZKLOH DEVWUDFW�V\QWD[ GHVFULEHV
WKH�VWUXFWXUH�RI�SURJUDPV�ZLWKRXW�ZRUU\LQJ�RYHU�WKH�VXSHUILFLDO�GHWDLOV�RI�FRQFUHWH�V\Q�
WD[� &RQFUHWH�V\QWD[� ZKLOH�WKH�VWXII�RI�IUHQ]LHG�IHUYRU� LV�DFWXDOO\�QRW�DOO�WKDW�VLJQLILFDQW
IRU�IRUPDOO\�UHDVRQLQJ�DERXW�SURJUDPPLQJ�ODQJXDJHV�VR�ZH�IRFXV�H[FOXVLYHO\�RQ�DEVWUDFW
V\QWD[�
3URJUDPV�JHQHUDOO\�KDYH�D�WUHH�OLNH�VWUXFWXUH�RI�QHVWLQJ�SKUDVHV�DQG�H[SUHVVLRQV� VR

GHILQLQJ�WKH�DEVWUDFW�V\QWD[�RI�D�ODQJXDJH�LV�QR�PRUH�FRPSOLFDWHG�WKDQ�GHILQLQJ�DQ�LQGXF�
WLYH�VHW� $V�D�FDVH�VWXG\� OHW·V�ORRN�DW�D�YHU\�VLPSOH�SURJUDPPLQJ�ODQJXDJH� WKH�ODQJXDJH
RI�DULWKPHWLF�H[SUHVVLRQV� 7R�NHHS�WKLQJV�DV�VLPSOH�DV�SRVVLEOH� WKH�ODQJXDJH�ZLOO�LQFOXGH
LQWHJHUV� D�FRXSOH�ELQDU\�RSHUDWRUV�OLNH�PXOWLSOLFDWLRQ�DQG�DGGLWLRQ� D�XQDU\�RSHUDWRU�IRU
VXFFHVVRU�DQG�SUHGHFHVVRU�
+HUH�LV�DQ�LQGXFWLYH�PDWKHPDWLFDO�GHILQLWLRQ�RI�WKH�VHW A� ,W�LV�WKH�VPDOOHVW�VHW�VDWLV�

I\LQJ�WKH�IROORZLQJ�FRQVWUDLQWV�

i ∈ Z ⇒ i ∈ A ���
e ∈ A ⇒ 3UHG(e) ∈ A ���
e ∈ A ⇒ 6XFF(e) ∈ A ���

e1 ∈ A ∧ e2 ∈ A ⇒ 3OXV(e1, e2) ∈ A ���
e1 ∈ A ∧ e2 ∈ A ⇒ 0XOW(e1, e2) ∈ A ���

/LNH�DQ\�LQGXFWLYH�GHILQLWLRQ� WKLV�FDQ�EH�YLHZHG�VLPXOWDQHRXVO\�DV�D�UHFLSH�IRU FRQ�
VWUXFWLQJPHPEHUV�RI�WKH�VHW A DQG�DV�D�SURFHGXUH�IRU FKHFNLQJ LI�D�YDOXH�LV�D�PHPEHU�RI�WKH
VHW A�
,QWHUSUHWHG�DV�D�UHFLSH� \RX�FDQ�VHH�WKDW�HYHU\�LQWHJHU�LV�DQ A SURJUDP� VR 5 LV�DQ A

SURJUDP�E\����� 6LQFH 5 LV�DQ A SURJUDP� 3UHG(5) LV�DQ A SURJUDP�E\����� $QG�WKHUHIRUH
�

,W·V�HDV\�WR�H[SUHVV�DQ\�%1) JUDPPDU�DV�DQ�LQGXFWLYHO\�GHILQHG�VHW� ZKLFK�LQ�WXUQ�LV
HDV\�WR�H[SUHVV�DV�D�VHW�RI�LQIHUHQFH�UXOHV� %XW�QRW�DOO�LQGXFWLYH�GHILQLWLRQV�RU�LQIHUHQFH
UXOHV�FDQ�EH�H[SUHVVHG�DV�JUDPPDUV� &RQVHTXHQWO\� V\QWD[�LV�RIWHQ�GHILQHG�XVLQJ�%1)�
ZKLOH�PRUH�VRSKLVWLFDWHG�UHODWLRQV�DUH�GHILQHG�XVLQJ�LQIHUHQFH�UXOHV�

��� 0RGHOOLQJ�6\QWD[�ZLWK�'DWD

0RGHOOLQJ�SURJUDPV�ZLWK�PDWKHPDWLFV�LV�D�SRZHUIXO� LGHD�WKDW�SUHGDWHV�FRPSXWHUV� EXW
LW·V�DUJXDEO\�PRUH�XVHIXO�WR�PRGHO�SURJUDPV�ZLWK�SURJUDPV� ,Q�RWKHU�ZRUGV� ZH�FDQ�ZULWH
SURJUDPV�WKDW�RSHUDWH�RYHU�GDWD�UHSUHVHQWDWLRQV�RI�SURJUDPV� )URP�WKLV�SHUVSHFWLYH� WKH
DEVWUDFW�V\QWD[�RI�D�SURJUDPPLQJ�ODQJXDJH�LV�MXVW�DQ�LQGXFWLYH�GDWD�W\SH�GHILQLWLRQ�
+HUH� LV� WKH�GDWD� W\SH�GHILQLWLRQ� IRU A WKDW�FRUUHVSRQGV� WR� WKH�HDUOLHU�PDWKHPDWLFDO

GHILQLWLRQ�� ZULWWHQ�LQ�WKH�2&DPO�ODQJXDJH�

ivT2 �`Bi? 4 AMi Q7 BMi
% S`2/ Q7 �`Bi?
% am++ Q7 �`Bi?
% SHmb Q7 �`Bi?  �`Bi?
% JmHi Q7 �`Bi?  �`Bi?

7KH�RQO\�GLIIHUHQFH� ZKLFK�LV�LQFRQVHTXHQWLDO� LV�WKDW�2&DPO� XQOLNH�PDWK� UHTXLUHV�XQLRQV
WR�EH�IRUPHG�E\�GLVMRLQW�W\SHV� VR�LQWHJHUV�PXVW�EH�´WDJJHGµ�ZLWK�WKH AMi FRQVWUXFWRU�WR
PDNH�WKHP�GLVWLQFW�IURP�LQWHJHUV�
:H�FDQ�UHO\�RQ�WKH�W\SH�V\VWHP�RI�2&DPO�WR�YHULI\�ZKHQ�D�YDOXH�LV�D�PHPEHU�RI�WKH A

VHW�

O SHmb UAMi 9- am++ UAMi kVVcc
@ , �`Bi? 4 SHmb UAMi 9- am++ UAMi kVV

��� 1DWXUDO�6HPDQWLFV

3HUKDSV�WKH�VLPSOHVW�VHPDQWLFV�ZH�FDQ�JLYH�DULWKPHWLF�H[SUHVVLRQV�LV�WR�GHILQH�D�UHODWLRQ
EHWZHHQ�DQ�H[SUHVVLRQ�DQG�WKH�LQWHJHU�YDOXH�LW�VLPSOLILHV�WR�DFFRUGLQJ�WR�WKH�XVXDO�UXOHV
RI�DULWKPHWLF�
7R�GR�WKLV� ZH�GHILQH�D�ELQDU\�UHODWLRQ ⇓ ⊆ A × Z� :KHQ�DQ�H[SUHVVLRQ e LV�UHODWHG�WR

DQ�LQWHJHU i� LW�PHDQV e HYDOXDWHV WR i� )ROORZLQJ�WKH�XVXDO�FRQYHQWLRQ� ZH�ZULWH e ⇓ i WR
PHDQ (e, i) ∈ ⇓ �LW·V�PXFK�HDVLHU�WR�UHDG 3 < 4 LQVWHDG�RI (3, 4) ∈ <� ULJKW"��
-XVW�DV�ZH�GHILQHG� WKH�VHW�RI A SURJUDPV� LQGXFWLYHO\� ZH�FDQ�GHILQH� WKH�HYDOXDWLRQ

UHODWLRQ ⇓ LQGXFWLYHO\�DV�ZHOO�

i ⇓ i

e ⇓ i

3UHG(e) ⇓ i− 1

e ⇓ i

6XFF(e) ⇓ i+ 1

e1 ⇓ i e2 ⇓ j

3OXV(e1, e2) ⇓ i+ j

e1 ⇓ i e2 ⇓ j

0XOW(e1, e2) ⇓ i · j
�$OUHDG\�D�OLH�KDV�FUHSW�LQ� 2&DPO·V BMi LV�QRW�WKH�VDPH�DV Z� :H·UH�JRLQJ�WR�LJQRUH�WKLV�GLVFUHSDQF\�IRU

WKH�WLPH�EHLQJ� 7KH�SUREOHP�FRXOG�EH�UHVROYHG�E\�XVLQJ�D�ELJ�LQWHJHU�OLEUDU\� DW�WKH�FRVW�RI�VRPH�QRWDWLRQDO
RYHUKHDG�LQ�RXU�H[DPSOHV�

�

O SHmb UAMi 9- am++ UAMi kVVcc
@ , �`Bi? 4 SHmb UAMi 9- am++ UAMi kVV

��� 1DWXUDO 6HPDQWLFV

3HUKDSV WKH VLPSOHVW VHPDQWLFV ZH FDQ JLYH DULWKPHWLF H[SUHVVLRQV LV WR GHILQH D UHODWLRQ
EHWZHHQ DQ H[SUHVVLRQ DQG WKH LQWHJHU YDOXH LW VLPSOLILHV WR DFFRUGLQJ WR WKH XVXDO UXOHV
RI DULWKPHWLF�
7R GR WKLV� ZH GHILQH D ELQDU\ UHODWLRQ ⇓ ⊆ A × Z� :KHQ DQ H[SUHVVLRQ e LV UHODWHG WR

DQ LQWHJHU i� LW PHDQV e HYDOXDWHV WR i� )ROORZLQJ WKH XVXDO FRQYHQWLRQ� ZH ZULWH e ⇓ i WR
PHDQ (e, i) ∈ ⇓ �LW·V PXFK HDVLHU WR UHDG 3 < 4 LQVWHDG RI (3, 4) ∈ <� ULJKW"��
-XVW DV ZH GHILQHG WKH VHW RI A SURJUDPV LQGXFWLYHO\� ZH FDQ GHILQH WKH HYDOXDWLRQ

UHODWLRQ ⇓ LQGXFWLYHO\ DV ZHOO�

i ⇓ i

e ⇓ i

3UHG(e) ⇓ i− 1

e ⇓ i

6XFF(e) ⇓ i+ 1

e1 ⇓ i1 e2 ⇓ i2

3OXV(e1, e2) ⇓ i1 + i2

e1 ⇓ i1 e2 ⇓ i2

0XOW(e1, e2) ⇓ i1 · i2

1RWH RQ QRWDWLRQ� 7R EH WUXO\ SHGDQWLF� ZH VKRXOG DGG K\SRWKHVHV WR HDFK RI WKH LQIHUHQFH
UXOHV WKDW VWDWH e ∈ A DQG i ∈ Z DQG VR RQ� 7KH FRQYHQWLRQ WKDW \RX·OO IUHTXHQWO\ VHH� DQG
ZKLFK LV XVHG LQ WKHVH QRWHV� LV WKDW FHUWDLQ PHWD�YDULDEOHV UDQJH RQO\ RYHU D UHVWULFWHG VHW
RI YDOXHV� 6R LI \RX VHH WKH PHWD�YDULDEOH ´eµ� \RX FDQ UHDVRQDEO\ UHDG LW DV e VXFK WKDW
e ∈ A� ,I \RX VHH e EHLQJ XVHG DV VRPHWKLQJ WKDW LV QRW DQ DULWKPHWLF H[SUHVVLRQ� WKHQ LW·V
D PLVWDNH� /LNHZLVH� i DQG j UDQJH RQO\ RYHU LQWHJHUV�
7KH VLPSOHVW A H[SUHVVLRQ LV DQ LQWHJHU� ZKLFK FDQQRW EH VLPSOLILHG IXUWKHU� VR DQ

LQWHJHU HYDOXDWHV WR LWVHOI DV VKRZQ LQ WKH OHIWPRVW UXOH� ,I DQ H[SUHVVLRQ e HYDOXDWHV WR DQ
LQWHJHU i� WKHQ 6XFF(e) HYDOXDWHV WR i+ 1 DV VKRZQ LQ WKH VHFRQG UXOH� 7KH UHPDLQLQJ UXOHV
DUH VLPLODU�
7KH SURRI WKDW DQ H[SUHVVLRQ HYDOXDWHV WR VRPH LQWHJHU FDQ EH JLYHQ DV D SURRI WUHH

XVLQJ WKHVH LQIHUHQFH UXOHV� )RU H[DPSOH� KHUH LV WKH SURRI WKDW 3OXV(4, 6XFF(2)) ⇓ 7�

4 ⇓ 4

2 ⇓ 2

6XFF(2) ⇓ 3

3OXV(4, 6XFF(2)) ⇓ 7

:KHQ UHDGLQJ WKHVH LQIHUHQFH UXOHV� LW·V LPSRUWDQW WR QRWLFH WKDW WKH ULJKW KDQG VLGH RI
WKH HYDOXDWLRQ UHODWLRQ LV D PDWKHPDWLFDO H[SUHVVLRQ WKDW GHQRWHV DQ LQWHJHU� QRW D SLHFH RI
V\QWD[� $V WKH SUHYLRXV H[DPSOH VKRZV� 3OXV(4, 6XFF(2)) HYDOXDWHV WR 7� QRW D UHSUHVHQWDWLRQ
RI WKH H[SUHVVLRQ ´�������µ� ,I LW KHOSV WR VHH WKLV� D FRPSOHWHO\ HTXLYDOHQW IRUPXODWLRQ
RI� IRU H[DPSOH� WKH 3OXV UXOH WKDW VWUHVVHV HYDOXDWLRQ SURGXFHV D VLQJOH LQWHJHU LV�

e1 ⇓ i e2 ⇓ j k = i+ j

3OXV(e1, e2) ⇓ k
�

� ,QWURGXFWLRQ

6RIWZDUH LV DUJXDEO\ WKH PRVW FRPSOLFDWHG DQG YDULHG NLQG RI DUWLIDFW KXPDQV SURGXFH�
3HRSOH ZKR PDNH VRIWZDUH DW WKH KLJKHVW SURIHVVLRQDO OHYHO WKLQN GHHSO\ DERXW WKH PHDQ�
LQJ DQG FRUUHFWQHVV RI WKH SURJUDPV WKH\ ZULWH� $ FRPPDQG RI VRIWZDUH GHVLJQ DW WKLV
OHYHO UHTXLUHV GHYHORSLQJ DQ XQGHUVWDQGLQJ RI KRZ ZH JLYH PHDQLQJ WR SKUDVHV RI D SUR�
JUDPPLQJ ODQJXDJH DQG KRZ WR EXLOG DQDO\WLF WRROV IRU SURYLQJ SURSHUWLHV RI SURJUDPV�
7KLV FRXUVH FRYHUV EDVLF WKHRUHWLFDO LGHDV DQG SUDFWLFDO WHFKQLTXHV IRU PRGHOLQJ DQG DQ�

DO\]LQJ SURJUDPPLQJ ODQJXDJHV� DQG OHYHUDJLQJ WKRVH WHFKQLTXHV WR PHFKDQLFDOO\ UHDVRQ
DERXW SURJUDPV�

� 6\QWD[� 6HPDQWLFV� 	 0DFKLQHV IRU $ULWKPHWLF

D ⊆ A×A → ⊆ A×A ⇓ ⊆ A× Z

6XFF(4) → 5

3OXV(6XFF(4),3UHG(3)) → 3OXV(5,3UHG(3))
3UHG(3) → 2

3OXV(6XFF(4),3UHG(3)) → 3OXV(6XFF(4), 2)

e = . . .
| 5DLVH(e)
| 7U\(e, x, e)

e = . . .
| &DOOFF(x, e) | +DOW(e)

E = . . .
| +DOW(E)

E [+DOW(v)] %−→ v E [&DOOFF(x, e)] %−→ e[)XQ(x′,+DOW(E [x′]))/x]

)UDPH F = . . .
| $SS(!, e) | $SS(v,!)

e (D ∪ β) e′

C[e] → C[e′]
e (D ∪ βY) e

′

C[e] →Y C[e′]

e (D ∪ β) e′

E [e] %−→ E [e′]
e (D ∪ βY) e

′

E [e] %−→Y E [e′]

&RQWH[W C = . . .
| )XQ(x, C)
| $SS(C, e) | $SS(e, C)�



Natural semantics of

� ,QWURGXFWLRQ

6RIWZDUH�LV�DUJXDEO\�WKH�PRVW�FRPSOLFDWHG�DQG�YDULHG�NLQG�RI�DUWLIDFW�KXPDQV�SURGXFH�
3HRSOH�ZKR�PDNH�VRIWZDUH�DW�WKH�KLJKHVW�SURIHVVLRQDO�OHYHO�WKLQN�GHHSO\�DERXW�WKH�PHDQ�
LQJ�DQG�FRUUHFWQHVV�RI�WKH�SURJUDPV�WKH\�ZULWH� $ FRPPDQG�RI�VRIWZDUH�GHVLJQ�DW�WKLV
OHYHO�UHTXLUHV�GHYHORSLQJ�DQ�XQGHUVWDQGLQJ�RI�KRZ�ZH�JLYH�PHDQLQJ�WR�SKUDVHV�RI�D�SUR�
JUDPPLQJ�ODQJXDJH�DQG�KRZ�WR�EXLOG�DQDO\WLF�WRROV�IRU�SURYLQJ�SURSHUWLHV�RI�SURJUDPV�
7KLV�FRXUVH�FRYHUV�EDVLF�WKHRUHWLFDO�LGHDV�DQG�SUDFWLFDO�WHFKQLTXHV�IRU�PRGHOLQJ�DQG�DQ�

DO\]LQJ�SURJUDPPLQJ�ODQJXDJHV� DQG�OHYHUDJLQJ�WKRVH�WHFKQLTXHV�WR�PHFKDQLFDOO\�UHDVRQ
DERXW�SURJUDPV�

� 6\QWD[� 6HPDQWLFV� 	�0DFKLQHV�IRU�$ULWKPHWLF

��� 0RGHOOLQJ�6\QWD[�ZLWK�,QGXFWLYH�6HWV

7KH V\QWD[ RI�D�SURJUDPPLQJ�ODQJXDJH�LV�D�VHW�RI�UXOHV�IRU�WKH�DUUDQJHPHQW�RI�ZRUGV�DQG
SKUDVHV�WR�FUHDWH�ZHOO�IRUPHG�VHQWHQFHV�LQ�WKH�ODQJXDJH� ,Q�RWKHU�ZRUGV� LW�LV�WKH�JUDPPDU
RI�SURJUDPV� 6\QWD[�FRPHV�LQ�WZR�IRUPV� FRQFUHWH�V\QWD[ GHVFULEHV�WKH�ZD\�SURJUDPV�DFWX�
DOO\�ORRN�DW�WKH�OHYHO�RI�EUDFHV� VHPLFRORQV� ZKLWHVSDFH� HWF�� ZKLOH DEVWUDFW�V\QWD[ GHVFULEHV
WKH�VWUXFWXUH�RI�SURJUDPV�ZLWKRXW�ZRUU\LQJ�RYHU�WKH�VXSHUILFLDO�GHWDLOV�RI�FRQFUHWH�V\Q�
WD[� &RQFUHWH�V\QWD[� ZKLOH�WKH�VWXII�RI�IUHQ]LHG�IHUYRU� LV�DFWXDOO\�QRW�DOO�WKDW�VLJQLILFDQW
IRU�IRUPDOO\�UHDVRQLQJ�DERXW�SURJUDPPLQJ�ODQJXDJHV�VR�ZH�IRFXV�H[FOXVLYHO\�RQ�DEVWUDFW
V\QWD[�
3URJUDPV�JHQHUDOO\�KDYH�D�WUHH�OLNH�VWUXFWXUH�RI�QHVWLQJ�SKUDVHV�DQG�H[SUHVVLRQV� VR

GHILQLQJ�WKH�DEVWUDFW�V\QWD[�RI�D�ODQJXDJH�LV�QR�PRUH�FRPSOLFDWHG�WKDQ�GHILQLQJ�DQ�LQGXF�
WLYH�VHW� $V�D�FDVH�VWXG\� OHW·V�ORRN�DW�D�YHU\�VLPSOH�SURJUDPPLQJ�ODQJXDJH� WKH�ODQJXDJH
RI�DULWKPHWLF�H[SUHVVLRQV� 7R�NHHS�WKLQJV�DV�VLPSOH�DV�SRVVLEOH� WKH�ODQJXDJH�ZLOO�LQFOXGH
LQWHJHUV� D�FRXSOH�ELQDU\�RSHUDWRUV�OLNH�PXOWLSOLFDWLRQ�DQG�DGGLWLRQ� D�XQDU\�RSHUDWRU�IRU
VXFFHVVRU�DQG�SUHGHFHVVRU�
+HUH�LV�DQ�LQGXFWLYH�PDWKHPDWLFDO�GHILQLWLRQ�RI�WKH�VHW A� ,W�LV�WKH�VPDOOHVW�VHW�VDWLV�

I\LQJ�WKH�IROORZLQJ�FRQVWUDLQWV�

i ∈ Z ⇒ i ∈ A ���
e ∈ A ⇒ 3UHG(e) ∈ A ���
e ∈ A ⇒ 6XFF(e) ∈ A ���

e1 ∈ A ∧ e2 ∈ A ⇒ 3OXV(e1, e2) ∈ A ���
e1 ∈ A ∧ e2 ∈ A ⇒ 0XOW(e1, e2) ∈ A ���

/LNH�DQ\�LQGXFWLYH�GHILQLWLRQ� WKLV�FDQ�EH�YLHZHG�VLPXOWDQHRXVO\�DV�D�UHFLSH�IRU FRQ�
VWUXFWLQJPHPEHUV�RI�WKH�VHW A DQG�DV�D�SURFHGXUH�IRU FKHFNLQJ LI�D�YDOXH�LV�D�PHPEHU�RI�WKH
VHW A�
,QWHUSUHWHG�DV�D�UHFLSH� \RX�FDQ�VHH�WKDW�HYHU\�LQWHJHU�LV�DQ A SURJUDP� VR 5 LV�DQ A

SURJUDP�E\����� 6LQFH 5 LV�DQ A SURJUDP� 3UHG(5) LV�DQ A SURJUDP�E\����� $QG�WKHUHIRUH
�

O SHmb UAMi 9- am++ UAMi kVVcc
@ , �`Bi? 4 SHmb UAMi 9- am++ UAMi kVV

��� 1DWXUDO 6HPDQWLFV

3HUKDSV WKH VLPSOHVW VHPDQWLFV ZH FDQ JLYH DULWKPHWLF H[SUHVVLRQV LV WR GHILQH D UHODWLRQ
EHWZHHQ DQ H[SUHVVLRQ DQG WKH LQWHJHU YDOXH LW VLPSOLILHV WR DFFRUGLQJ WR WKH XVXDO UXOHV
RI DULWKPHWLF�
7R GR WKLV� ZH GHILQH D ELQDU\ UHODWLRQ ⇓ ⊆ A × Z� :KHQ DQ H[SUHVVLRQ e LV UHODWHG WR

DQ LQWHJHU i� LW PHDQV e HYDOXDWHV WR i� )ROORZLQJ WKH XVXDO FRQYHQWLRQ� ZH ZULWH e ⇓ i WR
PHDQ (e, i) ∈ ⇓ �LW·V PXFK HDVLHU WR UHDG 3 < 4 LQVWHDG RI (3, 4) ∈ <� ULJKW"��
-XVW DV ZH GHILQHG WKH VHW RI A SURJUDPV LQGXFWLYHO\� ZH FDQ GHILQH WKH HYDOXDWLRQ

UHODWLRQ ⇓ LQGXFWLYHO\ DV ZHOO�

i ⇓ i

e ⇓ i

3UHG(e) ⇓ i− 1

e ⇓ i

6XFF(e) ⇓ i+ 1

e1 ⇓ i1 e2 ⇓ i2

3OXV(e1, e2) ⇓ i1 + i2

e1 ⇓ i1 e2 ⇓ i2

0XOW(e1, e2) ⇓ i1 · i2

1RWH RQ QRWDWLRQ� 7R EH WUXO\ SHGDQWLF� ZH VKRXOG DGG K\SRWKHVHV WR HDFK RI WKH LQIHUHQFH
UXOHV WKDW VWDWH e ∈ A DQG i ∈ Z DQG VR RQ� 7KH FRQYHQWLRQ WKDW \RX·OO IUHTXHQWO\ VHH� DQG
ZKLFK LV XVHG LQ WKHVH QRWHV� LV WKDW FHUWDLQ PHWD�YDULDEOHV UDQJH RQO\ RYHU D UHVWULFWHG VHW
RI YDOXHV� 6R LI \RX VHH WKH PHWD�YDULDEOH ´eµ� \RX FDQ UHDVRQDEO\ UHDG LW DV e VXFK WKDW
e ∈ A� ,I \RX VHH e EHLQJ XVHG DV VRPHWKLQJ WKDW LV QRW DQ DULWKPHWLF H[SUHVVLRQ� WKHQ LW·V
D PLVWDNH� /LNHZLVH� i DQG j UDQJH RQO\ RYHU LQWHJHUV�
7KH VLPSOHVW A H[SUHVVLRQ LV DQ LQWHJHU� ZKLFK FDQQRW EH VLPSOLILHG IXUWKHU� VR DQ

LQWHJHU HYDOXDWHV WR LWVHOI DV VKRZQ LQ WKH OHIWPRVW UXOH� ,I DQ H[SUHVVLRQ e HYDOXDWHV WR DQ
LQWHJHU i� WKHQ 6XFF(e) HYDOXDWHV WR i+ 1 DV VKRZQ LQ WKH VHFRQG UXOH� 7KH UHPDLQLQJ UXOHV
DUH VLPLODU�
7KH SURRI WKDW DQ H[SUHVVLRQ HYDOXDWHV WR VRPH LQWHJHU FDQ EH JLYHQ DV D SURRI WUHH

XVLQJ WKHVH LQIHUHQFH UXOHV� )RU H[DPSOH� KHUH LV WKH SURRI WKDW 3OXV(4, 6XFF(2)) ⇓ 7�

4 ⇓ 4

2 ⇓ 2

6XFF(2) ⇓ 3

3OXV(4, 6XFF(2)) ⇓ 7

:KHQ UHDGLQJ WKHVH LQIHUHQFH UXOHV� LW·V LPSRUWDQW WR QRWLFH WKDW WKH ULJKW KDQG VLGH RI
WKH HYDOXDWLRQ UHODWLRQ LV D PDWKHPDWLFDO H[SUHVVLRQ WKDW GHQRWHV DQ LQWHJHU� QRW D SLHFH RI
V\QWD[� $V WKH SUHYLRXV H[DPSOH VKRZV� 3OXV(4, 6XFF(2)) HYDOXDWHV WR 7� QRW D UHSUHVHQWDWLRQ
RI WKH H[SUHVVLRQ ´�������µ� ,I LW KHOSV WR VHH WKLV� D FRPSOHWHO\ HTXLYDOHQW IRUPXODWLRQ
RI� IRU H[DPSOH� WKH 3OXV UXOH WKDW VWUHVVHV HYDOXDWLRQ SURGXFHV D VLQJOH LQWHJHU LV�

e1 ⇓ i e2 ⇓ j k = i+ j

3OXV(e1, e2) ⇓ k
�

O SHmb UAMi 9- am++ UAMi kVVcc
@ , �`Bi? 4 SHmb UAMi 9- am++ UAMi kVV

��� 1DWXUDO 6HPDQWLFV

3HUKDSV WKH VLPSOHVW VHPDQWLFV ZH FDQ JLYH DULWKPHWLF H[SUHVVLRQV LV WR GHILQH D UHODWLRQ
EHWZHHQ DQ H[SUHVVLRQ DQG WKH LQWHJHU YDOXH LW VLPSOLILHV WR DFFRUGLQJ WR WKH XVXDO UXOHV
RI DULWKPHWLF�
7R GR WKLV� ZH GHILQH D ELQDU\ UHODWLRQ ⇓ ⊆ A × Z� :KHQ DQ H[SUHVVLRQ e LV UHODWHG WR

DQ LQWHJHU i� LW PHDQV e HYDOXDWHV WR i� )ROORZLQJ WKH XVXDO FRQYHQWLRQ� ZH ZULWH e ⇓ i WR
PHDQ (e, i) ∈ ⇓ �LW·V PXFK HDVLHU WR UHDG 3 < 4 LQVWHDG RI (3, 4) ∈ <� ULJKW"��
-XVW DV ZH GHILQHG WKH VHW RI A SURJUDPV LQGXFWLYHO\� ZH FDQ GHILQH WKH HYDOXDWLRQ

UHODWLRQ ⇓ LQGXFWLYHO\ DV ZHOO�

i ⇓ i

e ⇓ i

3UHG(e) ⇓ i− 1

e ⇓ i

6XFF(e) ⇓ i+ 1

e1 ⇓ i1 e2 ⇓ i2

3OXV(e1, e2) ⇓ i1 + i2

e1 ⇓ i1 e2 ⇓ i2

0XOW(e1, e2) ⇓ i1 · i2

1RWH RQ QRWDWLRQ� 7R EH WUXO\ SHGDQWLF� ZH VKRXOG DGG K\SRWKHVHV WR HDFK RI WKH LQIHUHQFH
UXOHV WKDW VWDWH e ∈ A DQG i ∈ Z DQG VR RQ� 7KH FRQYHQWLRQ WKDW \RX·OO IUHTXHQWO\ VHH� DQG
ZKLFK LV XVHG LQ WKHVH QRWHV� LV WKDW FHUWDLQ PHWD�YDULDEOHV UDQJH RQO\ RYHU D UHVWULFWHG VHW
RI YDOXHV� 6R LI \RX VHH WKH PHWD�YDULDEOH ´eµ� \RX FDQ UHDVRQDEO\ UHDG LW DV e VXFK WKDW
e ∈ A� ,I \RX VHH e EHLQJ XVHG DV VRPHWKLQJ WKDW LV QRW DQ DULWKPHWLF H[SUHVVLRQ� WKHQ LW·V
D PLVWDNH� /LNHZLVH� i DQG j UDQJH RQO\ RYHU LQWHJHUV�
7KH VLPSOHVW A H[SUHVVLRQ LV DQ LQWHJHU� ZKLFK FDQQRW EH VLPSOLILHG IXUWKHU� VR DQ

LQWHJHU HYDOXDWHV WR LWVHOI DV VKRZQ LQ WKH OHIWPRVW UXOH� ,I DQ H[SUHVVLRQ e HYDOXDWHV WR DQ
LQWHJHU i� WKHQ 6XFF(e) HYDOXDWHV WR i+ 1 DV VKRZQ LQ WKH VHFRQG UXOH� 7KH UHPDLQLQJ UXOHV
DUH VLPLODU�
7KH SURRI WKDW DQ H[SUHVVLRQ HYDOXDWHV WR VRPH LQWHJHU FDQ EH JLYHQ DV D SURRI WUHH

XVLQJ WKHVH LQIHUHQFH UXOHV� )RU H[DPSOH� KHUH LV WKH SURRI WKDW 3OXV(4, 6XFF(2)) ⇓ 7�

4 ⇓ 4

2 ⇓ 2

6XFF(2) ⇓ 3

3OXV(4, 6XFF(2)) ⇓ 7

:KHQ UHDGLQJ WKHVH LQIHUHQFH UXOHV� LW·V LPSRUWDQW WR QRWLFH WKDW WKH ULJKW KDQG VLGH RI
WKH HYDOXDWLRQ UHODWLRQ LV D PDWKHPDWLFDO H[SUHVVLRQ WKDW GHQRWHV DQ LQWHJHU� QRW D SLHFH RI
V\QWD[� $V WKH SUHYLRXV H[DPSOH VKRZV� 3OXV(4, 6XFF(2)) HYDOXDWHV WR 7� QRW D UHSUHVHQWDWLRQ
RI WKH H[SUHVVLRQ ´�������µ� ,I LW KHOSV WR VHH WKLV� D FRPSOHWHO\ HTXLYDOHQW IRUPXODWLRQ
RI� IRU H[DPSOH� WKH 3OXV UXOH WKDW VWUHVVHV HYDOXDWLRQ SURGXFHV D VLQJOH LQWHJHU LV�

e1 ⇓ i1 e2 ⇓ i2 i = i1 + i2

3OXV(e1, e2) ⇓ i
�



Proof of 

1RWH�RQ�QRWDWLRQ� 7R�EH�WUXO\�SHGDQWLF� ZH�VKRXOG�DGG�K\SRWKHVHV�WR�HDFK�RI�WKH�LQIHU�
HQFH�UXOHV�WKDW�VWDWH e ∈ A DQG i ∈ Z DQG�VR�RQ� 7KH�FRQYHQWLRQ�WKDW�\RX·OO�IUHTXHQWO\�VHH�
DQG�ZKLFK�LV�XVHG�LQ�WKHVH�QRWHV� LV�WKDW�FHUWDLQ�PHWD�YDULDEOHV�UDQJH�RQO\�RYHU�D�UHVWULFWHG
VHW�RI�YDOXHV� 6R�LI�\RX�VHH�WKH�PHWD�YDULDEOH�´eµ� \RX�FDQ�UHDVRQDEO\�UHDG�LW�DV e VXFK�WKDW
e ∈ A� ,I�\RX�VHH e EHLQJ�XVHG�DV�VRPHWKLQJ�WKDW�LV�QRW�DQ�DULWKPHWLF�H[SUHVVLRQ� WKHQ�LW·V
D�PLVWDNH� /LNHZLVH� i DQG j UDQJH�RQO\�RYHU�LQWHJHUV�
7KH� VLPSOHVW A H[SUHVVLRQ� LV� DQ� LQWHJHU� ZKLFK� FDQQRW�EH� VLPSOLILHG� IXUWKHU� VR� DQ

LQWHJHU�HYDOXDWHV�WR�LWVHOI�DV�VKRZQ�LQ�WKH�OHIWPRVW�UXOH� ,I�DQ�H[SUHVVLRQ e HYDOXDWHV�WR�DQ
LQWHJHU i� WKHQ 6XFF(e) HYDOXDWHV�WR i+ 1 DV�VKRZQ�LQ�WKH�VHFRQG�UXOH� 7KH�UHPDLQLQJ�UXOHV
DUH�VLPLODU�
7KH�SURRI�WKDW�DQ�H[SUHVVLRQ�HYDOXDWHV�WR�VRPH�LQWHJHU�FDQ�EH�JLYHQ�DV�D�SURRI�WUHH

XVLQJ�WKHVH�LQIHUHQFH�UXOHV� )RU�H[DPSOH� KHUH�LV�WKH�SURRI�WKDW 3OXV(4, 6XFF(2)) ⇓ 7�

4 ⇓ 4

2 ⇓ 2

6XFF(2) ⇓ 3

3OXV(4, 6XFF(2)) ⇓ 7

:KHQ�UHDGLQJ�WKHVH�LQIHUHQFH�UXOHV� LW·V�LPSRUWDQW�WR�QRWLFH�WKDW�WKH�ULJKW�KDQG�VLGH�RI
WKH�HYDOXDWLRQ�UHODWLRQ�LV�D�PDWKHPDWLFDO�H[SUHVVLRQ�WKDW�GHQRWHV�DQ�LQWHJHU� QRW�D�SLHFH�RI
V\QWD[� $V�WKH�SUHYLRXV�H[DPSOH�VKRZV� 3OXV(4, 6XFF(2)) HYDOXDWHV�WR 7� QRW�D�UHSUHVHQWDWLRQ
RI�WKH�H[SUHVVLRQ�´�������µ� ,I�LW�KHOSV�WR�VHH�WKLV� D�FRPSOHWHO\�HTXLYDOHQW�IRUPXODWLRQ
RI� IRU�H[DPSOH� WKH 3OXV UXOH�WKDW�VWUHVVHV�HYDOXDWLRQ�SURGXFHV�D�VLQJOH�LQWHJHU�LV�

e1 ⇓ i e2 ⇓ j k = i+ j

3OXV(e1, e2) ⇓ k

(YDOXDWLRQ�LV�GHILQHG�DV�D�UHODWLRQ� EXW�LW�LV�DFWXDOO\�D�VSHFLDO�FDVH�RI�D�UHODWLRQ� LW�LV�D
IXQFWLRQ� &DQ�\RX�FRQYLQFH�\RXUVHOI�RI�WKLV" 7KDW�LV� FDQ�\RX�SURYH�WKDW�LI e ⇓ i DQG e ⇓ j�
WKHQ i = j" $VVXPLQJ�\RX�FDQ� WKDW�PHDQV�ZH�FDQ�ZULWH�WKH ⇓ IXQFWLRQ�DV�D�IXQFWLRQ�LQ�D
SURJUDPPLQJ�ODQJXDJH�VXFK�DV�2&DPO� ,W�QDWXUDOO\�LV�D�UHFXUVLYH�IXQFWLRQ�RYHU�WKH�GDWD
W\SH�RI�V\QWD[�

H2i `2+ 2p�H U2 , �`Bi?V , BMi 4
K�i+? 2 rBi?

AMi B @= B
% S`2/ 2 @= U2p�H 2V @ R
% am++ 2 @= U2p�H 2V Y R
% SHmb U2R- 2kV @= U2p�H 2RV Y U2p�H 2kV
% JmHi U2R- 2kV @= U2p�H 2RV  U2p�H 2kV

7KH�HYDOXDWRU�FDQ�EH�XVHG�DV�D�FDOFXODWRU�IRU�DULWKPHWLF�H[SUHVVLRQV�

O 2p�H USHmb UAMi 9- am++ UAMi kVVVcc
@ , BMi 4 d

�

1RWH�RQ�QRWDWLRQ� 7R�EH�WUXO\�SHGDQWLF� ZH�VKRXOG�DGG�K\SRWKHVHV�WR�HDFK�RI�WKH�LQIHU�
HQFH�UXOHV�WKDW�VWDWH e ∈ A DQG i ∈ Z DQG�VR�RQ� 7KH�FRQYHQWLRQ�WKDW�\RX·OO�IUHTXHQWO\�VHH�
DQG�ZKLFK�LV�XVHG�LQ�WKHVH�QRWHV� LV�WKDW�FHUWDLQ�PHWD�YDULDEOHV�UDQJH�RQO\�RYHU�D�UHVWULFWHG
VHW�RI�YDOXHV� 6R�LI�\RX�VHH�WKH�PHWD�YDULDEOH�´eµ� \RX�FDQ�UHDVRQDEO\�UHDG�LW�DV e VXFK�WKDW
e ∈ A� ,I�\RX�VHH e EHLQJ�XVHG�DV�VRPHWKLQJ�WKDW�LV�QRW�DQ�DULWKPHWLF�H[SUHVVLRQ� WKHQ�LW·V
D�PLVWDNH� /LNHZLVH� i DQG j UDQJH�RQO\�RYHU�LQWHJHUV�
7KH� VLPSOHVW A H[SUHVVLRQ� LV� DQ� LQWHJHU� ZKLFK� FDQQRW�EH� VLPSOLILHG� IXUWKHU� VR� DQ

LQWHJHU�HYDOXDWHV�WR�LWVHOI�DV�VKRZQ�LQ�WKH�OHIWPRVW�UXOH� ,I�DQ�H[SUHVVLRQ e HYDOXDWHV�WR�DQ
LQWHJHU i� WKHQ 6XFF(e) HYDOXDWHV�WR i+ 1 DV�VKRZQ�LQ�WKH�VHFRQG�UXOH� 7KH�UHPDLQLQJ�UXOHV
DUH�VLPLODU�
7KH�SURRI�WKDW�DQ�H[SUHVVLRQ�HYDOXDWHV�WR�VRPH�LQWHJHU�FDQ�EH�JLYHQ�DV�D�SURRI�WUHH

XVLQJ�WKHVH�LQIHUHQFH�UXOHV� )RU�H[DPSOH� KHUH�LV�WKH�SURRI�WKDW 3OXV(4, 6XFF(2)) ⇓ 7�

4 ⇓ 4

2 ⇓ 2

6XFF(2) ⇓ 3

3OXV(4, 6XFF(2)) ⇓ 7

:KHQ�UHDGLQJ�WKHVH�LQIHUHQFH�UXOHV� LW·V�LPSRUWDQW�WR�QRWLFH�WKDW�WKH�ULJKW�KDQG�VLGH�RI
WKH�HYDOXDWLRQ�UHODWLRQ�LV�D�PDWKHPDWLFDO�H[SUHVVLRQ�WKDW�GHQRWHV�DQ�LQWHJHU� QRW�D�SLHFH�RI
V\QWD[� $V�WKH�SUHYLRXV�H[DPSOH�VKRZV� 3OXV(4, 6XFF(2)) HYDOXDWHV�WR 7� QRW�D�UHSUHVHQWDWLRQ
RI�WKH�H[SUHVVLRQ�´�������µ� ,I�LW�KHOSV�WR�VHH�WKLV� D�FRPSOHWHO\�HTXLYDOHQW�IRUPXODWLRQ
RI� IRU�H[DPSOH� WKH 3OXV UXOH�WKDW�VWUHVVHV�HYDOXDWLRQ�SURGXFHV�D�VLQJOH�LQWHJHU�LV�

e1 ⇓ i e2 ⇓ j k = i+ j

3OXV(e1, e2) ⇓ k

(YDOXDWLRQ�LV�GHILQHG�DV�D�UHODWLRQ� EXW�LW�LV�DFWXDOO\�D�VSHFLDO�FDVH�RI�D�UHODWLRQ� LW�LV�D
IXQFWLRQ� &DQ�\RX�FRQYLQFH�\RXUVHOI�RI�WKLV" 7KDW�LV� FDQ�\RX�SURYH�WKDW�LI e ⇓ i DQG e ⇓ j�
WKHQ i = j" $VVXPLQJ�\RX�FDQ� WKDW�PHDQV�ZH�FDQ�ZULWH�WKH ⇓ IXQFWLRQ�DV�D�IXQFWLRQ�LQ�D
SURJUDPPLQJ�ODQJXDJH�VXFK�DV�2&DPO� ,W�QDWXUDOO\�LV�D�UHFXUVLYH�IXQFWLRQ�RYHU�WKH�GDWD
W\SH�RI�V\QWD[�

H2i `2+ 2p�H U2 , �`Bi?V , BMi 4
K�i+? 2 rBi?

AMi B @= B
% S`2/ 2 @= U2p�H 2V @ R
% am++ 2 @= U2p�H 2V Y R
% SHmb U2R- 2kV @= U2p�H 2RV Y U2p�H 2kV
% JmHi U2R- 2kV @= U2p�H 2RV  U2p�H 2kV

7KH�HYDOXDWRU�FDQ�EH�XVHG�DV�D�FDOFXODWRU�IRU�DULWKPHWLF�H[SUHVVLRQV�

O 2p�H USHmb UAMi 9- am++ UAMi kVVVcc
@ , BMi 4 d

�



Evaluator semantics of

� ,QWURGXFWLRQ

6RIWZDUH�LV�DUJXDEO\�WKH�PRVW�FRPSOLFDWHG�DQG�YDULHG�NLQG�RI�DUWLIDFW�KXPDQV�SURGXFH�
3HRSOH�ZKR�PDNH�VRIWZDUH�DW�WKH�KLJKHVW�SURIHVVLRQDO�OHYHO�WKLQN�GHHSO\�DERXW�WKH�PHDQ�
LQJ�DQG�FRUUHFWQHVV�RI�WKH�SURJUDPV�WKH\�ZULWH� $ FRPPDQG�RI�VRIWZDUH�GHVLJQ�DW�WKLV
OHYHO�UHTXLUHV�GHYHORSLQJ�DQ�XQGHUVWDQGLQJ�RI�KRZ�ZH�JLYH�PHDQLQJ�WR�SKUDVHV�RI�D�SUR�
JUDPPLQJ�ODQJXDJH�DQG�KRZ�WR�EXLOG�DQDO\WLF�WRROV�IRU�SURYLQJ�SURSHUWLHV�RI�SURJUDPV�
7KLV�FRXUVH�FRYHUV�EDVLF�WKHRUHWLFDO�LGHDV�DQG�SUDFWLFDO�WHFKQLTXHV�IRU�PRGHOLQJ�DQG�DQ�

DO\]LQJ�SURJUDPPLQJ�ODQJXDJHV� DQG�OHYHUDJLQJ�WKRVH�WHFKQLTXHV�WR�PHFKDQLFDOO\�UHDVRQ
DERXW�SURJUDPV�

� 6\QWD[� 6HPDQWLFV� 	�0DFKLQHV�IRU�$ULWKPHWLF

��� 0RGHOOLQJ�6\QWD[�ZLWK�,QGXFWLYH�6HWV

7KH V\QWD[ RI�D�SURJUDPPLQJ�ODQJXDJH�LV�D�VHW�RI�UXOHV�IRU�WKH�DUUDQJHPHQW�RI�ZRUGV�DQG
SKUDVHV�WR�FUHDWH�ZHOO�IRUPHG�VHQWHQFHV�LQ�WKH�ODQJXDJH� ,Q�RWKHU�ZRUGV� LW�LV�WKH�JUDPPDU
RI�SURJUDPV� 6\QWD[�FRPHV�LQ�WZR�IRUPV� FRQFUHWH�V\QWD[ GHVFULEHV�WKH�ZD\�SURJUDPV�DFWX�
DOO\�ORRN�DW�WKH�OHYHO�RI�EUDFHV� VHPLFRORQV� ZKLWHVSDFH� HWF�� ZKLOH DEVWUDFW�V\QWD[ GHVFULEHV
WKH�VWUXFWXUH�RI�SURJUDPV�ZLWKRXW�ZRUU\LQJ�RYHU�WKH�VXSHUILFLDO�GHWDLOV�RI�FRQFUHWH�V\Q�
WD[� &RQFUHWH�V\QWD[� ZKLOH�WKH�VWXII�RI�IUHQ]LHG�IHUYRU� LV�DFWXDOO\�QRW�DOO�WKDW�VLJQLILFDQW
IRU�IRUPDOO\�UHDVRQLQJ�DERXW�SURJUDPPLQJ�ODQJXDJHV�VR�ZH�IRFXV�H[FOXVLYHO\�RQ�DEVWUDFW
V\QWD[�
3URJUDPV�JHQHUDOO\�KDYH�D�WUHH�OLNH�VWUXFWXUH�RI�QHVWLQJ�SKUDVHV�DQG�H[SUHVVLRQV� VR

GHILQLQJ�WKH�DEVWUDFW�V\QWD[�RI�D�ODQJXDJH�LV�QR�PRUH�FRPSOLFDWHG�WKDQ�GHILQLQJ�DQ�LQGXF�
WLYH�VHW� $V�D�FDVH�VWXG\� OHW·V�ORRN�DW�D�YHU\�VLPSOH�SURJUDPPLQJ�ODQJXDJH� WKH�ODQJXDJH
RI�DULWKPHWLF�H[SUHVVLRQV� 7R�NHHS�WKLQJV�DV�VLPSOH�DV�SRVVLEOH� WKH�ODQJXDJH�ZLOO�LQFOXGH
LQWHJHUV� D�FRXSOH�ELQDU\�RSHUDWRUV�OLNH�PXOWLSOLFDWLRQ�DQG�DGGLWLRQ� D�XQDU\�RSHUDWRU�IRU
VXFFHVVRU�DQG�SUHGHFHVVRU�
+HUH�LV�DQ�LQGXFWLYH�PDWKHPDWLFDO�GHILQLWLRQ�RI�WKH�VHW A� ,W�LV�WKH�VPDOOHVW�VHW�VDWLV�

I\LQJ�WKH�IROORZLQJ�FRQVWUDLQWV�

i ∈ Z ⇒ i ∈ A ���
e ∈ A ⇒ 3UHG(e) ∈ A ���
e ∈ A ⇒ 6XFF(e) ∈ A ���

e1 ∈ A ∧ e2 ∈ A ⇒ 3OXV(e1, e2) ∈ A ���
e1 ∈ A ∧ e2 ∈ A ⇒ 0XOW(e1, e2) ∈ A ���

/LNH�DQ\�LQGXFWLYH�GHILQLWLRQ� WKLV�FDQ�EH�YLHZHG�VLPXOWDQHRXVO\�DV�D�UHFLSH�IRU FRQ�
VWUXFWLQJPHPEHUV�RI�WKH�VHW A DQG�DV�D�SURFHGXUH�IRU FKHFNLQJ LI�D�YDOXH�LV�D�PHPEHU�RI�WKH
VHW A�
,QWHUSUHWHG�DV�D�UHFLSH� \RX�FDQ�VHH�WKDW�HYHU\�LQWHJHU�LV�DQ A SURJUDP� VR 5 LV�DQ A

SURJUDP�E\����� 6LQFH 5 LV�DQ A SURJUDP� 3UHG(5) LV�DQ A SURJUDP�E\����� $QG�WKHUHIRUH
�

,W·V�HDV\�WR�H[SUHVV�DQ\�%1) JUDPPDU�DV�DQ�LQGXFWLYHO\�GHILQHG�VHW� ZKLFK�LQ�WXUQ�LV
HDV\�WR�H[SUHVV�DV�D�VHW�RI�LQIHUHQFH�UXOHV� %XW�QRW�DOO�LQGXFWLYH�GHILQLWLRQV�RU�LQIHUHQFH
UXOHV�FDQ�EH�H[SUHVVHG�DV�JUDPPDUV� &RQVHTXHQWO\� V\QWD[�LV�RIWHQ�GHILQHG�XVLQJ�%1)�
ZKLOH�PRUH�VRSKLVWLFDWHG�UHODWLRQV�DUH�GHILQHG�XVLQJ�LQIHUHQFH�UXOHV�

��� 0RGHOOLQJ�6\QWD[�ZLWK�'DWD

0RGHOOLQJ�SURJUDPV�ZLWK�PDWKHPDWLFV�LV�D�SRZHUIXO� LGHD�WKDW�SUHGDWHV�FRPSXWHUV� EXW
LW·V�DUJXDEO\�PRUH�XVHIXO�WR�PRGHO�SURJUDPV�ZLWK�SURJUDPV� ,Q�RWKHU�ZRUGV� ZH�FDQ�ZULWH
SURJUDPV�WKDW�RSHUDWH�RYHU�GDWD�UHSUHVHQWDWLRQV�RI�SURJUDPV� )URP�WKLV�SHUVSHFWLYH� WKH
DEVWUDFW�V\QWD[�RI�D�SURJUDPPLQJ�ODQJXDJH�LV�MXVW�DQ�LQGXFWLYH�GDWD�W\SH�GHILQLWLRQ�
+HUH� LV� WKH�GDWD� W\SH�GHILQLWLRQ� IRU A WKDW�FRUUHVSRQGV� WR� WKH�HDUOLHU�PDWKHPDWLFDO

GHILQLWLRQ�� ZULWWHQ�LQ�WKH�2&DPO�ODQJXDJH�

ivT2 �`Bi? 4 AMi Q7 BMi
% S`2/ Q7 �`Bi?
% am++ Q7 �`Bi?
% SHmb Q7 �`Bi?  �`Bi?
% JmHi Q7 �`Bi?  �`Bi?

7KH�RQO\�GLIIHUHQFH� ZKLFK�LV�LQFRQVHTXHQWLDO� LV�WKDW�2&DPO� XQOLNH�PDWK� UHTXLUHV�XQLRQV
WR�EH�IRUPHG�E\�GLVMRLQW�W\SHV� VR�LQWHJHUV�PXVW�EH�´WDJJHGµ�ZLWK�WKH AMi FRQVWUXFWRU�WR
PDNH�WKHP�GLVWLQFW�IURP�LQWHJHUV�
:H�FDQ�UHO\�RQ�WKH�W\SH�V\VWHP�RI�2&DPO�WR�YHULI\�ZKHQ�D�YDOXH�LV�D�PHPEHU�RI�WKH A

VHW�

O SHmb UAMi 9- am++ UAMi kVVcc
@ , �`Bi? 4 SHmb UAMi 9- am++ UAMi kVV

��� 1DWXUDO�6HPDQWLFV

3HUKDSV�WKH�VLPSOHVW�VHPDQWLFV�ZH�FDQ�JLYH�DULWKPHWLF�H[SUHVVLRQV�LV�WR�GHILQH�D�UHODWLRQ
EHWZHHQ�DQ�H[SUHVVLRQ�DQG�WKH�LQWHJHU�YDOXH�LW�VLPSOLILHV�WR�DFFRUGLQJ�WR�WKH�XVXDO�UXOHV
RI�DULWKPHWLF�
7R�GR�WKLV� ZH�GHILQH�D�ELQDU\�UHODWLRQ ⇓ ⊆ A × Z� :KHQ�DQ�H[SUHVVLRQ e LV�UHODWHG�WR

DQ�LQWHJHU i� LW�PHDQV e HYDOXDWHV WR i� )ROORZLQJ�WKH�XVXDO�FRQYHQWLRQ� ZH�ZULWH e ⇓ i WR
PHDQ (e, i) ∈ ⇓ �LW·V�PXFK�HDVLHU�WR�UHDG 3 < 4 LQVWHDG�RI (3, 4) ∈ <� ULJKW"��
-XVW�DV�ZH�GHILQHG� WKH�VHW�RI A SURJUDPV� LQGXFWLYHO\� ZH�FDQ�GHILQH� WKH�HYDOXDWLRQ

UHODWLRQ ⇓ LQGXFWLYHO\�DV�ZHOO�

i ⇓ i

e ⇓ i

3UHG(e) ⇓ i− 1

e ⇓ i

6XFF(e) ⇓ i+ 1

e1 ⇓ i e2 ⇓ j

3OXV(e1, e2) ⇓ i+ j

e1 ⇓ i e2 ⇓ j

0XOW(e1, e2) ⇓ i · j
�$OUHDG\�D�OLH�KDV�FUHSW�LQ� 2&DPO·V BMi LV�QRW�WKH�VDPH�DV Z� :H·UH�JRLQJ�WR�LJQRUH�WKLV�GLVFUHSDQF\�IRU

WKH�WLPH�EHLQJ� 7KH�SUREOHP�FRXOG�EH�UHVROYHG�E\�XVLQJ�D�ELJ�LQWHJHU�OLEUDU\� DW�WKH�FRVW�RI�VRPH�QRWDWLRQDO
RYHUKHDG�LQ�RXU�H[DPSOHV�

�

1RWH�RQ�QRWDWLRQ� 7R�EH�WUXO\�SHGDQWLF� ZH�VKRXOG�DGG�K\SRWKHVHV�WR�HDFK�RI�WKH�LQIHU�
HQFH�UXOHV�WKDW�VWDWH e ∈ A DQG i ∈ Z DQG�VR�RQ� 7KH�FRQYHQWLRQ�WKDW�\RX·OO�IUHTXHQWO\�VHH�
DQG�ZKLFK�LV�XVHG�LQ�WKHVH�QRWHV� LV�WKDW�FHUWDLQ�PHWD�YDULDEOHV�UDQJH�RQO\�RYHU�D�UHVWULFWHG
VHW�RI�YDOXHV� 6R�LI�\RX�VHH�WKH�PHWD�YDULDEOH�´eµ� \RX�FDQ�UHDVRQDEO\�UHDG�LW�DV e VXFK�WKDW
e ∈ A� ,I�\RX�VHH e EHLQJ�XVHG�DV�VRPHWKLQJ�WKDW�LV�QRW�DQ�DULWKPHWLF�H[SUHVVLRQ� WKHQ�LW·V
D�PLVWDNH� /LNHZLVH� i DQG j UDQJH�RQO\�RYHU�LQWHJHUV�
7KH� VLPSOHVW A H[SUHVVLRQ� LV� DQ� LQWHJHU� ZKLFK� FDQQRW�EH� VLPSOLILHG� IXUWKHU� VR� DQ

LQWHJHU�HYDOXDWHV�WR�LWVHOI�DV�VKRZQ�LQ�WKH�OHIWPRVW�UXOH� ,I�DQ�H[SUHVVLRQ e HYDOXDWHV�WR�DQ
LQWHJHU i� WKHQ 6XFF(e) HYDOXDWHV�WR i+ 1 DV�VKRZQ�LQ�WKH�VHFRQG�UXOH� 7KH�UHPDLQLQJ�UXOHV
DUH�VLPLODU�
7KH�SURRI�WKDW�DQ�H[SUHVVLRQ�HYDOXDWHV�WR�VRPH�LQWHJHU�FDQ�EH�JLYHQ�DV�D�SURRI�WUHH

XVLQJ�WKHVH�LQIHUHQFH�UXOHV� )RU�H[DPSOH� KHUH�LV�WKH�SURRI�WKDW 3OXV(4, 6XFF(2)) ⇓ 7�

4 ⇓ 4

2 ⇓ 2

6XFF(2) ⇓ 3

3OXV(4, 6XFF(2)) ⇓ 7

:KHQ�UHDGLQJ�WKHVH�LQIHUHQFH�UXOHV� LW·V�LPSRUWDQW�WR�QRWLFH�WKDW�WKH�ULJKW�KDQG�VLGH�RI
WKH�HYDOXDWLRQ�UHODWLRQ�LV�D�PDWKHPDWLFDO�H[SUHVVLRQ�WKDW�GHQRWHV�DQ�LQWHJHU� QRW�D�SLHFH�RI
V\QWD[� $V�WKH�SUHYLRXV�H[DPSOH�VKRZV� 3OXV(4, 6XFF(2)) HYDOXDWHV�WR 7� QRW�D�UHSUHVHQWDWLRQ
RI�WKH�H[SUHVVLRQ�´�������µ� ,I�LW�KHOSV�WR�VHH�WKLV� D�FRPSOHWHO\�HTXLYDOHQW�IRUPXODWLRQ
RI� IRU�H[DPSOH� WKH 3OXV UXOH�WKDW�VWUHVVHV�HYDOXDWLRQ�SURGXFHV�D�VLQJOH�LQWHJHU�LV�

e1 ⇓ i e2 ⇓ j k = i+ j

3OXV(e1, e2) ⇓ k

(YDOXDWLRQ�LV�GHILQHG�DV�D�UHODWLRQ� EXW�LW�LV�DFWXDOO\�D�VSHFLDO�FDVH�RI�D�UHODWLRQ� LW�LV�D
IXQFWLRQ� &DQ�\RX�FRQYLQFH�\RXUVHOI�RI�WKLV" 7KDW�LV� FDQ�\RX�SURYH�WKDW�LI e ⇓ i DQG e ⇓ j�
WKHQ i = j" $VVXPLQJ�\RX�FDQ� WKDW�PHDQV�ZH�FDQ�ZULWH�WKH ⇓ IXQFWLRQ�DV�D�IXQFWLRQ�LQ�D
SURJUDPPLQJ�ODQJXDJH�VXFK�DV�2&DPO� ,W�QDWXUDOO\�LV�D�UHFXUVLYH�IXQFWLRQ�RYHU�WKH�GDWD
W\SH�RI�V\QWD[�

H2i `2+ 2p�H U2 , �`Bi?V , BMi 4
K�i+? 2 rBi?

AMi B @= B
% S`2/ 2 @= U2p�H 2V @ R
% am++ 2 @= U2p�H 2V Y R
% SHmb U2R- 2kV @= U2p�H 2RV Y U2p�H 2kV
% JmHi U2R- 2kV @= U2p�H 2RV  U2p�H 2kV

7KH�HYDOXDWRU�FDQ�EH�XVHG�DV�D�FDOFXODWRU�IRU�DULWKPHWLF�H[SUHVVLRQV�

O 2p�H USHmb UAMi 9- am++ UAMi kVVVcc
@ , BMi 4 d

�

,W·V�HDV\�WR�H[SUHVV�DQ\�%1) JUDPPDU�DV�DQ�LQGXFWLYHO\�GHILQHG�VHW� ZKLFK�LQ�WXUQ�LV
HDV\�WR�H[SUHVV�DV�D�VHW�RI�LQIHUHQFH�UXOHV� %XW�QRW�DOO�LQGXFWLYH�GHILQLWLRQV�RU�LQIHUHQFH
UXOHV�FDQ�EH�H[SUHVVHG�DV�JUDPPDUV� &RQVHTXHQWO\� V\QWD[�LV�RIWHQ�GHILQHG�XVLQJ�%1)�
ZKLOH�PRUH�VRSKLVWLFDWHG�UHODWLRQV�DUH�GHILQHG�XVLQJ�LQIHUHQFH�UXOHV�

��� 0RGHOOLQJ�6\QWD[�ZLWK�'DWD

0RGHOOLQJ�SURJUDPV�ZLWK�PDWKHPDWLFV�LV�D�SRZHUIXO� LGHD�WKDW�SUHGDWHV�FRPSXWHUV� EXW
LW·V�DUJXDEO\�PRUH�XVHIXO�WR�PRGHO�SURJUDPV�ZLWK�SURJUDPV� ,Q�RWKHU�ZRUGV� ZH�FDQ�ZULWH
SURJUDPV�WKDW�RSHUDWH�RYHU�GDWD�UHSUHVHQWDWLRQV�RI�SURJUDPV� )URP�WKLV�SHUVSHFWLYH� WKH
DEVWUDFW�V\QWD[�RI�D�SURJUDPPLQJ�ODQJXDJH�LV�MXVW�DQ�LQGXFWLYH�GDWD�W\SH�GHILQLWLRQ�
+HUH� LV� WKH�GDWD� W\SH�GHILQLWLRQ� IRU A WKDW�FRUUHVSRQGV� WR� WKH�HDUOLHU�PDWKHPDWLFDO

GHILQLWLRQ�� ZULWWHQ�LQ�WKH�2&DPO�ODQJXDJH�

ivT2 �`Bi? 4 AMi Q7 BMi
% S`2/ Q7 �`Bi?
% am++ Q7 �`Bi?
% SHmb Q7 �`Bi?  �`Bi?
% JmHi Q7 �`Bi?  �`Bi?

7KH�RQO\�GLIIHUHQFH� ZKLFK�LV�LQFRQVHTXHQWLDO� LV�WKDW�2&DPO� XQOLNH�PDWK� UHTXLUHV�XQLRQV
WR�EH�IRUPHG�E\�GLVMRLQW�W\SHV� VR�LQWHJHUV�PXVW�EH�´WDJJHGµ�ZLWK�WKH AMi FRQVWUXFWRU�WR
PDNH�WKHP�GLVWLQFW�IURP�LQWHJHUV�
:H�FDQ�UHO\�RQ�WKH�W\SH�V\VWHP�RI�2&DPO�WR�YHULI\�ZKHQ�D�YDOXH�LV�D�PHPEHU�RI�WKH A

VHW�

O SHmb UAMi 9- am++ UAMi kVVcc
@ , �`Bi? 4 SHmb UAMi 9- am++ UAMi kVV

��� 1DWXUDO�6HPDQWLFV

3HUKDSV�WKH�VLPSOHVW�VHPDQWLFV�ZH�FDQ�JLYH�DULWKPHWLF�H[SUHVVLRQV�LV�WR�GHILQH�D�UHODWLRQ
EHWZHHQ�DQ�H[SUHVVLRQ�DQG�WKH�LQWHJHU�YDOXH�LW�VLPSOLILHV�WR�DFFRUGLQJ�WR�WKH�XVXDO�UXOHV
RI�DULWKPHWLF�
7R�GR�WKLV� ZH�GHILQH�D�ELQDU\�UHODWLRQ ⇓ ⊆ A × Z� :KHQ�DQ�H[SUHVVLRQ e LV�UHODWHG�WR

DQ�LQWHJHU i� LW�PHDQV e HYDOXDWHV WR i� )ROORZLQJ�WKH�XVXDO�FRQYHQWLRQ� ZH�ZULWH e ⇓ i WR
PHDQ (e, i) ∈ ⇓ �LW·V�PXFK�HDVLHU�WR�UHDG 3 < 4 LQVWHDG�RI (3, 4) ∈ <� ULJKW"��
-XVW�DV�ZH�GHILQHG� WKH�VHW�RI A SURJUDPV� LQGXFWLYHO\� ZH�FDQ�GHILQH� WKH�HYDOXDWLRQ

UHODWLRQ ⇓ LQGXFWLYHO\�DV�ZHOO�

i ⇓ i

e ⇓ i

3UHG(e) ⇓ i− 1

e ⇓ i

6XFF(e) ⇓ i+ 1

e1 ⇓ i e2 ⇓ j

3OXV(e1, e2) ⇓ i+ j

e1 ⇓ i e2 ⇓ j

0XOW(e1, e2) ⇓ i · j
�$OUHDG\�D�OLH�KDV�FUHSW�LQ� 2&DPO·V BMi LV�QRW�WKH�VDPH�DV Z� :H·UH�JRLQJ�WR�LJQRUH�WKLV�GLVFUHSDQF\�IRU

WKH�WLPH�EHLQJ� 7KH�SUREOHP�FRXOG�EH�UHVROYHG�E\�XVLQJ�D�ELJ�LQWHJHU�OLEUDU\� DW�WKH�FRVW�RI�VRPH�QRWDWLRQDO
RYHUKHDG�LQ�RXU�H[DPSOHV�

�

1RWH�RQ�QRWDWLRQ� 7R�EH�WUXO\�SHGDQWLF� ZH�VKRXOG�DGG�K\SRWKHVHV�WR�HDFK�RI�WKH�LQIHU�
HQFH�UXOHV�WKDW�VWDWH e ∈ A DQG i ∈ Z DQG�VR�RQ� 7KH�FRQYHQWLRQ�WKDW�\RX·OO�IUHTXHQWO\�VHH�
DQG�ZKLFK�LV�XVHG�LQ�WKHVH�QRWHV� LV�WKDW�FHUWDLQ�PHWD�YDULDEOHV�UDQJH�RQO\�RYHU�D�UHVWULFWHG
VHW�RI�YDOXHV� 6R�LI�\RX�VHH�WKH�PHWD�YDULDEOH�´eµ� \RX�FDQ�UHDVRQDEO\�UHDG�LW�DV e VXFK�WKDW
e ∈ A� ,I�\RX�VHH e EHLQJ�XVHG�DV�VRPHWKLQJ�WKDW�LV�QRW�DQ�DULWKPHWLF�H[SUHVVLRQ� WKHQ�LW·V
D�PLVWDNH� /LNHZLVH� i DQG j UDQJH�RQO\�RYHU�LQWHJHUV�
7KH� VLPSOHVW A H[SUHVVLRQ� LV� DQ� LQWHJHU� ZKLFK� FDQQRW�EH� VLPSOLILHG� IXUWKHU� VR� DQ

LQWHJHU�HYDOXDWHV�WR�LWVHOI�DV�VKRZQ�LQ�WKH�OHIWPRVW�UXOH� ,I�DQ�H[SUHVVLRQ e HYDOXDWHV�WR�DQ
LQWHJHU i� WKHQ 6XFF(e) HYDOXDWHV�WR i+ 1 DV�VKRZQ�LQ�WKH�VHFRQG�UXOH� 7KH�UHPDLQLQJ�UXOHV
DUH�VLPLODU�
7KH�SURRI�WKDW�DQ�H[SUHVVLRQ�HYDOXDWHV�WR�VRPH�LQWHJHU�FDQ�EH�JLYHQ�DV�D�SURRI�WUHH

XVLQJ�WKHVH�LQIHUHQFH�UXOHV� )RU�H[DPSOH� KHUH�LV�WKH�SURRI�WKDW 3OXV(4, 6XFF(2)) ⇓ 7�

4 ⇓ 4

2 ⇓ 2

6XFF(2) ⇓ 3

3OXV(4, 6XFF(2)) ⇓ 7

:KHQ�UHDGLQJ�WKHVH�LQIHUHQFH�UXOHV� LW·V�LPSRUWDQW�WR�QRWLFH�WKDW�WKH�ULJKW�KDQG�VLGH�RI
WKH�HYDOXDWLRQ�UHODWLRQ�LV�D�PDWKHPDWLFDO�H[SUHVVLRQ�WKDW�GHQRWHV�DQ�LQWHJHU� QRW�D�SLHFH�RI
V\QWD[� $V�WKH�SUHYLRXV�H[DPSOH�VKRZV� 3OXV(4, 6XFF(2)) HYDOXDWHV�WR 7� QRW�D�UHSUHVHQWDWLRQ
RI�WKH�H[SUHVVLRQ�´�������µ� ,I�LW�KHOSV�WR�VHH�WKLV� D�FRPSOHWHO\�HTXLYDOHQW�IRUPXODWLRQ
RI� IRU�H[DPSOH� WKH 3OXV UXOH�WKDW�VWUHVVHV�HYDOXDWLRQ�SURGXFHV�D�VLQJOH�LQWHJHU�LV�

e1 ⇓ i e2 ⇓ j k = i+ j

3OXV(e1, e2) ⇓ k

(YDOXDWLRQ�LV�GHILQHG�DV�D�UHODWLRQ� EXW�LW�LV�DFWXDOO\�D�VSHFLDO�FDVH�RI�D�UHODWLRQ� LW�LV�D
IXQFWLRQ� &DQ�\RX�FRQYLQFH�\RXUVHOI�RI�WKLV" 7KDW�LV� FDQ�\RX�SURYH�WKDW�LI e ⇓ i DQG e ⇓ j�
WKHQ i = j" $VVXPLQJ�\RX�FDQ� WKDW�PHDQV�ZH�FDQ�ZULWH�WKH ⇓ IXQFWLRQ�DV�D�IXQFWLRQ�LQ�D
SURJUDPPLQJ�ODQJXDJH�VXFK�DV�2&DPO� ,W�QDWXUDOO\�LV�D�UHFXUVLYH�IXQFWLRQ�RYHU�WKH�GDWD
W\SH�RI�V\QWD[�

H2i `2+ 2p�H U2 , �`Bi?V , BMi 4
K�i+? 2 rBi?

AMi B @= B
% S`2/ 2 @= U2p�H 2V @ R
% am++ 2 @= U2p�H 2V Y R
% SHmb U2R- 2kV @= U2p�H 2RV Y U2p�H 2kV
% JmHi U2R- 2kV @= U2p�H 2RV  U2p�H 2kV

7KH�HYDOXDWRU�FDQ�EH�XVHG�DV�D�FDOFXODWRU�IRU�DULWKPHWLF�H[SUHVVLRQV�

O 2p�H USHmb UAMi 9- am++ UAMi kVVVcc
@ , BMi 4 d

�



SOS semantics of

� ,QWURGXFWLRQ

6RIWZDUH�LV�DUJXDEO\�WKH�PRVW�FRPSOLFDWHG�DQG�YDULHG�NLQG�RI�DUWLIDFW�KXPDQV�SURGXFH�
3HRSOH�ZKR�PDNH�VRIWZDUH�DW�WKH�KLJKHVW�SURIHVVLRQDO�OHYHO�WKLQN�GHHSO\�DERXW�WKH�PHDQ�
LQJ�DQG�FRUUHFWQHVV�RI�WKH�SURJUDPV�WKH\�ZULWH� $ FRPPDQG�RI�VRIWZDUH�GHVLJQ�DW�WKLV
OHYHO�UHTXLUHV�GHYHORSLQJ�DQ�XQGHUVWDQGLQJ�RI�KRZ�ZH�JLYH�PHDQLQJ�WR�SKUDVHV�RI�D�SUR�
JUDPPLQJ�ODQJXDJH�DQG�KRZ�WR�EXLOG�DQDO\WLF�WRROV�IRU�SURYLQJ�SURSHUWLHV�RI�SURJUDPV�
7KLV�FRXUVH�FRYHUV�EDVLF�WKHRUHWLFDO�LGHDV�DQG�SUDFWLFDO�WHFKQLTXHV�IRU�PRGHOLQJ�DQG�DQ�

DO\]LQJ�SURJUDPPLQJ�ODQJXDJHV� DQG�OHYHUDJLQJ�WKRVH�WHFKQLTXHV�WR�PHFKDQLFDOO\�UHDVRQ
DERXW�SURJUDPV�

� 6\QWD[� 6HPDQWLFV� 	�0DFKLQHV�IRU�$ULWKPHWLF

��� 0RGHOOLQJ�6\QWD[�ZLWK�,QGXFWLYH�6HWV

7KH V\QWD[ RI�D�SURJUDPPLQJ�ODQJXDJH�LV�D�VHW�RI�UXOHV�IRU�WKH�DUUDQJHPHQW�RI�ZRUGV�DQG
SKUDVHV�WR�FUHDWH�ZHOO�IRUPHG�VHQWHQFHV�LQ�WKH�ODQJXDJH� ,Q�RWKHU�ZRUGV� LW�LV�WKH�JUDPPDU
RI�SURJUDPV� 6\QWD[�FRPHV�LQ�WZR�IRUPV� FRQFUHWH�V\QWD[ GHVFULEHV�WKH�ZD\�SURJUDPV�DFWX�
DOO\�ORRN�DW�WKH�OHYHO�RI�EUDFHV� VHPLFRORQV� ZKLWHVSDFH� HWF�� ZKLOH DEVWUDFW�V\QWD[ GHVFULEHV
WKH�VWUXFWXUH�RI�SURJUDPV�ZLWKRXW�ZRUU\LQJ�RYHU�WKH�VXSHUILFLDO�GHWDLOV�RI�FRQFUHWH�V\Q�
WD[� &RQFUHWH�V\QWD[� ZKLOH�WKH�VWXII�RI�IUHQ]LHG�IHUYRU� LV�DFWXDOO\�QRW�DOO�WKDW�VLJQLILFDQW
IRU�IRUPDOO\�UHDVRQLQJ�DERXW�SURJUDPPLQJ�ODQJXDJHV�VR�ZH�IRFXV�H[FOXVLYHO\�RQ�DEVWUDFW
V\QWD[�
3URJUDPV�JHQHUDOO\�KDYH�D�WUHH�OLNH�VWUXFWXUH�RI�QHVWLQJ�SKUDVHV�DQG�H[SUHVVLRQV� VR

GHILQLQJ�WKH�DEVWUDFW�V\QWD[�RI�D�ODQJXDJH�LV�QR�PRUH�FRPSOLFDWHG�WKDQ�GHILQLQJ�DQ�LQGXF�
WLYH�VHW� $V�D�FDVH�VWXG\� OHW·V�ORRN�DW�D�YHU\�VLPSOH�SURJUDPPLQJ�ODQJXDJH� WKH�ODQJXDJH
RI�DULWKPHWLF�H[SUHVVLRQV� 7R�NHHS�WKLQJV�DV�VLPSOH�DV�SRVVLEOH� WKH�ODQJXDJH�ZLOO�LQFOXGH
LQWHJHUV� D�FRXSOH�ELQDU\�RSHUDWRUV�OLNH�PXOWLSOLFDWLRQ�DQG�DGGLWLRQ� D�XQDU\�RSHUDWRU�IRU
VXFFHVVRU�DQG�SUHGHFHVVRU�
+HUH�LV�DQ�LQGXFWLYH�PDWKHPDWLFDO�GHILQLWLRQ�RI�WKH�VHW A� ,W�LV�WKH�VPDOOHVW�VHW�VDWLV�

I\LQJ�WKH�IROORZLQJ�FRQVWUDLQWV�

i ∈ Z ⇒ i ∈ A ���
e ∈ A ⇒ 3UHG(e) ∈ A ���
e ∈ A ⇒ 6XFF(e) ∈ A ���

e1 ∈ A ∧ e2 ∈ A ⇒ 3OXV(e1, e2) ∈ A ���
e1 ∈ A ∧ e2 ∈ A ⇒ 0XOW(e1, e2) ∈ A ���

/LNH�DQ\�LQGXFWLYH�GHILQLWLRQ� WKLV�FDQ�EH�YLHZHG�VLPXOWDQHRXVO\�DV�D�UHFLSH�IRU FRQ�
VWUXFWLQJPHPEHUV�RI�WKH�VHW A DQG�DV�D�SURFHGXUH�IRU FKHFNLQJ LI�D�YDOXH�LV�D�PHPEHU�RI�WKH
VHW A�
,QWHUSUHWHG�DV�D�UHFLSH� \RX�FDQ�VHH�WKDW�HYHU\�LQWHJHU�LV�DQ A SURJUDP� VR 5 LV�DQ A

SURJUDP�E\����� 6LQFH 5 LV�DQ A SURJUDP� 3UHG(5) LV�DQ A SURJUDP�E\����� $QG�WKHUHIRUH
�

,W·V�HDV\�WR�H[SUHVV�DQ\�%1) JUDPPDU�DV�DQ�LQGXFWLYHO\�GHILQHG�VHW� ZKLFK�LQ�WXUQ�LV
HDV\�WR�H[SUHVV�DV�D�VHW�RI�LQIHUHQFH�UXOHV� %XW�QRW�DOO�LQGXFWLYH�GHILQLWLRQV�RU�LQIHUHQFH
UXOHV�FDQ�EH�H[SUHVVHG�DV�JUDPPDUV� &RQVHTXHQWO\� V\QWD[�LV�RIWHQ�GHILQHG�XVLQJ�%1)�
ZKLOH�PRUH�VRSKLVWLFDWHG�UHODWLRQV�DUH�GHILQHG�XVLQJ�LQIHUHQFH�UXOHV�

��� 0RGHOOLQJ�6\QWD[�ZLWK�'DWD

0RGHOOLQJ�SURJUDPV�ZLWK�PDWKHPDWLFV�LV�D�SRZHUIXO� LGHD�WKDW�SUHGDWHV�FRPSXWHUV� EXW
LW·V�DUJXDEO\�PRUH�XVHIXO�WR�PRGHO�SURJUDPV�ZLWK�SURJUDPV� ,Q�RWKHU�ZRUGV� ZH�FDQ�ZULWH
SURJUDPV�WKDW�RSHUDWH�RYHU�GDWD�UHSUHVHQWDWLRQV�RI�SURJUDPV� )URP�WKLV�SHUVSHFWLYH� WKH
DEVWUDFW�V\QWD[�RI�D�SURJUDPPLQJ�ODQJXDJH�LV�MXVW�DQ�LQGXFWLYH�GDWD�W\SH�GHILQLWLRQ�
+HUH� LV� WKH�GDWD� W\SH�GHILQLWLRQ� IRU A WKDW�FRUUHVSRQGV� WR� WKH�HDUOLHU�PDWKHPDWLFDO

GHILQLWLRQ�� ZULWWHQ�LQ�WKH�2&DPO�ODQJXDJH�

ivT2 �`Bi? 4 AMi Q7 BMi
% S`2/ Q7 �`Bi?
% am++ Q7 �`Bi?
% SHmb Q7 �`Bi?  �`Bi?
% JmHi Q7 �`Bi?  �`Bi?

7KH�RQO\�GLIIHUHQFH� ZKLFK�LV�LQFRQVHTXHQWLDO� LV�WKDW�2&DPO� XQOLNH�PDWK� UHTXLUHV�XQLRQV
WR�EH�IRUPHG�E\�GLVMRLQW�W\SHV� VR�LQWHJHUV�PXVW�EH�´WDJJHGµ�ZLWK�WKH AMi FRQVWUXFWRU�WR
PDNH�WKHP�GLVWLQFW�IURP�LQWHJHUV�
:H�FDQ�UHO\�RQ�WKH�W\SH�V\VWHP�RI�2&DPO�WR�YHULI\�ZKHQ�D�YDOXH�LV�D�PHPEHU�RI�WKH A

VHW�

O SHmb UAMi 9- am++ UAMi kVVcc
@ , �`Bi? 4 SHmb UAMi 9- am++ UAMi kVV

��� 1DWXUDO�6HPDQWLFV

3HUKDSV�WKH�VLPSOHVW�VHPDQWLFV�ZH�FDQ�JLYH�DULWKPHWLF�H[SUHVVLRQV�LV�WR�GHILQH�D�UHODWLRQ
EHWZHHQ�DQ�H[SUHVVLRQ�DQG�WKH�LQWHJHU�YDOXH�LW�VLPSOLILHV�WR�DFFRUGLQJ�WR�WKH�XVXDO�UXOHV
RI�DULWKPHWLF�
7R�GR�WKLV� ZH�GHILQH�D�ELQDU\�UHODWLRQ ⇓ ⊆ A × Z� :KHQ�DQ�H[SUHVVLRQ e LV�UHODWHG�WR

DQ�LQWHJHU i� LW�PHDQV e HYDOXDWHV WR i� )ROORZLQJ�WKH�XVXDO�FRQYHQWLRQ� ZH�ZULWH e ⇓ i WR
PHDQ (e, i) ∈ ⇓ �LW·V�PXFK�HDVLHU�WR�UHDG 3 < 4 LQVWHDG�RI (3, 4) ∈ <� ULJKW"��
-XVW�DV�ZH�GHILQHG� WKH�VHW�RI A SURJUDPV� LQGXFWLYHO\� ZH�FDQ�GHILQH� WKH�HYDOXDWLRQ

UHODWLRQ ⇓ LQGXFWLYHO\�DV�ZHOO�

i ⇓ i

e ⇓ i

3UHG(e) ⇓ i− 1

e ⇓ i

6XFF(e) ⇓ i+ 1

e1 ⇓ i e2 ⇓ j

3OXV(e1, e2) ⇓ i+ j

e1 ⇓ i e2 ⇓ j

0XOW(e1, e2) ⇓ i · j
�$OUHDG\�D�OLH�KDV�FUHSW�LQ� 2&DPO·V BMi LV�QRW�WKH�VDPH�DV Z� :H·UH�JRLQJ�WR�LJQRUH�WKLV�GLVFUHSDQF\�IRU

WKH�WLPH�EHLQJ� 7KH�SUREOHP�FRXOG�EH�UHVROYHG�E\�XVLQJ�D�ELJ�LQWHJHU�OLEUDU\� DW�WKH�FRVW�RI�VRPH�QRWDWLRQDO
RYHUKHDG�LQ�RXU�H[DPSOHV�

�

e D e′

e → e′
e → e′

3UHG(e) → 3UHG(e′)
e → e′

6XFF(e) → 6XFF(e′)
e1 → e′1

3OXV(e1, e2) → 3OXV(e′1, e2)

e2 → e′2
3OXV(e1, e2) → 3OXV(e1, e′2)

e1 → e′1
0XOW(e1, e2) → 0XOW(e′1, e2)

e2 → e′2
0XOW(e1, e2) → 0XOW(e1, e′2)

8VLQJ →� ZH�FDQ�VHH�WKDW 3OXV(4, 6XFF(2)) → 3OXV(4, 3) DQG 3OXV(4, 3) → 7� (YDOXDWLRQ�RI�D
SURJUDP�FDQ�EH�YLHZHG�D�VHULHV�RI�UHODWHG�H[SUHVVLRQV�DUULYLQJ�DW�D�ILQDO�DQVZHU�
,I�ZH·G�OLNH�WR�FDSWXUH�WKH�QRWLRQ�RI�´e VWHSV�WR e′ LQ�DQ\�QXPEHU�RI�VWHSV�µ ZH�FDQ

GHILQH�\HW�DQRWKHU�UHODWLRQ� →!
D ⊆ A × A� DV�WKH�UHIOH[LYH� WUDQVLWLYH�FORVXUH�RI →� 7KH

UHIOH[LYH�FORVXUH RI�D�UHODWLRQ U ⊆ X×X LV�D�UHODWLRQ U′ ⊆ X×X VXFK�WKDW x ∈ X ⇒ x U′ x
DQG x1 ∈ X ∧ x2 ∈ X ∧ x1 Ux2 ⇒ x1 U′ x2� ,Q�RWKHU�ZRUGV� WKH�UHIOH[LYH�FORVXUH�RI U UHODWHV
HYHU\�WKLQJ�LQ U SOXV�LW�UHODWHV�HYHU\WKLQJ�WR�LWVHOI� 7KH�UHIOH[LYH�FORVXUH�RI→ FDSWXUHV�WKH
QRWLRQ�RI�´VWHSV�LQ�]HUR�RU�RQH�VWHS�µ 7KH WUDQVLWLYH�FORVXUH RI�D�UHODWLRQ U ⊆ X ×X LV�D
UHODWLRQ U′ ⊆ X ×X VXFK�WKDW x1 Ux2 ⇒ x1 U′ x2 DQG x1 U′ x2 ∧ x2 U′ x3 ⇒ x1 U′ x3� ,Q�RWKHU
ZRUGV� WKH�WUDQVLWLYH�FORVXUH�RI U UHODWHV x1 WR x2 LI U GRHV� EXW�DOVR�LQFOXGHV�HYHU\WKLQJ x2
UHODWHV�WR� DQG�DQ\WKLQJ�UHODWHG�WR�WKDW� DQG�VR�RQ� 7KH�WUDQVLWLYH�FORVXUH�RI → FDSWXUHV
WKH�QRWLRQ�RI�´VWHSV�LQ�RQH�RU�PRUH�VWHSVµ� &RPSRVLQJ�WKHVH�FORVXUH�RSHUDWLRQV�JLYHV→!

D�
ZKLFK�LV�´VWHSV�LQ�]HUR�RU�PRUH�VWHSV�µ :ULWLQJ�LW�RXW�H[SOLFLWO\�UHVXOWV�LQ�WKH�IROORZLQJ�VHW
RI�LQIHUHQFH�UXOHV�

e → e′

e →!
D e

′ e →!
D e

e →!
D e

′ e′ →!
D e

′′

e →!
D e

′′

7KH�DERYH�VHPDQWLFV�DUH�D�´VPDOO�VWHSµ�RU�´UHGXFWLRQµ�VHPDQWLFV� 8QOLNH�WKH�QDWXUDO
VHPDQWLFV� WKH�UHGXFWLRQ�VHPDQWLFV�DFFRXQWV�IRU�HDFK�VWHS�RI�D�FRPSXWDWLRQ� $OWKRXJK
LW·V�LPPDWHULDO�IRU�WKH A ODQJXDJH� WKH�VPDOO�VWHS�DSSURDFK�KDV�VRPH�DGYDQWDJHV�RYHU�ELJ�
VWHS��DV�ZH�VKRXOG�H[SHFW�FRQVLGHULQJ�LW�LV�FRQVLGHUDEO\�PRUH�LQYROYHG�� RQH�RI�WKH�PRVW
LPSRUWDQW�DGYDQWDJHV�FRPHV�LQWR�SOD\�ZKHQ�WKH�REMHFW�ODQJXDJH�LV�VXIILFLHQWO\�SRZHUIXO
WR�LQFOXGH�QRQ�WHUPLQDWLQJ�FRPSXWDWLRQV� 6LQFH�WKH�QDWXUDO�VHPDQWLFV�LV�FRQFHUQHG�RQO\
ZLWK�ILQDO�DQVZHUV� LW�GRHVQ·W�VD\�PXFK�DERXW�QRQ�WHUPLQDWLQJ�SURJUDPV� ZKLOH�UHGXFWLRQ
VHPDQWLFV�FDQ�VWLOO�EH�XVHG�WR�UHDVRQ�DERXW�WKH��LQILQLWH��VWHSV�RI�VXFK�D�FRPSXWDWLRQ�
2QH�LPSRUWDQW�REVHUYDWLRQ�WR�PDNH�LV�WKDW�DOWKRXJK�ZH·YH�FRQVWUXFWHG�DQ�DOWHUQDWLYH

VHPDQWLFV� ZH�FDQ�IRUPDOO\�UHODWH�WKHVH�WZR�VHPDQWLFV� ,Q�SDUWLFXODU� ZH�FDQ�UHFRYHU�D�ELJ�
VWHS�HYDOXDWLRQ�UHODWLRQ�IURP�WKH�UHGXFWLRQ�VHPDQWLFV� &RQVLGHU�WKH�IROORZLQJ�UHODWLRQ
↓ ⊆ A× Z�

e →!
D i

e ↓ i

ZKLFK� LV�D�VXEVHW�RI →!
D� UHVWULFWHG�WR�WKH�FDVH�RI� WKH�ULJKW�KDQG�VLGH�EHLQJ�DQ� LQWHJHU�

7KLV�UHODWLRQ�HIIHFWLYHO\�IRUJHWV�DQ\�LQWHUPHGLDWH�WHUPV�LQ�D�FRPSXWDWLRQ�DQG�MXVW�UHODWHV
H[SUHVVLRQV�WR�WKHLU�LUUHGXFLEOH�YDOXHV� 7KLV�UHODWLRQ� DOWKRXJK�GHILQHG�GLIIHUHQWO\� LV�WKH
VDPH�UHODWLRQ�DV ⇓� 6HHQ�WKLV�ZD\� LW�LV�DFFXUDWH�WR�VD\�QDWXUDO�VHPDQWLFV�DUH�DQ DEVWUDFWLRQ
RI�UHGXFWLRQ�VHPDQWLFV� DQG�UHGXFWLRQ�VHPDQWLFV�DUH�D UHILQHPHQW RI�QDWXUDO�VHPDQWLFV�

�

e D e′

e → e′
e → e′

3UHG(e) → 3UHG(e′)
e → e′

6XFF(e) → 6XFF(e′)
e1 → e′1

3OXV(e1, e2) → 3OXV(e′1, e2)

e2 → e′2
3OXV(e1, e2) → 3OXV(e1, e′2)

e1 → e′1
0XOW(e1, e2) → 0XOW(e′1, e2)

e2 → e′2
0XOW(e1, e2) → 0XOW(e1, e′2)

8VLQJ →� ZH�FDQ�VHH�WKDW 3OXV(4, 6XFF(2)) → 3OXV(4, 3) DQG 3OXV(4, 3) → 7� (YDOXDWLRQ�RI�D
SURJUDP�FDQ�EH�YLHZHG�D�VHULHV�RI�UHODWHG�H[SUHVVLRQV�DUULYLQJ�DW�D�ILQDO�DQVZHU�
,I�ZH·G�OLNH�WR�FDSWXUH�WKH�QRWLRQ�RI�´e VWHSV�WR e′ LQ�DQ\�QXPEHU�RI�VWHSV�µ ZH�FDQ

GHILQH�\HW�DQRWKHU�UHODWLRQ� →!
D ⊆ A × A� DV�WKH�UHIOH[LYH� WUDQVLWLYH�FORVXUH�RI →� 7KH

UHIOH[LYH�FORVXUH RI�D�UHODWLRQ U ⊆ X×X LV�D�UHODWLRQ U′ ⊆ X×X VXFK�WKDW x ∈ X ⇒ x U′ x
DQG x1 ∈ X ∧ x2 ∈ X ∧ x1 Ux2 ⇒ x1 U′ x2� ,Q�RWKHU�ZRUGV� WKH�UHIOH[LYH�FORVXUH�RI U UHODWHV
HYHU\�WKLQJ�LQ U SOXV�LW�UHODWHV�HYHU\WKLQJ�WR�LWVHOI� 7KH�UHIOH[LYH�FORVXUH�RI→ FDSWXUHV�WKH
QRWLRQ�RI�´VWHSV�LQ�]HUR�RU�RQH�VWHS�µ 7KH WUDQVLWLYH�FORVXUH RI�D�UHODWLRQ U ⊆ X ×X LV�D
UHODWLRQ U′ ⊆ X ×X VXFK�WKDW x1 Ux2 ⇒ x1 U′ x2 DQG x1 U′ x2 ∧ x2 U′ x3 ⇒ x1 U′ x3� ,Q�RWKHU
ZRUGV� WKH�WUDQVLWLYH�FORVXUH�RI U UHODWHV x1 WR x2 LI U GRHV� EXW�DOVR�LQFOXGHV�HYHU\WKLQJ x2
UHODWHV�WR� DQG�DQ\WKLQJ�UHODWHG�WR�WKDW� DQG�VR�RQ� 7KH�WUDQVLWLYH�FORVXUH�RI → FDSWXUHV
WKH�QRWLRQ�RI�´VWHSV�LQ�RQH�RU�PRUH�VWHSVµ� &RPSRVLQJ�WKHVH�FORVXUH�RSHUDWLRQV�JLYHV→!

D�
ZKLFK�LV�´VWHSV�LQ�]HUR�RU�PRUH�VWHSV�µ :ULWLQJ�LW�RXW�H[SOLFLWO\�UHVXOWV�LQ�WKH�IROORZLQJ�VHW
RI�LQIHUHQFH�UXOHV�

e → e′

e →!
D e

′ e →!
D e

e →!
D e

′ e′ →!
D e

′′

e →!
D e

′′

7KH�DERYH�VHPDQWLFV�DUH�D�´VPDOO�VWHSµ�RU�´UHGXFWLRQµ�VHPDQWLFV� 8QOLNH�WKH�QDWXUDO
VHPDQWLFV� WKH�UHGXFWLRQ�VHPDQWLFV�DFFRXQWV�IRU�HDFK�VWHS�RI�D�FRPSXWDWLRQ� $OWKRXJK
LW·V�LPPDWHULDO�IRU�WKH A ODQJXDJH� WKH�VPDOO�VWHS�DSSURDFK�KDV�VRPH�DGYDQWDJHV�RYHU�ELJ�
VWHS��DV�ZH�VKRXOG�H[SHFW�FRQVLGHULQJ�LW�LV�FRQVLGHUDEO\�PRUH�LQYROYHG�� RQH�RI�WKH�PRVW
LPSRUWDQW�DGYDQWDJHV�FRPHV�LQWR�SOD\�ZKHQ�WKH�REMHFW�ODQJXDJH�LV�VXIILFLHQWO\�SRZHUIXO
WR�LQFOXGH�QRQ�WHUPLQDWLQJ�FRPSXWDWLRQV� 6LQFH�WKH�QDWXUDO�VHPDQWLFV�LV�FRQFHUQHG�RQO\
ZLWK�ILQDO�DQVZHUV� LW�GRHVQ·W�VD\�PXFK�DERXW�QRQ�WHUPLQDWLQJ�SURJUDPV� ZKLOH�UHGXFWLRQ
VHPDQWLFV�FDQ�VWLOO�EH�XVHG�WR�UHDVRQ�DERXW�WKH��LQILQLWH��VWHSV�RI�VXFK�D�FRPSXWDWLRQ�
2QH�LPSRUWDQW�REVHUYDWLRQ�WR�PDNH�LV�WKDW�DOWKRXJK�ZH·YH�FRQVWUXFWHG�DQ�DOWHUQDWLYH

VHPDQWLFV� ZH�FDQ�IRUPDOO\�UHODWH�WKHVH�WZR�VHPDQWLFV� ,Q�SDUWLFXODU� ZH�FDQ�UHFRYHU�D�ELJ�
VWHS�HYDOXDWLRQ�UHODWLRQ�IURP�WKH�UHGXFWLRQ�VHPDQWLFV� &RQVLGHU�WKH�IROORZLQJ�UHODWLRQ
↓ ⊆ A× Z�

e →!
D i

e ↓ i

ZKLFK� LV�D�VXEVHW�RI →!
D� UHVWULFWHG�WR�WKH�FDVH�RI� WKH�ULJKW�KDQG�VLGH�EHLQJ�DQ� LQWHJHU�

7KLV�UHODWLRQ�HIIHFWLYHO\�IRUJHWV�DQ\�LQWHUPHGLDWH�WHUPV�LQ�D�FRPSXWDWLRQ�DQG�MXVW�UHODWHV
H[SUHVVLRQV�WR�WKHLU�LUUHGXFLEOH�YDOXHV� 7KLV�UHODWLRQ� DOWKRXJK�GHILQHG�GLIIHUHQWO\� LV�WKH
VDPH�UHODWLRQ�DV ⇓� 6HHQ�WKLV�ZD\� LW�LV�DFFXUDWH�WR�VD\�QDWXUDO�VHPDQWLFV�DUH�DQ DEVWUDFWLRQ
RI�UHGXFWLRQ�VHPDQWLFV� DQG�UHGXFWLRQ�VHPDQWLFV�DUH�D UHILQHPHQW RI�QDWXUDO�VHPDQWLFV�

�

each step has a proofeach step has a proof

� ,QWURGXFWLRQ

6RIWZDUH LV DUJXDEO\ WKH PRVW FRPSOLFDWHG DQG YDULHG NLQG RI DUWLIDFW KXPDQV SURGXFH�
3HRSOH ZKR PDNH VRIWZDUH DW WKH KLJKHVW SURIHVVLRQDO OHYHO WKLQN GHHSO\ DERXW WKH PHDQ�
LQJ DQG FRUUHFWQHVV RI WKH SURJUDPV WKH\ ZULWH� $ FRPPDQG RI VRIWZDUH GHVLJQ DW WKLV
OHYHO UHTXLUHV GHYHORSLQJ DQ XQGHUVWDQGLQJ RI KRZ ZH JLYH PHDQLQJ WR SKUDVHV RI D SUR�
JUDPPLQJ ODQJXDJH DQG KRZ WR EXLOG DQDO\WLF WRROV IRU SURYLQJ SURSHUWLHV RI SURJUDPV�
7KLV FRXUVH FRYHUV EDVLF WKHRUHWLFDO LGHDV DQG SUDFWLFDO WHFKQLTXHV IRU PRGHOLQJ DQG DQ�

DO\]LQJ SURJUDPPLQJ ODQJXDJHV� DQG OHYHUDJLQJ WKRVH WHFKQLTXHV WR PHFKDQLFDOO\ UHDVRQ
DERXW SURJUDPV�

� 6\QWD[� 6HPDQWLFV� 	 0DFKLQHV IRU $ULWKPHWLF

D ⊆ A×A → ⊆ A×A

6XFF(4) → 5

3OXV(6XFF(4),3UHG(3)) → 3OXV(5,3UHG(3))
3UHG(3) → 2

3OXV(6XFF(4),3UHG(3)) → 3OXV(6XFF(4), 2)

e = . . .
| 5DLVH(e)
| 7U\(e, x, e)

e = . . .
| &DOOFF(x, e) | +DOW(e)

E = . . .
| +DOW(E)

E [+DOW(v)] $−→ v E [&DOOFF(x, e)] $−→ e[)XQ(x′,+DOW(E [x′]))/x]

)UDPH F = . . .
| $SS(!, e) | $SS(v,!)

e (D ∪ β) e′

C[e] → C[e′]
e (D ∪ βY) e

′

C[e] →Y C[e′]

e (D ∪ β) e′

E [e] $−→ E [e′]
e (D ∪ βY) e

′

E [e] $−→Y E [e′]

&RQWH[W C = . . .
| )XQ(x, C)
| $SS(C, e) | $SS(e, C)�



SOS semantics of

� ,QWURGXFWLRQ

6RIWZDUH�LV�DUJXDEO\�WKH�PRVW�FRPSOLFDWHG�DQG�YDULHG�NLQG�RI�DUWLIDFW�KXPDQV�SURGXFH�
3HRSOH�ZKR�PDNH�VRIWZDUH�DW�WKH�KLJKHVW�SURIHVVLRQDO�OHYHO�WKLQN�GHHSO\�DERXW�WKH�PHDQ�
LQJ�DQG�FRUUHFWQHVV�RI�WKH�SURJUDPV�WKH\�ZULWH� $ FRPPDQG�RI�VRIWZDUH�GHVLJQ�DW�WKLV
OHYHO�UHTXLUHV�GHYHORSLQJ�DQ�XQGHUVWDQGLQJ�RI�KRZ�ZH�JLYH�PHDQLQJ�WR�SKUDVHV�RI�D�SUR�
JUDPPLQJ�ODQJXDJH�DQG�KRZ�WR�EXLOG�DQDO\WLF�WRROV�IRU�SURYLQJ�SURSHUWLHV�RI�SURJUDPV�
7KLV�FRXUVH�FRYHUV�EDVLF�WKHRUHWLFDO�LGHDV�DQG�SUDFWLFDO�WHFKQLTXHV�IRU�PRGHOLQJ�DQG�DQ�

DO\]LQJ�SURJUDPPLQJ�ODQJXDJHV� DQG�OHYHUDJLQJ�WKRVH�WHFKQLTXHV�WR�PHFKDQLFDOO\�UHDVRQ
DERXW�SURJUDPV�

� 6\QWD[� 6HPDQWLFV� 	�0DFKLQHV�IRU�$ULWKPHWLF

��� 0RGHOOLQJ�6\QWD[�ZLWK�,QGXFWLYH�6HWV

7KH V\QWD[ RI�D�SURJUDPPLQJ�ODQJXDJH�LV�D�VHW�RI�UXOHV�IRU�WKH�DUUDQJHPHQW�RI�ZRUGV�DQG
SKUDVHV�WR�FUHDWH�ZHOO�IRUPHG�VHQWHQFHV�LQ�WKH�ODQJXDJH� ,Q�RWKHU�ZRUGV� LW�LV�WKH�JUDPPDU
RI�SURJUDPV� 6\QWD[�FRPHV�LQ�WZR�IRUPV� FRQFUHWH�V\QWD[ GHVFULEHV�WKH�ZD\�SURJUDPV�DFWX�
DOO\�ORRN�DW�WKH�OHYHO�RI�EUDFHV� VHPLFRORQV� ZKLWHVSDFH� HWF�� ZKLOH DEVWUDFW�V\QWD[ GHVFULEHV
WKH�VWUXFWXUH�RI�SURJUDPV�ZLWKRXW�ZRUU\LQJ�RYHU�WKH�VXSHUILFLDO�GHWDLOV�RI�FRQFUHWH�V\Q�
WD[� &RQFUHWH�V\QWD[� ZKLOH�WKH�VWXII�RI�IUHQ]LHG�IHUYRU� LV�DFWXDOO\�QRW�DOO�WKDW�VLJQLILFDQW
IRU�IRUPDOO\�UHDVRQLQJ�DERXW�SURJUDPPLQJ�ODQJXDJHV�VR�ZH�IRFXV�H[FOXVLYHO\�RQ�DEVWUDFW
V\QWD[�
3URJUDPV�JHQHUDOO\�KDYH�D�WUHH�OLNH�VWUXFWXUH�RI�QHVWLQJ�SKUDVHV�DQG�H[SUHVVLRQV� VR

GHILQLQJ�WKH�DEVWUDFW�V\QWD[�RI�D�ODQJXDJH�LV�QR�PRUH�FRPSOLFDWHG�WKDQ�GHILQLQJ�DQ�LQGXF�
WLYH�VHW� $V�D�FDVH�VWXG\� OHW·V�ORRN�DW�D�YHU\�VLPSOH�SURJUDPPLQJ�ODQJXDJH� WKH�ODQJXDJH
RI�DULWKPHWLF�H[SUHVVLRQV� 7R�NHHS�WKLQJV�DV�VLPSOH�DV�SRVVLEOH� WKH�ODQJXDJH�ZLOO�LQFOXGH
LQWHJHUV� D�FRXSOH�ELQDU\�RSHUDWRUV�OLNH�PXOWLSOLFDWLRQ�DQG�DGGLWLRQ� D�XQDU\�RSHUDWRU�IRU
VXFFHVVRU�DQG�SUHGHFHVVRU�
+HUH�LV�DQ�LQGXFWLYH�PDWKHPDWLFDO�GHILQLWLRQ�RI�WKH�VHW A� ,W�LV�WKH�VPDOOHVW�VHW�VDWLV�

I\LQJ�WKH�IROORZLQJ�FRQVWUDLQWV�

i ∈ Z ⇒ i ∈ A ���
e ∈ A ⇒ 3UHG(e) ∈ A ���
e ∈ A ⇒ 6XFF(e) ∈ A ���

e1 ∈ A ∧ e2 ∈ A ⇒ 3OXV(e1, e2) ∈ A ���
e1 ∈ A ∧ e2 ∈ A ⇒ 0XOW(e1, e2) ∈ A ���

/LNH�DQ\�LQGXFWLYH�GHILQLWLRQ� WKLV�FDQ�EH�YLHZHG�VLPXOWDQHRXVO\�DV�D�UHFLSH�IRU FRQ�
VWUXFWLQJPHPEHUV�RI�WKH�VHW A DQG�DV�D�SURFHGXUH�IRU FKHFNLQJ LI�D�YDOXH�LV�D�PHPEHU�RI�WKH
VHW A�
,QWHUSUHWHG�DV�D�UHFLSH� \RX�FDQ�VHH�WKDW�HYHU\�LQWHJHU�LV�DQ A SURJUDP� VR 5 LV�DQ A

SURJUDP�E\����� 6LQFH 5 LV�DQ A SURJUDP� 3UHG(5) LV�DQ A SURJUDP�E\����� $QG�WKHUHIRUH
�

,W·V�HDV\�WR�H[SUHVV�DQ\�%1) JUDPPDU�DV�DQ�LQGXFWLYHO\�GHILQHG�VHW� ZKLFK�LQ�WXUQ�LV
HDV\�WR�H[SUHVV�DV�D�VHW�RI�LQIHUHQFH�UXOHV� %XW�QRW�DOO�LQGXFWLYH�GHILQLWLRQV�RU�LQIHUHQFH
UXOHV�FDQ�EH�H[SUHVVHG�DV�JUDPPDUV� &RQVHTXHQWO\� V\QWD[�LV�RIWHQ�GHILQHG�XVLQJ�%1)�
ZKLOH�PRUH�VRSKLVWLFDWHG�UHODWLRQV�DUH�GHILQHG�XVLQJ�LQIHUHQFH�UXOHV�

��� 0RGHOOLQJ�6\QWD[�ZLWK�'DWD

0RGHOOLQJ�SURJUDPV�ZLWK�PDWKHPDWLFV�LV�D�SRZHUIXO� LGHD�WKDW�SUHGDWHV�FRPSXWHUV� EXW
LW·V�DUJXDEO\�PRUH�XVHIXO�WR�PRGHO�SURJUDPV�ZLWK�SURJUDPV� ,Q�RWKHU�ZRUGV� ZH�FDQ�ZULWH
SURJUDPV�WKDW�RSHUDWH�RYHU�GDWD�UHSUHVHQWDWLRQV�RI�SURJUDPV� )URP�WKLV�SHUVSHFWLYH� WKH
DEVWUDFW�V\QWD[�RI�D�SURJUDPPLQJ�ODQJXDJH�LV�MXVW�DQ�LQGXFWLYH�GDWD�W\SH�GHILQLWLRQ�
+HUH� LV� WKH�GDWD� W\SH�GHILQLWLRQ� IRU A WKDW�FRUUHVSRQGV� WR� WKH�HDUOLHU�PDWKHPDWLFDO

GHILQLWLRQ�� ZULWWHQ�LQ�WKH�2&DPO�ODQJXDJH�

ivT2 �`Bi? 4 AMi Q7 BMi
% S`2/ Q7 �`Bi?
% am++ Q7 �`Bi?
% SHmb Q7 �`Bi?  �`Bi?
% JmHi Q7 �`Bi?  �`Bi?

7KH�RQO\�GLIIHUHQFH� ZKLFK�LV�LQFRQVHTXHQWLDO� LV�WKDW�2&DPO� XQOLNH�PDWK� UHTXLUHV�XQLRQV
WR�EH�IRUPHG�E\�GLVMRLQW�W\SHV� VR�LQWHJHUV�PXVW�EH�´WDJJHGµ�ZLWK�WKH AMi FRQVWUXFWRU�WR
PDNH�WKHP�GLVWLQFW�IURP�LQWHJHUV�
:H�FDQ�UHO\�RQ�WKH�W\SH�V\VWHP�RI�2&DPO�WR�YHULI\�ZKHQ�D�YDOXH�LV�D�PHPEHU�RI�WKH A

VHW�

O SHmb UAMi 9- am++ UAMi kVVcc
@ , �`Bi? 4 SHmb UAMi 9- am++ UAMi kVV

��� 1DWXUDO�6HPDQWLFV

3HUKDSV�WKH�VLPSOHVW�VHPDQWLFV�ZH�FDQ�JLYH�DULWKPHWLF�H[SUHVVLRQV�LV�WR�GHILQH�D�UHODWLRQ
EHWZHHQ�DQ�H[SUHVVLRQ�DQG�WKH�LQWHJHU�YDOXH�LW�VLPSOLILHV�WR�DFFRUGLQJ�WR�WKH�XVXDO�UXOHV
RI�DULWKPHWLF�
7R�GR�WKLV� ZH�GHILQH�D�ELQDU\�UHODWLRQ ⇓ ⊆ A × Z� :KHQ�DQ�H[SUHVVLRQ e LV�UHODWHG�WR

DQ�LQWHJHU i� LW�PHDQV e HYDOXDWHV WR i� )ROORZLQJ�WKH�XVXDO�FRQYHQWLRQ� ZH�ZULWH e ⇓ i WR
PHDQ (e, i) ∈ ⇓ �LW·V�PXFK�HDVLHU�WR�UHDG 3 < 4 LQVWHDG�RI (3, 4) ∈ <� ULJKW"��
-XVW�DV�ZH�GHILQHG� WKH�VHW�RI A SURJUDPV� LQGXFWLYHO\� ZH�FDQ�GHILQH� WKH�HYDOXDWLRQ

UHODWLRQ ⇓ LQGXFWLYHO\�DV�ZHOO�

i ⇓ i

e ⇓ i

3UHG(e) ⇓ i− 1

e ⇓ i

6XFF(e) ⇓ i+ 1

e1 ⇓ i e2 ⇓ j

3OXV(e1, e2) ⇓ i+ j

e1 ⇓ i e2 ⇓ j

0XOW(e1, e2) ⇓ i · j
�$OUHDG\�D�OLH�KDV�FUHSW�LQ� 2&DPO·V BMi LV�QRW�WKH�VDPH�DV Z� :H·UH�JRLQJ�WR�LJQRUH�WKLV�GLVFUHSDQF\�IRU

WKH�WLPH�EHLQJ� 7KH�SUREOHP�FRXOG�EH�UHVROYHG�E\�XVLQJ�D�ELJ�LQWHJHU�OLEUDU\� DW�WKH�FRVW�RI�VRPH�QRWDWLRQDO
RYHUKHDG�LQ�RXU�H[DPSOHV�

�

e D e′

e → e′
e → e′

3UHG(e) → 3UHG(e′)
e → e′

6XFF(e) → 6XFF(e′)
e1 → e′1

3OXV(e1, e2) → 3OXV(e′1, e2)

e2 → e′2
3OXV(e1, e2) → 3OXV(e1, e′2)

e1 → e′1
0XOW(e1, e2) → 0XOW(e′1, e2)

e2 → e′2
0XOW(e1, e2) → 0XOW(e1, e′2)

8VLQJ →� ZH�FDQ�VHH�WKDW 3OXV(4, 6XFF(2)) → 3OXV(4, 3) DQG 3OXV(4, 3) → 7� (YDOXDWLRQ�RI�D
SURJUDP�FDQ�EH�YLHZHG�D�VHULHV�RI�UHODWHG�H[SUHVVLRQV�DUULYLQJ�DW�D�ILQDO�DQVZHU�
,I�ZH·G�OLNH�WR�FDSWXUH�WKH�QRWLRQ�RI�´e VWHSV�WR e′ LQ�DQ\�QXPEHU�RI�VWHSV�µ ZH�FDQ

GHILQH�\HW�DQRWKHU�UHODWLRQ� →!
D ⊆ A × A� DV�WKH�UHIOH[LYH� WUDQVLWLYH�FORVXUH�RI →� 7KH

UHIOH[LYH�FORVXUH RI�D�UHODWLRQ U ⊆ X×X LV�D�UHODWLRQ U′ ⊆ X×X VXFK�WKDW x ∈ X ⇒ x U′ x
DQG x1 ∈ X ∧ x2 ∈ X ∧ x1 Ux2 ⇒ x1 U′ x2� ,Q�RWKHU�ZRUGV� WKH�UHIOH[LYH�FORVXUH�RI U UHODWHV
HYHU\�WKLQJ�LQ U SOXV�LW�UHODWHV�HYHU\WKLQJ�WR�LWVHOI� 7KH�UHIOH[LYH�FORVXUH�RI→ FDSWXUHV�WKH
QRWLRQ�RI�´VWHSV�LQ�]HUR�RU�RQH�VWHS�µ 7KH WUDQVLWLYH�FORVXUH RI�D�UHODWLRQ U ⊆ X ×X LV�D
UHODWLRQ U′ ⊆ X ×X VXFK�WKDW x1 Ux2 ⇒ x1 U′ x2 DQG x1 U′ x2 ∧ x2 U′ x3 ⇒ x1 U′ x3� ,Q�RWKHU
ZRUGV� WKH�WUDQVLWLYH�FORVXUH�RI U UHODWHV x1 WR x2 LI U GRHV� EXW�DOVR�LQFOXGHV�HYHU\WKLQJ x2
UHODWHV�WR� DQG�DQ\WKLQJ�UHODWHG�WR�WKDW� DQG�VR�RQ� 7KH�WUDQVLWLYH�FORVXUH�RI → FDSWXUHV
WKH�QRWLRQ�RI�´VWHSV�LQ�RQH�RU�PRUH�VWHSVµ� &RPSRVLQJ�WKHVH�FORVXUH�RSHUDWLRQV�JLYHV→!

D�
ZKLFK�LV�´VWHSV�LQ�]HUR�RU�PRUH�VWHSV�µ :ULWLQJ�LW�RXW�H[SOLFLWO\�UHVXOWV�LQ�WKH�IROORZLQJ�VHW
RI�LQIHUHQFH�UXOHV�

e → e′

e →!
D e

′ e →!
D e

e →!
D e

′ e′ →!
D e

′′

e →!
D e

′′

7KH�DERYH�VHPDQWLFV�DUH�D�´VPDOO�VWHSµ�RU�´UHGXFWLRQµ�VHPDQWLFV� 8QOLNH�WKH�QDWXUDO
VHPDQWLFV� WKH�UHGXFWLRQ�VHPDQWLFV�DFFRXQWV�IRU�HDFK�VWHS�RI�D�FRPSXWDWLRQ� $OWKRXJK
LW·V�LPPDWHULDO�IRU�WKH A ODQJXDJH� WKH�VPDOO�VWHS�DSSURDFK�KDV�VRPH�DGYDQWDJHV�RYHU�ELJ�
VWHS��DV�ZH�VKRXOG�H[SHFW�FRQVLGHULQJ�LW�LV�FRQVLGHUDEO\�PRUH�LQYROYHG�� RQH�RI�WKH�PRVW
LPSRUWDQW�DGYDQWDJHV�FRPHV�LQWR�SOD\�ZKHQ�WKH�REMHFW�ODQJXDJH�LV�VXIILFLHQWO\�SRZHUIXO
WR�LQFOXGH�QRQ�WHUPLQDWLQJ�FRPSXWDWLRQV� 6LQFH�WKH�QDWXUDO�VHPDQWLFV�LV�FRQFHUQHG�RQO\
ZLWK�ILQDO�DQVZHUV� LW�GRHVQ·W�VD\�PXFK�DERXW�QRQ�WHUPLQDWLQJ�SURJUDPV� ZKLOH�UHGXFWLRQ
VHPDQWLFV�FDQ�VWLOO�EH�XVHG�WR�UHDVRQ�DERXW�WKH��LQILQLWH��VWHSV�RI�VXFK�D�FRPSXWDWLRQ�
2QH�LPSRUWDQW�REVHUYDWLRQ�WR�PDNH�LV�WKDW�DOWKRXJK�ZH·YH�FRQVWUXFWHG�DQ�DOWHUQDWLYH

VHPDQWLFV� ZH�FDQ�IRUPDOO\�UHODWH�WKHVH�WZR�VHPDQWLFV� ,Q�SDUWLFXODU� ZH�FDQ�UHFRYHU�D�ELJ�
VWHS�HYDOXDWLRQ�UHODWLRQ�IURP�WKH�UHGXFWLRQ�VHPDQWLFV� &RQVLGHU�WKH�IROORZLQJ�UHODWLRQ
↓ ⊆ A× Z�

e →!
D i

e ↓ i

ZKLFK� LV�D�VXEVHW�RI →!
D� UHVWULFWHG�WR�WKH�FDVH�RI� WKH�ULJKW�KDQG�VLGH�EHLQJ�DQ� LQWHJHU�

7KLV�UHODWLRQ�HIIHFWLYHO\�IRUJHWV�DQ\�LQWHUPHGLDWH�WHUPV�LQ�D�FRPSXWDWLRQ�DQG�MXVW�UHODWHV
H[SUHVVLRQV�WR�WKHLU�LUUHGXFLEOH�YDOXHV� 7KLV�UHODWLRQ� DOWKRXJK�GHILQHG�GLIIHUHQWO\� LV�WKH
VDPH�UHODWLRQ�DV ⇓� 6HHQ�WKLV�ZD\� LW�LV�DFFXUDWH�WR�VD\�QDWXUDO�VHPDQWLFV�DUH�DQ DEVWUDFWLRQ
RI�UHGXFWLRQ�VHPDQWLFV� DQG�UHGXFWLRQ�VHPDQWLFV�DUH�D UHILQHPHQW RI�QDWXUDO�VHPDQWLFV�

�

e D e′

e → e′
e → e′

3UHG(e) → 3UHG(e′)
e → e′

6XFF(e) → 6XFF(e′)
e1 → e′1

3OXV(e1, e2) → 3OXV(e′1, e2)

e2 → e′2
3OXV(e1, e2) → 3OXV(e1, e′2)

e1 → e′1
0XOW(e1, e2) → 0XOW(e′1, e2)

e2 → e′2
0XOW(e1, e2) → 0XOW(e1, e′2)

8VLQJ →� ZH�FDQ�VHH�WKDW 3OXV(4, 6XFF(2)) → 3OXV(4, 3) DQG 3OXV(4, 3) → 7� (YDOXDWLRQ�RI�D
SURJUDP�FDQ�EH�YLHZHG�D�VHULHV�RI�UHODWHG�H[SUHVVLRQV�DUULYLQJ�DW�D�ILQDO�DQVZHU�
,I�ZH·G�OLNH�WR�FDSWXUH�WKH�QRWLRQ�RI�´e VWHSV�WR e′ LQ�DQ\�QXPEHU�RI�VWHSV�µ ZH�FDQ

GHILQH�\HW�DQRWKHU�UHODWLRQ� →!
D ⊆ A × A� DV�WKH�UHIOH[LYH� WUDQVLWLYH�FORVXUH�RI →� 7KH

UHIOH[LYH�FORVXUH RI�D�UHODWLRQ U ⊆ X×X LV�D�UHODWLRQ U′ ⊆ X×X VXFK�WKDW x ∈ X ⇒ x U′ x
DQG x1 ∈ X ∧ x2 ∈ X ∧ x1 Ux2 ⇒ x1 U′ x2� ,Q�RWKHU�ZRUGV� WKH�UHIOH[LYH�FORVXUH�RI U UHODWHV
HYHU\�WKLQJ�LQ U SOXV�LW�UHODWHV�HYHU\WKLQJ�WR�LWVHOI� 7KH�UHIOH[LYH�FORVXUH�RI→ FDSWXUHV�WKH
QRWLRQ�RI�´VWHSV�LQ�]HUR�RU�RQH�VWHS�µ 7KH WUDQVLWLYH�FORVXUH RI�D�UHODWLRQ U ⊆ X ×X LV�D
UHODWLRQ U′ ⊆ X ×X VXFK�WKDW x1 Ux2 ⇒ x1 U′ x2 DQG x1 U′ x2 ∧ x2 U′ x3 ⇒ x1 U′ x3� ,Q�RWKHU
ZRUGV� WKH�WUDQVLWLYH�FORVXUH�RI U UHODWHV x1 WR x2 LI U GRHV� EXW�DOVR�LQFOXGHV�HYHU\WKLQJ x2
UHODWHV�WR� DQG�DQ\WKLQJ�UHODWHG�WR�WKDW� DQG�VR�RQ� 7KH�WUDQVLWLYH�FORVXUH�RI → FDSWXUHV
WKH�QRWLRQ�RI�´VWHSV�LQ�RQH�RU�PRUH�VWHSVµ� &RPSRVLQJ�WKHVH�FORVXUH�RSHUDWLRQV�JLYHV→!

D�
ZKLFK�LV�´VWHSV�LQ�]HUR�RU�PRUH�VWHSV�µ :ULWLQJ�LW�RXW�H[SOLFLWO\�UHVXOWV�LQ�WKH�IROORZLQJ�VHW
RI�LQIHUHQFH�UXOHV�

e → e′

e →!
D e

′ e →!
D e

e →!
D e

′ e′ →!
D e

′′

e →!
D e

′′

7KH�DERYH�VHPDQWLFV�DUH�D�´VPDOO�VWHSµ�RU�´UHGXFWLRQµ�VHPDQWLFV� 8QOLNH�WKH�QDWXUDO
VHPDQWLFV� WKH�UHGXFWLRQ�VHPDQWLFV�DFFRXQWV�IRU�HDFK�VWHS�RI�D�FRPSXWDWLRQ� $OWKRXJK
LW·V�LPPDWHULDO�IRU�WKH A ODQJXDJH� WKH�VPDOO�VWHS�DSSURDFK�KDV�VRPH�DGYDQWDJHV�RYHU�ELJ�
VWHS��DV�ZH�VKRXOG�H[SHFW�FRQVLGHULQJ�LW�LV�FRQVLGHUDEO\�PRUH�LQYROYHG�� RQH�RI�WKH�PRVW
LPSRUWDQW�DGYDQWDJHV�FRPHV�LQWR�SOD\�ZKHQ�WKH�REMHFW�ODQJXDJH�LV�VXIILFLHQWO\�SRZHUIXO
WR�LQFOXGH�QRQ�WHUPLQDWLQJ�FRPSXWDWLRQV� 6LQFH�WKH�QDWXUDO�VHPDQWLFV�LV�FRQFHUQHG�RQO\
ZLWK�ILQDO�DQVZHUV� LW�GRHVQ·W�VD\�PXFK�DERXW�QRQ�WHUPLQDWLQJ�SURJUDPV� ZKLOH�UHGXFWLRQ
VHPDQWLFV�FDQ�VWLOO�EH�XVHG�WR�UHDVRQ�DERXW�WKH��LQILQLWH��VWHSV�RI�VXFK�D�FRPSXWDWLRQ�
2QH�LPSRUWDQW�REVHUYDWLRQ�WR�PDNH�LV�WKDW�DOWKRXJK�ZH·YH�FRQVWUXFWHG�DQ�DOWHUQDWLYH

VHPDQWLFV� ZH�FDQ�IRUPDOO\�UHODWH�WKHVH�WZR�VHPDQWLFV� ,Q�SDUWLFXODU� ZH�FDQ�UHFRYHU�D�ELJ�
VWHS�HYDOXDWLRQ�UHODWLRQ�IURP�WKH�UHGXFWLRQ�VHPDQWLFV� &RQVLGHU�WKH�IROORZLQJ�UHODWLRQ
↓ ⊆ A× Z�

e →!
D i

e ↓ i

ZKLFK� LV�D�VXEVHW�RI →!
D� UHVWULFWHG�WR�WKH�FDVH�RI� WKH�ULJKW�KDQG�VLGH�EHLQJ�DQ� LQWHJHU�

7KLV�UHODWLRQ�HIIHFWLYHO\�IRUJHWV�DQ\�LQWHUPHGLDWH�WHUPV�LQ�D�FRPSXWDWLRQ�DQG�MXVW�UHODWHV
H[SUHVVLRQV�WR�WKHLU�LUUHGXFLEOH�YDOXHV� 7KLV�UHODWLRQ� DOWKRXJK�GHILQHG�GLIIHUHQWO\� LV�WKH
VDPH�UHODWLRQ�DV ⇓� 6HHQ�WKLV�ZD\� LW�LV�DFFXUDWH�WR�VD\�QDWXUDO�VHPDQWLFV�DUH�DQ DEVWUDFWLRQ
RI�UHGXFWLRQ�VHPDQWLFV� DQG�UHGXFWLRQ�VHPDQWLFV�DUH�D UHILQHPHQW RI�QDWXUDO�VHPDQWLFV�

�

each step has a proofeach step has a proof

X

� ,QWURGXFWLRQ

6RIWZDUH LV DUJXDEO\ WKH PRVW FRPSOLFDWHG DQG YDULHG NLQG RI DUWLIDFW KXPDQV SURGXFH�
3HRSOH ZKR PDNH VRIWZDUH DW WKH KLJKHVW SURIHVVLRQDO OHYHO WKLQN GHHSO\ DERXW WKH PHDQ�
LQJ DQG FRUUHFWQHVV RI WKH SURJUDPV WKH\ ZULWH� $ FRPPDQG RI VRIWZDUH GHVLJQ DW WKLV
OHYHO UHTXLUHV GHYHORSLQJ DQ XQGHUVWDQGLQJ RI KRZ ZH JLYH PHDQLQJ WR SKUDVHV RI D SUR�
JUDPPLQJ ODQJXDJH DQG KRZ WR EXLOG DQDO\WLF WRROV IRU SURYLQJ SURSHUWLHV RI SURJUDPV�
7KLV FRXUVH FRYHUV EDVLF WKHRUHWLFDO LGHDV DQG SUDFWLFDO WHFKQLTXHV IRU PRGHOLQJ DQG DQ�

DO\]LQJ SURJUDPPLQJ ODQJXDJHV� DQG OHYHUDJLQJ WKRVH WHFKQLTXHV WR PHFKDQLFDOO\ UHDVRQ
DERXW SURJUDPV�

� 6\QWD[� 6HPDQWLFV� 	 0DFKLQHV IRU $ULWKPHWLF

D ⊆ A×A → ⊆ A×A

6XFF(4) → 5

3OXV(6XFF(4),3UHG(3)) → 3OXV(5,3UHG(3))
3UHG(3) → 2

3OXV(6XFF(4),3UHG(3)) → 3OXV(6XFF(4), 2)

e = . . .
| 5DLVH(e)
| 7U\(e, x, e)

e = . . .
| &DOOFF(x, e) | +DOW(e)

E = . . .
| +DOW(E)

E [+DOW(v)] $−→ v E [&DOOFF(x, e)] $−→ e[)XQ(x′,+DOW(E [x′]))/x]

)UDPH F = . . .
| $SS(!, e) | $SS(v,!)

e (D ∪ β) e′

C[e] → C[e′]
e (D ∪ βY) e

′

C[e] →Y C[e′]

e (D ∪ β) e′

E [e] $−→ E [e′]
e (D ∪ βY) e

′

E [e] $−→Y E [e′]

&RQWH[W C = . . .
| )XQ(x, C)
| $SS(C, e) | $SS(e, C)�



SOS semantics of

� ,QWURGXFWLRQ

6RIWZDUH�LV�DUJXDEO\�WKH�PRVW�FRPSOLFDWHG�DQG�YDULHG�NLQG�RI�DUWLIDFW�KXPDQV�SURGXFH�
3HRSOH�ZKR�PDNH�VRIWZDUH�DW�WKH�KLJKHVW�SURIHVVLRQDO�OHYHO�WKLQN�GHHSO\�DERXW�WKH�PHDQ�
LQJ�DQG�FRUUHFWQHVV�RI�WKH�SURJUDPV�WKH\�ZULWH� $ FRPPDQG�RI�VRIWZDUH�GHVLJQ�DW�WKLV
OHYHO�UHTXLUHV�GHYHORSLQJ�DQ�XQGHUVWDQGLQJ�RI�KRZ�ZH�JLYH�PHDQLQJ�WR�SKUDVHV�RI�D�SUR�
JUDPPLQJ�ODQJXDJH�DQG�KRZ�WR�EXLOG�DQDO\WLF�WRROV�IRU�SURYLQJ�SURSHUWLHV�RI�SURJUDPV�
7KLV�FRXUVH�FRYHUV�EDVLF�WKHRUHWLFDO�LGHDV�DQG�SUDFWLFDO�WHFKQLTXHV�IRU�PRGHOLQJ�DQG�DQ�

DO\]LQJ�SURJUDPPLQJ�ODQJXDJHV� DQG�OHYHUDJLQJ�WKRVH�WHFKQLTXHV�WR�PHFKDQLFDOO\�UHDVRQ
DERXW�SURJUDPV�

� 6\QWD[� 6HPDQWLFV� 	�0DFKLQHV�IRU�$ULWKPHWLF

��� 0RGHOOLQJ�6\QWD[�ZLWK�,QGXFWLYH�6HWV

7KH V\QWD[ RI�D�SURJUDPPLQJ�ODQJXDJH�LV�D�VHW�RI�UXOHV�IRU�WKH�DUUDQJHPHQW�RI�ZRUGV�DQG
SKUDVHV�WR�FUHDWH�ZHOO�IRUPHG�VHQWHQFHV�LQ�WKH�ODQJXDJH� ,Q�RWKHU�ZRUGV� LW�LV�WKH�JUDPPDU
RI�SURJUDPV� 6\QWD[�FRPHV�LQ�WZR�IRUPV� FRQFUHWH�V\QWD[ GHVFULEHV�WKH�ZD\�SURJUDPV�DFWX�
DOO\�ORRN�DW�WKH�OHYHO�RI�EUDFHV� VHPLFRORQV� ZKLWHVSDFH� HWF�� ZKLOH DEVWUDFW�V\QWD[ GHVFULEHV
WKH�VWUXFWXUH�RI�SURJUDPV�ZLWKRXW�ZRUU\LQJ�RYHU�WKH�VXSHUILFLDO�GHWDLOV�RI�FRQFUHWH�V\Q�
WD[� &RQFUHWH�V\QWD[� ZKLOH�WKH�VWXII�RI�IUHQ]LHG�IHUYRU� LV�DFWXDOO\�QRW�DOO�WKDW�VLJQLILFDQW
IRU�IRUPDOO\�UHDVRQLQJ�DERXW�SURJUDPPLQJ�ODQJXDJHV�VR�ZH�IRFXV�H[FOXVLYHO\�RQ�DEVWUDFW
V\QWD[�
3URJUDPV�JHQHUDOO\�KDYH�D�WUHH�OLNH�VWUXFWXUH�RI�QHVWLQJ�SKUDVHV�DQG�H[SUHVVLRQV� VR

GHILQLQJ�WKH�DEVWUDFW�V\QWD[�RI�D�ODQJXDJH�LV�QR�PRUH�FRPSOLFDWHG�WKDQ�GHILQLQJ�DQ�LQGXF�
WLYH�VHW� $V�D�FDVH�VWXG\� OHW·V�ORRN�DW�D�YHU\�VLPSOH�SURJUDPPLQJ�ODQJXDJH� WKH�ODQJXDJH
RI�DULWKPHWLF�H[SUHVVLRQV� 7R�NHHS�WKLQJV�DV�VLPSOH�DV�SRVVLEOH� WKH�ODQJXDJH�ZLOO�LQFOXGH
LQWHJHUV� D�FRXSOH�ELQDU\�RSHUDWRUV�OLNH�PXOWLSOLFDWLRQ�DQG�DGGLWLRQ� D�XQDU\�RSHUDWRU�IRU
VXFFHVVRU�DQG�SUHGHFHVVRU�
+HUH�LV�DQ�LQGXFWLYH�PDWKHPDWLFDO�GHILQLWLRQ�RI�WKH�VHW A� ,W�LV�WKH�VPDOOHVW�VHW�VDWLV�

I\LQJ�WKH�IROORZLQJ�FRQVWUDLQWV�

i ∈ Z ⇒ i ∈ A ���
e ∈ A ⇒ 3UHG(e) ∈ A ���
e ∈ A ⇒ 6XFF(e) ∈ A ���

e1 ∈ A ∧ e2 ∈ A ⇒ 3OXV(e1, e2) ∈ A ���
e1 ∈ A ∧ e2 ∈ A ⇒ 0XOW(e1, e2) ∈ A ���

/LNH�DQ\�LQGXFWLYH�GHILQLWLRQ� WKLV�FDQ�EH�YLHZHG�VLPXOWDQHRXVO\�DV�D�UHFLSH�IRU FRQ�
VWUXFWLQJPHPEHUV�RI�WKH�VHW A DQG�DV�D�SURFHGXUH�IRU FKHFNLQJ LI�D�YDOXH�LV�D�PHPEHU�RI�WKH
VHW A�
,QWHUSUHWHG�DV�D�UHFLSH� \RX�FDQ�VHH�WKDW�HYHU\�LQWHJHU�LV�DQ A SURJUDP� VR 5 LV�DQ A

SURJUDP�E\����� 6LQFH 5 LV�DQ A SURJUDP� 3UHG(5) LV�DQ A SURJUDP�E\����� $QG�WKHUHIRUH
�

Part 1: axioms

3UHG(i) → i− 1 6XFF(i) → i+ 1 3OXV(i1, i2) → i1 + i2 0XOW(i1, i2) → i1 · i2

7KHVH D[LRPV� UHIOHFW WKH EDVLF IDFWV RI UHGXFWLRQ LQ DULWKPHWLF� EXW WKH\·UH VWLOO QRW
HQRXJK WR FDSWXUH FRPSXWDWLRQ� VLQFH IRU H[DPSOH 3OXV(4, 6XFF(2)) GRHVQ·W VWHS WR DQ\WKLQJ�
7KH UHDVRQ LV WKDW RXU D[LRPV RQO\ DSSO\ ZKHQ WKH DUJXPHQWV WR RSHUDWRUV DUH LQWHJHUV�
ZKLFK LV QRW WKH FDVH KHUH� ,W LV WUXH WKDW 6XFF(2) VWHSV WR 3� EXW QRQH RI WKH UXOHV DOORZV
XV WR HYDOXDWH LQVLGH RI D QHVWHG H[SUHVVLRQ�
/HW·V GHILQH DQRWKHU UHODWLRQ �→ ⊆ A×A� WKDW DOORZV VWHSV ZLWKLQ QHVWHG H[SUHVVLRQV�

)RU WKH ODQJXDJH RIA WKLV DPRXQWV WR WDNLQJ WKH FRPSDWLEOH FORVXUH RI D RYHU WKH JUDPPDU
RI H[SUHVVLRQV� 7KH FRPSDWLEOH FORVXUH RI D UHODWLRQ U RYHU VRPH JUDPPDU g GHULYHV D QHZ
UHODWLRQ U′ WKDW DOORZV U WR EH GLVWULEXWHG WKURXJK QRQ�WHUPLQDOV LQ g� :ULWLQJ WKLV RXW
H[SOLFLWO\ IRU WKH FDVH RI D DQG e LV WKH IROORZLQJ�

e D e′

e → e′
e → e′

3UHG(e) → 3UHG(e′)
e → e′

6XFF(e) → 6XFF(e′)
e1 → e′1

3OXV(e1, e2) → 3OXV(e′1, e2)

e2 → e′2
3OXV(e1, e2) → 3OXV(e1, e′2)

e1 → e′1
0XOW(e1, e2) → 0XOW(e′1, e2)

e2 → e′2
0XOW(e1, e2) → 0XOW(e1, e′2)

8VLQJ→� ZH FDQ VHH WKDW 3OXV(4, 6XFF(2)) → 3OXV(4, 3) DQG 3OXV(4, 3) → 7�

6XFF(2) → 3

3OXV(4, 6XFF(2)) → 3OXV(4, 3) 3OXV(4, 3) → 7

(YDOXDWLRQ RI D SURJUDP FDQ EH YLHZHG D VHULHV RI UHODWHG H[SUHVVLRQV DUULYLQJ DW D ILQDO
DQVZHU�
,I ZH·G OLNH WR FDSWXUH WKH QRWLRQ RI ´e VWHSV WR e′ LQ DQ\ QXPEHU RI VWHSV�µ ZH FDQ

GHILQH \HW DQRWKHU UHODWLRQ� →! ⊆ A × A� DV WKH UHIOH[LYH� WUDQVLWLYH FORVXUH RI →� 7KH
UHIOH[LYH FORVXUH RI D UHODWLRQ U ⊆ X ×X LV D UHODWLRQ U′ ⊆ X ×X VXFK WKDW x ∈ X ⇒ x U′ x
DQG x1 ∈ X ∧ x2 ∈ X ∧ x1 Ux2 ⇒ x1 U′ x2� ,Q RWKHU ZRUGV� WKH UHIOH[LYH FORVXUH RI U UHODWHV
HYHU\ WKLQJ LQ U SOXV LW UHODWHV HYHU\WKLQJ WR LWVHOI� 7KH UHIOH[LYH FORVXUH RI→ FDSWXUHV WKH
QRWLRQ RI ´VWHSV LQ ]HUR RU RQH VWHS�µ 7KH WUDQVLWLYH FORVXUH RI D UHODWLRQ U ⊆ X ×X LV D
UHODWLRQ U′ ⊆ X × X VXFK WKDW x1 Ux2 ⇒ x1 U′ x2 DQG x1 U′ x2 ∧ x2 U′ x3 ⇒ x1 U′ x3� ,Q RWKHU
ZRUGV� WKH WUDQVLWLYH FORVXUH RI U UHODWHV x1 WR x2 LI U GRHV� EXW DOVR LQFOXGHV HYHU\WKLQJ x2
UHODWHV WR� DQG DQ\WKLQJ UHODWHG WR WKDW� DQG VR RQ� 7KH WUDQVLWLYH FORVXUH RI → FDSWXUHV
WKH QRWLRQ RI ´VWHSV LQ RQH RU PRUH VWHSVµ� &RPSRVLQJ WKHVH FORVXUH RSHUDWLRQV JLYHV→!�
ZKLFK LV ´VWHSV LQ ]HUR RU PRUH VWHSV�µ :ULWLQJ LW RXW H[SOLFLWO\ UHVXOWV LQ WKH IROORZLQJ VHW
RI LQIHUHQFH UXOHV�

�$Q D[LRP LV MXVW D LQIHUHQFH UXOH ZLWK QR K\SRWKHVHV�

��

3UHG(i) → i− 1 6XFF(i) → i+ 1 3OXV(i1, i2) → i1 + i2 0XOW(i1, i2) → i1 · i2

7KHVH D[LRPV� UHIOHFW WKH EDVLF IDFWV RI UHGXFWLRQ LQ DULWKPHWLF� EXW WKH\·UH VWLOO QRW
HQRXJK WR FDSWXUH FRPSXWDWLRQ� VLQFH IRU H[DPSOH 3OXV(4, 6XFF(2)) GRHVQ·W VWHS WR DQ\WKLQJ�
7KH UHDVRQ LV WKDW RXU D[LRPV RQO\ DSSO\ ZKHQ WKH DUJXPHQWV WR RSHUDWRUV DUH LQWHJHUV�
ZKLFK LV QRW WKH FDVH KHUH� ,W LV WUXH WKDW 6XFF(2) VWHSV WR 3� EXW QRQH RI WKH UXOHV DOORZV
XV WR HYDOXDWH LQVLGH RI D QHVWHG H[SUHVVLRQ�
/HW·V GHILQH DQRWKHU UHODWLRQ �→ ⊆ A×A� WKDW DOORZV VWHSV ZLWKLQ QHVWHG H[SUHVVLRQV�

)RU WKH ODQJXDJH RIA WKLV DPRXQWV WR WDNLQJ WKH FRPSDWLEOH FORVXUH RI D RYHU WKH JUDPPDU
RI H[SUHVVLRQV� 7KH FRPSDWLEOH FORVXUH RI D UHODWLRQ U RYHU VRPH JUDPPDU g GHULYHV D QHZ
UHODWLRQ U′ WKDW DOORZV U WR EH GLVWULEXWHG WKURXJK QRQ�WHUPLQDOV LQ g� :ULWLQJ WKLV RXW
H[SOLFLWO\ IRU WKH FDVH RI D DQG e LV WKH IROORZLQJ�

e D e′

e → e′
e → e′

3UHG(e) → 3UHG(e′)
e → e′

6XFF(e) → 6XFF(e′)
e1 → e′1

3OXV(e1, e2) → 3OXV(e′1, e2)

e2 → e′2
3OXV(e1, e2) → 3OXV(e1, e′2)

e1 → e′1
0XOW(e1, e2) → 0XOW(e′1, e2)

e2 → e′2
0XOW(e1, e2) → 0XOW(e1, e′2)

8VLQJ→� ZH FDQ VHH WKDW 3OXV(4, 6XFF(2)) → 3OXV(4, 3) DQG 3OXV(4, 3) → 7�

6XFF(2) → 3

3OXV(4, 6XFF(2)) → 3OXV(4, 3) 3OXV(4, 3) → 7

(YDOXDWLRQ RI D SURJUDP FDQ EH YLHZHG D VHULHV RI UHODWHG H[SUHVVLRQV DUULYLQJ DW D ILQDO
DQVZHU�
,I ZH·G OLNH WR FDSWXUH WKH QRWLRQ RI ´e VWHSV WR e′ LQ DQ\ QXPEHU RI VWHSV�µ ZH FDQ

GHILQH \HW DQRWKHU UHODWLRQ� →! ⊆ A × A� DV WKH UHIOH[LYH� WUDQVLWLYH FORVXUH RI →� 7KH
UHIOH[LYH FORVXUH RI D UHODWLRQ U ⊆ X ×X LV D UHODWLRQ U′ ⊆ X ×X VXFK WKDW x ∈ X ⇒ x U′ x
DQG x1 ∈ X ∧ x2 ∈ X ∧ x1 Ux2 ⇒ x1 U′ x2� ,Q RWKHU ZRUGV� WKH UHIOH[LYH FORVXUH RI U UHODWHV
HYHU\ WKLQJ LQ U SOXV LW UHODWHV HYHU\WKLQJ WR LWVHOI� 7KH UHIOH[LYH FORVXUH RI→ FDSWXUHV WKH
QRWLRQ RI ´VWHSV LQ ]HUR RU RQH VWHS�µ 7KH WUDQVLWLYH FORVXUH RI D UHODWLRQ U ⊆ X ×X LV D
UHODWLRQ U′ ⊆ X × X VXFK WKDW x1 Ux2 ⇒ x1 U′ x2 DQG x1 U′ x2 ∧ x2 U′ x3 ⇒ x1 U′ x3� ,Q RWKHU
ZRUGV� WKH WUDQVLWLYH FORVXUH RI U UHODWHV x1 WR x2 LI U GRHV� EXW DOVR LQFOXGHV HYHU\WKLQJ x2
UHODWHV WR� DQG DQ\WKLQJ UHODWHG WR WKDW� DQG VR RQ� 7KH WUDQVLWLYH FORVXUH RI → FDSWXUHV
WKH QRWLRQ RI ´VWHSV LQ RQH RU PRUH VWHSVµ� &RPSRVLQJ WKHVH FORVXUH RSHUDWLRQV JLYHV→!�
ZKLFK LV ´VWHSV LQ ]HUR RU PRUH VWHSV�µ :ULWLQJ LW RXW H[SOLFLWO\ UHVXOWV LQ WKH IROORZLQJ VHW
RI LQIHUHQFH UXOHV�

�$Q D[LRP LV MXVW D LQIHUHQFH UXOH ZLWK QR K\SRWKHVHV�

��

� ,QWURGXFWLRQ

6RIWZDUH LV DUJXDEO\ WKH PRVW FRPSOLFDWHG DQG YDULHG NLQG RI DUWLIDFW KXPDQV SURGXFH�
3HRSOH ZKR PDNH VRIWZDUH DW WKH KLJKHVW SURIHVVLRQDO OHYHO WKLQN GHHSO\ DERXW WKH PHDQ�
LQJ DQG FRUUHFWQHVV RI WKH SURJUDPV WKH\ ZULWH� $ FRPPDQG RI VRIWZDUH GHVLJQ DW WKLV
OHYHO UHTXLUHV GHYHORSLQJ DQ XQGHUVWDQGLQJ RI KRZ ZH JLYH PHDQLQJ WR SKUDVHV RI D SUR�
JUDPPLQJ ODQJXDJH DQG KRZ WR EXLOG DQDO\WLF WRROV IRU SURYLQJ SURSHUWLHV RI SURJUDPV�
7KLV FRXUVH FRYHUV EDVLF WKHRUHWLFDO LGHDV DQG SUDFWLFDO WHFKQLTXHV IRU PRGHOLQJ DQG DQ�

DO\]LQJ SURJUDPPLQJ ODQJXDJHV� DQG OHYHUDJLQJ WKRVH WHFKQLTXHV WR PHFKDQLFDOO\ UHDVRQ
DERXW SURJUDPV�

� 6\QWD[� 6HPDQWLFV� 	 0DFKLQHV IRU $ULWKPHWLF

D ⊆ A×A → ⊆ A×A

6XFF(4) → 5

3OXV(6XFF(4),3UHG(3)) → 3OXV(5,3UHG(3))
3UHG(3) → 2

3OXV(6XFF(4),3UHG(3)) → 3OXV(6XFF(4), 2)

e = . . .
| 5DLVH(e)
| 7U\(e, x, e)

e = . . .
| &DOOFF(x, e) | +DOW(e)

E = . . .
| +DOW(E)

E [+DOW(v)] $−→ v E [&DOOFF(x, e)] $−→ e[)XQ(x′,+DOW(E [x′]))/x]

)UDPH F = . . .
| $SS(!, e) | $SS(v,!)

e (D ∪ β) e′

C[e] → C[e′]
e (D ∪ βY) e

′

C[e] →Y C[e′]

e (D ∪ β) e′

E [e] $−→ E [e′]
e (D ∪ βY) e

′

E [e] $−→Y E [e′]

&RQWH[W C = . . .
| )XQ(x, C)
| $SS(C, e) | $SS(e, C)�



SOS semantics of

� ,QWURGXFWLRQ

6RIWZDUH�LV�DUJXDEO\�WKH�PRVW�FRPSOLFDWHG�DQG�YDULHG�NLQG�RI�DUWLIDFW�KXPDQV�SURGXFH�
3HRSOH�ZKR�PDNH�VRIWZDUH�DW�WKH�KLJKHVW�SURIHVVLRQDO�OHYHO�WKLQN�GHHSO\�DERXW�WKH�PHDQ�
LQJ�DQG�FRUUHFWQHVV�RI�WKH�SURJUDPV�WKH\�ZULWH� $ FRPPDQG�RI�VRIWZDUH�GHVLJQ�DW�WKLV
OHYHO�UHTXLUHV�GHYHORSLQJ�DQ�XQGHUVWDQGLQJ�RI�KRZ�ZH�JLYH�PHDQLQJ�WR�SKUDVHV�RI�D�SUR�
JUDPPLQJ�ODQJXDJH�DQG�KRZ�WR�EXLOG�DQDO\WLF�WRROV�IRU�SURYLQJ�SURSHUWLHV�RI�SURJUDPV�
7KLV�FRXUVH�FRYHUV�EDVLF�WKHRUHWLFDO�LGHDV�DQG�SUDFWLFDO�WHFKQLTXHV�IRU�PRGHOLQJ�DQG�DQ�

DO\]LQJ�SURJUDPPLQJ�ODQJXDJHV� DQG�OHYHUDJLQJ�WKRVH�WHFKQLTXHV�WR�PHFKDQLFDOO\�UHDVRQ
DERXW�SURJUDPV�

� 6\QWD[� 6HPDQWLFV� 	�0DFKLQHV�IRU�$ULWKPHWLF

��� 0RGHOOLQJ�6\QWD[�ZLWK�,QGXFWLYH�6HWV

7KH V\QWD[ RI�D�SURJUDPPLQJ�ODQJXDJH�LV�D�VHW�RI�UXOHV�IRU�WKH�DUUDQJHPHQW�RI�ZRUGV�DQG
SKUDVHV�WR�FUHDWH�ZHOO�IRUPHG�VHQWHQFHV�LQ�WKH�ODQJXDJH� ,Q�RWKHU�ZRUGV� LW�LV�WKH�JUDPPDU
RI�SURJUDPV� 6\QWD[�FRPHV�LQ�WZR�IRUPV� FRQFUHWH�V\QWD[ GHVFULEHV�WKH�ZD\�SURJUDPV�DFWX�
DOO\�ORRN�DW�WKH�OHYHO�RI�EUDFHV� VHPLFRORQV� ZKLWHVSDFH� HWF�� ZKLOH DEVWUDFW�V\QWD[ GHVFULEHV
WKH�VWUXFWXUH�RI�SURJUDPV�ZLWKRXW�ZRUU\LQJ�RYHU�WKH�VXSHUILFLDO�GHWDLOV�RI�FRQFUHWH�V\Q�
WD[� &RQFUHWH�V\QWD[� ZKLOH�WKH�VWXII�RI�IUHQ]LHG�IHUYRU� LV�DFWXDOO\�QRW�DOO�WKDW�VLJQLILFDQW
IRU�IRUPDOO\�UHDVRQLQJ�DERXW�SURJUDPPLQJ�ODQJXDJHV�VR�ZH�IRFXV�H[FOXVLYHO\�RQ�DEVWUDFW
V\QWD[�
3URJUDPV�JHQHUDOO\�KDYH�D�WUHH�OLNH�VWUXFWXUH�RI�QHVWLQJ�SKUDVHV�DQG�H[SUHVVLRQV� VR

GHILQLQJ�WKH�DEVWUDFW�V\QWD[�RI�D�ODQJXDJH�LV�QR�PRUH�FRPSOLFDWHG�WKDQ�GHILQLQJ�DQ�LQGXF�
WLYH�VHW� $V�D�FDVH�VWXG\� OHW·V�ORRN�DW�D�YHU\�VLPSOH�SURJUDPPLQJ�ODQJXDJH� WKH�ODQJXDJH
RI�DULWKPHWLF�H[SUHVVLRQV� 7R�NHHS�WKLQJV�DV�VLPSOH�DV�SRVVLEOH� WKH�ODQJXDJH�ZLOO�LQFOXGH
LQWHJHUV� D�FRXSOH�ELQDU\�RSHUDWRUV�OLNH�PXOWLSOLFDWLRQ�DQG�DGGLWLRQ� D�XQDU\�RSHUDWRU�IRU
VXFFHVVRU�DQG�SUHGHFHVVRU�
+HUH�LV�DQ�LQGXFWLYH�PDWKHPDWLFDO�GHILQLWLRQ�RI�WKH�VHW A� ,W�LV�WKH�VPDOOHVW�VHW�VDWLV�

I\LQJ�WKH�IROORZLQJ�FRQVWUDLQWV�

i ∈ Z ⇒ i ∈ A ���
e ∈ A ⇒ 3UHG(e) ∈ A ���
e ∈ A ⇒ 6XFF(e) ∈ A ���

e1 ∈ A ∧ e2 ∈ A ⇒ 3OXV(e1, e2) ∈ A ���
e1 ∈ A ∧ e2 ∈ A ⇒ 0XOW(e1, e2) ∈ A ���

/LNH�DQ\�LQGXFWLYH�GHILQLWLRQ� WKLV�FDQ�EH�YLHZHG�VLPXOWDQHRXVO\�DV�D�UHFLSH�IRU FRQ�
VWUXFWLQJPHPEHUV�RI�WKH�VHW A DQG�DV�D�SURFHGXUH�IRU FKHFNLQJ LI�D�YDOXH�LV�D�PHPEHU�RI�WKH
VHW A�
,QWHUSUHWHG�DV�D�UHFLSH� \RX�FDQ�VHH�WKDW�HYHU\�LQWHJHU�LV�DQ A SURJUDP� VR 5 LV�DQ A

SURJUDP�E\����� 6LQFH 5 LV�DQ A SURJUDP� 3UHG(5) LV�DQ A SURJUDP�E\����� $QG�WKHUHIRUH
�

Part 2: contexts

e D e′

e → e′
e → e′

3UHG(e) → 3UHG(e′)
e → e′

6XFF(e) → 6XFF(e′)
e1 → e′1

3OXV(e1, e2) → 3OXV(e′1, e2)

e2 → e′2
3OXV(e1, e2) → 3OXV(e1, e′2)

e1 → e′1
0XOW(e1, e2) → 0XOW(e′1, e2)

e2 → e′2
0XOW(e1, e2) → 0XOW(e1, e′2)

8VLQJ→� ZH�FDQ�VHH�WKDW 3OXV(4, 6XFF(2)) → 3OXV(4, 3) DQG 3OXV(4, 3) → 7�

6XFF(2) → 3

3OXV(4, 6XFF(2)) → 3OXV(4, 3) 3OXV(4, 3) → 7

(YDOXDWLRQ�RI�D�SURJUDP�FDQ�EH�YLHZHG�D�VHULHV�RI�UHODWHG�H[SUHVVLRQV�DUULYLQJ�DW�D�ILQDO
DQVZHU�
,I�ZH·G�OLNH�WR�FDSWXUH�WKH�QRWLRQ�RI�´e VWHSV�WR e′ LQ�DQ\�QXPEHU�RI�VWHSV�µ ZH�FDQ

GHILQH�\HW�DQRWKHU�UHODWLRQ� →!
D ⊆ A × A� DV�WKH�UHIOH[LYH� WUDQVLWLYH�FORVXUH�RI →� 7KH

UHIOH[LYH�FORVXUH RI�D�UHODWLRQ U ⊆ X×X LV�D�UHODWLRQ U′ ⊆ X×X VXFK�WKDW x ∈ X ⇒ x U′ x
DQG x1 ∈ X ∧ x2 ∈ X ∧ x1 Ux2 ⇒ x1 U′ x2� ,Q�RWKHU�ZRUGV� WKH�UHIOH[LYH�FORVXUH�RI U UHODWHV
HYHU\�WKLQJ�LQ U SOXV�LW�UHODWHV�HYHU\WKLQJ�WR�LWVHOI� 7KH�UHIOH[LYH�FORVXUH�RI→ FDSWXUHV�WKH
QRWLRQ�RI�´VWHSV�LQ�]HUR�RU�RQH�VWHS�µ 7KH WUDQVLWLYH�FORVXUH RI�D�UHODWLRQ U ⊆ X ×X LV�D
UHODWLRQ U′ ⊆ X ×X VXFK�WKDW x1 Ux2 ⇒ x1 U′ x2 DQG x1 U′ x2 ∧ x2 U′ x3 ⇒ x1 U′ x3� ,Q�RWKHU
ZRUGV� WKH�WUDQVLWLYH�FORVXUH�RI U UHODWHV x1 WR x2 LI U GRHV� EXW�DOVR�LQFOXGHV�HYHU\WKLQJ x2
UHODWHV�WR� DQG�DQ\WKLQJ�UHODWHG�WR�WKDW� DQG�VR�RQ� 7KH�WUDQVLWLYH�FORVXUH�RI → FDSWXUHV
WKH�QRWLRQ�RI�´VWHSV�LQ�RQH�RU�PRUH�VWHSVµ� &RPSRVLQJ�WKHVH�FORVXUH�RSHUDWLRQV�JLYHV→!

D�
ZKLFK�LV�´VWHSV�LQ�]HUR�RU�PRUH�VWHSV�µ :ULWLQJ�LW�RXW�H[SOLFLWO\�UHVXOWV�LQ�WKH�IROORZLQJ�VHW
RI�LQIHUHQFH�UXOHV�

e → e′

e →!
D e

′ e →!
D e

e →!
D e

′ e′ →!
D e

′′

e →!
D e

′′

7KH�DERYH�VHPDQWLFV�DUH�D�´VPDOO�VWHSµ�RU�´UHGXFWLRQµ�VHPDQWLFV� 8QOLNH�WKH�QDWXUDO
VHPDQWLFV� WKH�UHGXFWLRQ�VHPDQWLFV�DFFRXQWV�IRU�HDFK�VWHS�RI�D�FRPSXWDWLRQ� $OWKRXJK
LW·V�LPPDWHULDO�IRU�WKH A ODQJXDJH� WKH�VPDOO�VWHS�DSSURDFK�KDV�VRPH�DGYDQWDJHV�RYHU�ELJ�
VWHS��DV�ZH�VKRXOG�H[SHFW�FRQVLGHULQJ�LW�LV�FRQVLGHUDEO\�PRUH�LQYROYHG�� RQH�RI�WKH�PRVW
LPSRUWDQW�DGYDQWDJHV�FRPHV�LQWR�SOD\�ZKHQ�WKH�REMHFW�ODQJXDJH�LV�VXIILFLHQWO\�SRZHUIXO
WR�LQFOXGH�QRQ�WHUPLQDWLQJ�FRPSXWDWLRQV� 6LQFH�WKH�QDWXUDO�VHPDQWLFV�LV�FRQFHUQHG�RQO\
ZLWK�ILQDO�DQVZHUV� LW�GRHVQ·W�VD\�PXFK�DERXW�QRQ�WHUPLQDWLQJ�SURJUDPV� ZKLOH�UHGXFWLRQ
VHPDQWLFV�FDQ�VWLOO�EH�XVHG�WR�UHDVRQ�DERXW�WKH��LQILQLWH��VWHSV�RI�VXFK�D�FRPSXWDWLRQ�
2QH�LPSRUWDQW�REVHUYDWLRQ�WR�PDNH�LV�WKDW�DOWKRXJK�ZH·YH�FRQVWUXFWHG�DQ�DOWHUQDWLYH

VHPDQWLFV� ZH�FDQ�IRUPDOO\�UHODWH�WKHVH�WZR�VHPDQWLFV� ,Q�SDUWLFXODU� ZH�FDQ�UHFRYHU�D�ELJ�
VWHS�HYDOXDWLRQ�UHODWLRQ�IURP�WKH�UHGXFWLRQ�VHPDQWLFV� &RQVLGHU�WKH�IROORZLQJ�UHODWLRQ
↓ ⊆ A× Z�

e →!
D i

e ↓ i
�

e D e′

e → e′
e → e′

3UHG(e) → 3UHG(e′)
e → e′

6XFF(e) → 6XFF(e′)
e1 → e′1

3OXV(e1, e2) → 3OXV(e′1, e2)

e2 → e′2
3OXV(e1, e2) → 3OXV(e1, e′2)

e1 → e′1
0XOW(e1, e2) → 0XOW(e′1, e2)

e2 → e′2
0XOW(e1, e2) → 0XOW(e1, e′2)

8VLQJ→� ZH�FDQ�VHH�WKDW 3OXV(4, 6XFF(2)) → 3OXV(4, 3) DQG 3OXV(4, 3) → 7�

6XFF(2) → 3

3OXV(4, 6XFF(2)) → 3OXV(4, 3) 3OXV(4, 3) → 7

(YDOXDWLRQ�RI�D�SURJUDP�FDQ�EH�YLHZHG�D�VHULHV�RI�UHODWHG�H[SUHVVLRQV�DUULYLQJ�DW�D�ILQDO
DQVZHU�
,I�ZH·G�OLNH�WR�FDSWXUH�WKH�QRWLRQ�RI�´e VWHSV�WR e′ LQ�DQ\�QXPEHU�RI�VWHSV�µ ZH�FDQ

GHILQH�\HW�DQRWKHU�UHODWLRQ� →!
D ⊆ A × A� DV�WKH�UHIOH[LYH� WUDQVLWLYH�FORVXUH�RI →� 7KH

UHIOH[LYH�FORVXUH RI�D�UHODWLRQ U ⊆ X×X LV�D�UHODWLRQ U′ ⊆ X×X VXFK�WKDW x ∈ X ⇒ x U′ x
DQG x1 ∈ X ∧ x2 ∈ X ∧ x1 Ux2 ⇒ x1 U′ x2� ,Q�RWKHU�ZRUGV� WKH�UHIOH[LYH�FORVXUH�RI U UHODWHV
HYHU\�WKLQJ�LQ U SOXV�LW�UHODWHV�HYHU\WKLQJ�WR�LWVHOI� 7KH�UHIOH[LYH�FORVXUH�RI→ FDSWXUHV�WKH
QRWLRQ�RI�´VWHSV�LQ�]HUR�RU�RQH�VWHS�µ 7KH WUDQVLWLYH�FORVXUH RI�D�UHODWLRQ U ⊆ X ×X LV�D
UHODWLRQ U′ ⊆ X ×X VXFK�WKDW x1 Ux2 ⇒ x1 U′ x2 DQG x1 U′ x2 ∧ x2 U′ x3 ⇒ x1 U′ x3� ,Q�RWKHU
ZRUGV� WKH�WUDQVLWLYH�FORVXUH�RI U UHODWHV x1 WR x2 LI U GRHV� EXW�DOVR�LQFOXGHV�HYHU\WKLQJ x2
UHODWHV�WR� DQG�DQ\WKLQJ�UHODWHG�WR�WKDW� DQG�VR�RQ� 7KH�WUDQVLWLYH�FORVXUH�RI → FDSWXUHV
WKH�QRWLRQ�RI�´VWHSV�LQ�RQH�RU�PRUH�VWHSVµ� &RPSRVLQJ�WKHVH�FORVXUH�RSHUDWLRQV�JLYHV→!

D�
ZKLFK�LV�´VWHSV�LQ�]HUR�RU�PRUH�VWHSV�µ :ULWLQJ�LW�RXW�H[SOLFLWO\�UHVXOWV�LQ�WKH�IROORZLQJ�VHW
RI�LQIHUHQFH�UXOHV�

e → e′

e →!
D e

′ e →!
D e

e →!
D e

′ e′ →!
D e

′′

e →!
D e

′′

7KH�DERYH�VHPDQWLFV�DUH�D�´VPDOO�VWHSµ�RU�´UHGXFWLRQµ�VHPDQWLFV� 8QOLNH�WKH�QDWXUDO
VHPDQWLFV� WKH�UHGXFWLRQ�VHPDQWLFV�DFFRXQWV�IRU�HDFK�VWHS�RI�D�FRPSXWDWLRQ� $OWKRXJK
LW·V�LPPDWHULDO�IRU�WKH A ODQJXDJH� WKH�VPDOO�VWHS�DSSURDFK�KDV�VRPH�DGYDQWDJHV�RYHU�ELJ�
VWHS��DV�ZH�VKRXOG�H[SHFW�FRQVLGHULQJ�LW�LV�FRQVLGHUDEO\�PRUH�LQYROYHG�� RQH�RI�WKH�PRVW
LPSRUWDQW�DGYDQWDJHV�FRPHV�LQWR�SOD\�ZKHQ�WKH�REMHFW�ODQJXDJH�LV�VXIILFLHQWO\�SRZHUIXO
WR�LQFOXGH�QRQ�WHUPLQDWLQJ�FRPSXWDWLRQV� 6LQFH�WKH�QDWXUDO�VHPDQWLFV�LV�FRQFHUQHG�RQO\
ZLWK�ILQDO�DQVZHUV� LW�GRHVQ·W�VD\�PXFK�DERXW�QRQ�WHUPLQDWLQJ�SURJUDPV� ZKLOH�UHGXFWLRQ
VHPDQWLFV�FDQ�VWLOO�EH�XVHG�WR�UHDVRQ�DERXW�WKH��LQILQLWH��VWHSV�RI�VXFK�D�FRPSXWDWLRQ�
2QH�LPSRUWDQW�REVHUYDWLRQ�WR�PDNH�LV�WKDW�DOWKRXJK�ZH·YH�FRQVWUXFWHG�DQ�DOWHUQDWLYH

VHPDQWLFV� ZH�FDQ�IRUPDOO\�UHODWH�WKHVH�WZR�VHPDQWLFV� ,Q�SDUWLFXODU� ZH�FDQ�UHFRYHU�D�ELJ�
VWHS�HYDOXDWLRQ�UHODWLRQ�IURP�WKH�UHGXFWLRQ�VHPDQWLFV� &RQVLGHU�WKH�IROORZLQJ�UHODWLRQ
↓ ⊆ A× Z�

e →!
D i

e ↓ i
�

compatible 
closure

� ,QWURGXFWLRQ

6RIWZDUH LV DUJXDEO\ WKH PRVW FRPSOLFDWHG DQG YDULHG NLQG RI DUWLIDFW KXPDQV SURGXFH�
3HRSOH ZKR PDNH VRIWZDUH DW WKH KLJKHVW SURIHVVLRQDO OHYHO WKLQN GHHSO\ DERXW WKH PHDQ�
LQJ DQG FRUUHFWQHVV RI WKH SURJUDPV WKH\ ZULWH� $ FRPPDQG RI VRIWZDUH GHVLJQ DW WKLV
OHYHO UHTXLUHV GHYHORSLQJ DQ XQGHUVWDQGLQJ RI KRZ ZH JLYH PHDQLQJ WR SKUDVHV RI D SUR�
JUDPPLQJ ODQJXDJH DQG KRZ WR EXLOG DQDO\WLF WRROV IRU SURYLQJ SURSHUWLHV RI SURJUDPV�
7KLV FRXUVH FRYHUV EDVLF WKHRUHWLFDO LGHDV DQG SUDFWLFDO WHFKQLTXHV IRU PRGHOLQJ DQG DQ�

DO\]LQJ SURJUDPPLQJ ODQJXDJHV� DQG OHYHUDJLQJ WKRVH WHFKQLTXHV WR PHFKDQLFDOO\ UHDVRQ
DERXW SURJUDPV�

� 6\QWD[� 6HPDQWLFV� 	 0DFKLQHV IRU $ULWKPHWLF

D ⊆ A×A → ⊆ A×A

6XFF(4) → 5

3OXV(6XFF(4),3UHG(3)) → 3OXV(5,3UHG(3))
3UHG(3) → 2

3OXV(6XFF(4),3UHG(3)) → 3OXV(6XFF(4), 2)

e = . . .
| 5DLVH(e)
| 7U\(e, x, e)

e = . . .
| &DOOFF(x, e) | +DOW(e)

E = . . .
| +DOW(E)

E [+DOW(v)] $−→ v E [&DOOFF(x, e)] $−→ e[)XQ(x′,+DOW(E [x′]))/x]

)UDPH F = . . .
| $SS(!, e) | $SS(v,!)

e (D ∪ β) e′

C[e] → C[e′]
e (D ∪ βY) e

′

C[e] →Y C[e′]

e (D ∪ β) e′

E [e] $−→ E [e′]
e (D ∪ βY) e

′

E [e] $−→Y E [e′]

&RQWH[W C = . . .
| )XQ(x, C)
| $SS(C, e) | $SS(e, C)�



Proof of each step

e D e′

e → e′
e → e′

3UHG(e) → 3UHG(e′)
e → e′

6XFF(e) → 6XFF(e′)
e1 → e′1

3OXV(e1, e2) → 3OXV(e′1, e2)

e2 → e′2
3OXV(e1, e2) → 3OXV(e1, e′2)

e1 → e′1
0XOW(e1, e2) → 0XOW(e′1, e2)

e2 → e′2
0XOW(e1, e2) → 0XOW(e1, e′2)

8VLQJ→� ZH�FDQ�VHH�WKDW 3OXV(4, 6XFF(2)) → 3OXV(4, 3) DQG 3OXV(4, 3) → 7�

6XFF(2) → 3

3OXV(4, 6XFF(2)) → 3OXV(4, 3)

(YDOXDWLRQ�RI�D�SURJUDP�FDQ�EH�YLHZHG�D�VHULHV�RI�UHODWHG�H[SUHVVLRQV�DUULYLQJ�DW�D�ILQDO
DQVZHU�
,I�ZH·G�OLNH�WR�FDSWXUH�WKH�QRWLRQ�RI�´e VWHSV�WR e′ LQ�DQ\�QXPEHU�RI�VWHSV�µ ZH�FDQ

GHILQH�\HW�DQRWKHU�UHODWLRQ� →!
D ⊆ A × A� DV�WKH�UHIOH[LYH� WUDQVLWLYH�FORVXUH�RI →� 7KH

UHIOH[LYH�FORVXUH RI�D�UHODWLRQ U ⊆ X×X LV�D�UHODWLRQ U′ ⊆ X×X VXFK�WKDW x ∈ X ⇒ x U′ x
DQG x1 ∈ X ∧ x2 ∈ X ∧ x1 Ux2 ⇒ x1 U′ x2� ,Q�RWKHU�ZRUGV� WKH�UHIOH[LYH�FORVXUH�RI U UHODWHV
HYHU\�WKLQJ�LQ U SOXV�LW�UHODWHV�HYHU\WKLQJ�WR�LWVHOI� 7KH�UHIOH[LYH�FORVXUH�RI→ FDSWXUHV�WKH
QRWLRQ�RI�´VWHSV�LQ�]HUR�RU�RQH�VWHS�µ 7KH WUDQVLWLYH�FORVXUH RI�D�UHODWLRQ U ⊆ X ×X LV�D
UHODWLRQ U′ ⊆ X ×X VXFK�WKDW x1 Ux2 ⇒ x1 U′ x2 DQG x1 U′ x2 ∧ x2 U′ x3 ⇒ x1 U′ x3� ,Q�RWKHU
ZRUGV� WKH�WUDQVLWLYH�FORVXUH�RI U UHODWHV x1 WR x2 LI U GRHV� EXW�DOVR�LQFOXGHV�HYHU\WKLQJ x2
UHODWHV�WR� DQG�DQ\WKLQJ�UHODWHG�WR�WKDW� DQG�VR�RQ� 7KH�WUDQVLWLYH�FORVXUH�RI → FDSWXUHV
WKH�QRWLRQ�RI�´VWHSV�LQ�RQH�RU�PRUH�VWHSVµ� &RPSRVLQJ�WKHVH�FORVXUH�RSHUDWLRQV�JLYHV→!

D�
ZKLFK�LV�´VWHSV�LQ�]HUR�RU�PRUH�VWHSV�µ :ULWLQJ�LW�RXW�H[SOLFLWO\�UHVXOWV�LQ�WKH�IROORZLQJ�VHW
RI�LQIHUHQFH�UXOHV�

e → e′

e →!
D e

′ e →!
D e

e →!
D e

′ e′ →!
D e

′′

e →!
D e

′′

7KH�DERYH�VHPDQWLFV�DUH�D�´VPDOO�VWHSµ�RU�´UHGXFWLRQµ�VHPDQWLFV� 8QOLNH�WKH�QDWXUDO
VHPDQWLFV� WKH�UHGXFWLRQ�VHPDQWLFV�DFFRXQWV�IRU�HDFK�VWHS�RI�D�FRPSXWDWLRQ� $OWKRXJK
LW·V�LPPDWHULDO�IRU�WKH A ODQJXDJH� WKH�VPDOO�VWHS�DSSURDFK�KDV�VRPH�DGYDQWDJHV�RYHU�ELJ�
VWHS��DV�ZH�VKRXOG�H[SHFW�FRQVLGHULQJ�LW�LV�FRQVLGHUDEO\�PRUH�LQYROYHG�� RQH�RI�WKH�PRVW
LPSRUWDQW�DGYDQWDJHV�FRPHV�LQWR�SOD\�ZKHQ�WKH�REMHFW�ODQJXDJH�LV�VXIILFLHQWO\�SRZHUIXO
WR�LQFOXGH�QRQ�WHUPLQDWLQJ�FRPSXWDWLRQV� 6LQFH�WKH�QDWXUDO�VHPDQWLFV�LV�FRQFHUQHG�RQO\
ZLWK�ILQDO�DQVZHUV� LW�GRHVQ·W�VD\�PXFK�DERXW�QRQ�WHUPLQDWLQJ�SURJUDPV� ZKLOH�UHGXFWLRQ
VHPDQWLFV�FDQ�VWLOO�EH�XVHG�WR�UHDVRQ�DERXW�WKH��LQILQLWH��VWHSV�RI�VXFK�D�FRPSXWDWLRQ�
2QH�LPSRUWDQW�REVHUYDWLRQ�WR�PDNH�LV�WKDW�DOWKRXJK�ZH·YH�FRQVWUXFWHG�DQ�DOWHUQDWLYH

VHPDQWLFV� ZH�FDQ�IRUPDOO\�UHODWH�WKHVH�WZR�VHPDQWLFV� ,Q�SDUWLFXODU� ZH�FDQ�UHFRYHU�D�ELJ�
VWHS�HYDOXDWLRQ�UHODWLRQ�IURP�WKH�UHGXFWLRQ�VHPDQWLFV� &RQVLGHU�WKH�IROORZLQJ�UHODWLRQ
↓ ⊆ A× Z�

e →!
D i

e ↓ i
�

e D e′

e → e′
e → e′

3UHG(e) → 3UHG(e′)
e → e′

6XFF(e) → 6XFF(e′)
e1 → e′1

3OXV(e1, e2) → 3OXV(e′1, e2)

e2 → e′2
3OXV(e1, e2) → 3OXV(e1, e′2)

e1 → e′1
0XOW(e1, e2) → 0XOW(e′1, e2)

e2 → e′2
0XOW(e1, e2) → 0XOW(e1, e′2)

8VLQJ→� ZH�FDQ�VHH�WKDW 3OXV(4, 6XFF(2)) → 3OXV(4, 3) DQG 3OXV(4, 3) → 7�

6XFF(2) → 3

3OXV(4, 6XFF(2)) → 3OXV(4, 3) 3OXV(4, 3) → 7

(YDOXDWLRQ�RI�D�SURJUDP�FDQ�EH�YLHZHG�D�VHULHV�RI�UHODWHG�H[SUHVVLRQV�DUULYLQJ�DW�D�ILQDO
DQVZHU�
,I�ZH·G�OLNH�WR�FDSWXUH�WKH�QRWLRQ�RI�´e VWHSV�WR e′ LQ�DQ\�QXPEHU�RI�VWHSV�µ ZH�FDQ

GHILQH�\HW�DQRWKHU�UHODWLRQ� →!
D ⊆ A × A� DV�WKH�UHIOH[LYH� WUDQVLWLYH�FORVXUH�RI →� 7KH

UHIOH[LYH�FORVXUH RI�D�UHODWLRQ U ⊆ X×X LV�D�UHODWLRQ U′ ⊆ X×X VXFK�WKDW x ∈ X ⇒ x U′ x
DQG x1 ∈ X ∧ x2 ∈ X ∧ x1 Ux2 ⇒ x1 U′ x2� ,Q�RWKHU�ZRUGV� WKH�UHIOH[LYH�FORVXUH�RI U UHODWHV
HYHU\�WKLQJ�LQ U SOXV�LW�UHODWHV�HYHU\WKLQJ�WR�LWVHOI� 7KH�UHIOH[LYH�FORVXUH�RI→ FDSWXUHV�WKH
QRWLRQ�RI�´VWHSV�LQ�]HUR�RU�RQH�VWHS�µ 7KH WUDQVLWLYH�FORVXUH RI�D�UHODWLRQ U ⊆ X ×X LV�D
UHODWLRQ U′ ⊆ X ×X VXFK�WKDW x1 Ux2 ⇒ x1 U′ x2 DQG x1 U′ x2 ∧ x2 U′ x3 ⇒ x1 U′ x3� ,Q�RWKHU
ZRUGV� WKH�WUDQVLWLYH�FORVXUH�RI U UHODWHV x1 WR x2 LI U GRHV� EXW�DOVR�LQFOXGHV�HYHU\WKLQJ x2
UHODWHV�WR� DQG�DQ\WKLQJ�UHODWHG�WR�WKDW� DQG�VR�RQ� 7KH�WUDQVLWLYH�FORVXUH�RI → FDSWXUHV
WKH�QRWLRQ�RI�´VWHSV�LQ�RQH�RU�PRUH�VWHSVµ� &RPSRVLQJ�WKHVH�FORVXUH�RSHUDWLRQV�JLYHV→!

D�
ZKLFK�LV�´VWHSV�LQ�]HUR�RU�PRUH�VWHSV�µ :ULWLQJ�LW�RXW�H[SOLFLWO\�UHVXOWV�LQ�WKH�IROORZLQJ�VHW
RI�LQIHUHQFH�UXOHV�

e → e′

e →!
D e

′ e →!
D e

e →!
D e

′ e′ →!
D e

′′

e →!
D e

′′

7KH�DERYH�VHPDQWLFV�DUH�D�´VPDOO�VWHSµ�RU�´UHGXFWLRQµ�VHPDQWLFV� 8QOLNH�WKH�QDWXUDO
VHPDQWLFV� WKH�UHGXFWLRQ�VHPDQWLFV�DFFRXQWV�IRU�HDFK�VWHS�RI�D�FRPSXWDWLRQ� $OWKRXJK
LW·V�LPPDWHULDO�IRU�WKH A ODQJXDJH� WKH�VPDOO�VWHS�DSSURDFK�KDV�VRPH�DGYDQWDJHV�RYHU�ELJ�
VWHS��DV�ZH�VKRXOG�H[SHFW�FRQVLGHULQJ�LW�LV�FRQVLGHUDEO\�PRUH�LQYROYHG�� RQH�RI�WKH�PRVW
LPSRUWDQW�DGYDQWDJHV�FRPHV�LQWR�SOD\�ZKHQ�WKH�REMHFW�ODQJXDJH�LV�VXIILFLHQWO\�SRZHUIXO
WR�LQFOXGH�QRQ�WHUPLQDWLQJ�FRPSXWDWLRQV� 6LQFH�WKH�QDWXUDO�VHPDQWLFV�LV�FRQFHUQHG�RQO\
ZLWK�ILQDO�DQVZHUV� LW�GRHVQ·W�VD\�PXFK�DERXW�QRQ�WHUPLQDWLQJ�SURJUDPV� ZKLOH�UHGXFWLRQ
VHPDQWLFV�FDQ�VWLOO�EH�XVHG�WR�UHDVRQ�DERXW�WKH��LQILQLWH��VWHSV�RI�VXFK�D�FRPSXWDWLRQ�
2QH�LPSRUWDQW�REVHUYDWLRQ�WR�PDNH�LV�WKDW�DOWKRXJK�ZH·YH�FRQVWUXFWHG�DQ�DOWHUQDWLYH

VHPDQWLFV� ZH�FDQ�IRUPDOO\�UHODWH�WKHVH�WZR�VHPDQWLFV� ,Q�SDUWLFXODU� ZH�FDQ�UHFRYHU�D�ELJ�
VWHS�HYDOXDWLRQ�UHODWLRQ�IURP�WKH�UHGXFWLRQ�VHPDQWLFV� &RQVLGHU�WKH�IROORZLQJ�UHODWLRQ
↓ ⊆ A× Z�

e →!
D i

e ↓ i
�



Different steps

� ,QWURGXFWLRQ

6RIWZDUH�LV�DUJXDEO\�WKH�PRVW�FRPSOLFDWHG�DQG�YDULHG�NLQG�RI�DUWLIDFW�KXPDQV�SURGXFH�
3HRSOH�ZKR�PDNH�VRIWZDUH�DW�WKH�KLJKHVW�SURIHVVLRQDO�OHYHO�WKLQN�GHHSO\�DERXW�WKH�PHDQ�
LQJ�DQG�FRUUHFWQHVV�RI�WKH�SURJUDPV�WKH\�ZULWH� $ FRPPDQG�RI�VRIWZDUH�GHVLJQ�DW�WKLV
OHYHO�UHTXLUHV�GHYHORSLQJ�DQ�XQGHUVWDQGLQJ�RI�KRZ�ZH�JLYH�PHDQLQJ�WR�SKUDVHV�RI�D�SUR�
JUDPPLQJ�ODQJXDJH�DQG�KRZ�WR�EXLOG�DQDO\WLF�WRROV�IRU�SURYLQJ�SURSHUWLHV�RI�SURJUDPV�
7KLV�FRXUVH�FRYHUV�EDVLF�WKHRUHWLFDO�LGHDV�DQG�SUDFWLFDO�WHFKQLTXHV�IRU�PRGHOLQJ�DQG�DQ�

DO\]LQJ�SURJUDPPLQJ�ODQJXDJHV� DQG�OHYHUDJLQJ�WKRVH�WHFKQLTXHV�WR�PHFKDQLFDOO\�UHDVRQ
DERXW�SURJUDPV�

� 6\QWD[� 6HPDQWLFV� 	�0DFKLQHV�IRU�$ULWKPHWLF

6XFF(4) → 5

3OXV(6XFF(4),3UHG(3)) → 3OXV(5,3UHG(3))
3UHG(3) → 2

3OXV(6XFF(4),3UHG(3)) → 3OXV(6XFF(4), 2)

e = . . .
| 5DLVH(e)
| 7U\(e, x, e)

e = . . .
| &DOOFF(x, e) | +DOW(e)

E = . . .
| +DOW(E)

E [+DOW(v)] "−→ v E [&DOOFF(x, e)] "−→ e[)XQ(x′,+DOW(E [x′]))/x]

)UDPH F = . . .
| $SS(!, e) | $SS(v,!)

e (D ∪ β) e′

C[e] → C[e′]
e (D ∪ βY) e

′

C[e] →Y C[e′]

e (D ∪ β) e′

E [e] "−→ E [e′]
e (D ∪ βY) e

′

E [e] "−→Y E [e′]

&RQWH[W C = . . .
| )XQ(x, C)
| $SS(C, e) | $SS(e, C)

�

� ,QWURGXFWLRQ

6RIWZDUH�LV�DUJXDEO\�WKH�PRVW�FRPSOLFDWHG�DQG�YDULHG�NLQG�RI�DUWLIDFW�KXPDQV�SURGXFH�
3HRSOH�ZKR�PDNH�VRIWZDUH�DW�WKH�KLJKHVW�SURIHVVLRQDO�OHYHO�WKLQN�GHHSO\�DERXW�WKH�PHDQ�
LQJ�DQG�FRUUHFWQHVV�RI�WKH�SURJUDPV�WKH\�ZULWH� $ FRPPDQG�RI�VRIWZDUH�GHVLJQ�DW�WKLV
OHYHO�UHTXLUHV�GHYHORSLQJ�DQ�XQGHUVWDQGLQJ�RI�KRZ�ZH�JLYH�PHDQLQJ�WR�SKUDVHV�RI�D�SUR�
JUDPPLQJ�ODQJXDJH�DQG�KRZ�WR�EXLOG�DQDO\WLF�WRROV�IRU�SURYLQJ�SURSHUWLHV�RI�SURJUDPV�
7KLV�FRXUVH�FRYHUV�EDVLF�WKHRUHWLFDO�LGHDV�DQG�SUDFWLFDO�WHFKQLTXHV�IRU�PRGHOLQJ�DQG�DQ�

DO\]LQJ�SURJUDPPLQJ�ODQJXDJHV� DQG�OHYHUDJLQJ�WKRVH�WHFKQLTXHV�WR�PHFKDQLFDOO\�UHDVRQ
DERXW�SURJUDPV�

� 6\QWD[� 6HPDQWLFV� 	�0DFKLQHV�IRU�$ULWKPHWLF

6XFF(4) → 5

3OXV(6XFF(4),3UHG(3)) → 3OXV(5,3UHG(3))
3UHG(3) → 2

3OXV(6XFF(4),3UHG(3)) → 3OXV(6XFF(4), 2)

e = . . .
| 5DLVH(e)
| 7U\(e, x, e)

e = . . .
| &DOOFF(x, e) | +DOW(e)

E = . . .
| +DOW(E)

E [+DOW(v)] "−→ v E [&DOOFF(x, e)] "−→ e[)XQ(x′,+DOW(E [x′]))/x]

)UDPH F = . . .
| $SS(!, e) | $SS(v,!)

e (D ∪ β) e′

C[e] → C[e′]
e (D ∪ βY) e

′

C[e] →Y C[e′]

e (D ∪ β) e′

E [e] "−→ E [e′]
e (D ∪ βY) e

′

E [e] "−→Y E [e′]

&RQWH[W C = . . .
| )XQ(x, C)
| $SS(C, e) | $SS(e, C)

�



SOS semantics of

� ,QWURGXFWLRQ

6RIWZDUH�LV�DUJXDEO\�WKH�PRVW�FRPSOLFDWHG�DQG�YDULHG�NLQG�RI�DUWLIDFW�KXPDQV�SURGXFH�
3HRSOH�ZKR�PDNH�VRIWZDUH�DW�WKH�KLJKHVW�SURIHVVLRQDO�OHYHO�WKLQN�GHHSO\�DERXW�WKH�PHDQ�
LQJ�DQG�FRUUHFWQHVV�RI�WKH�SURJUDPV�WKH\�ZULWH� $ FRPPDQG�RI�VRIWZDUH�GHVLJQ�DW�WKLV
OHYHO�UHTXLUHV�GHYHORSLQJ�DQ�XQGHUVWDQGLQJ�RI�KRZ�ZH�JLYH�PHDQLQJ�WR�SKUDVHV�RI�D�SUR�
JUDPPLQJ�ODQJXDJH�DQG�KRZ�WR�EXLOG�DQDO\WLF�WRROV�IRU�SURYLQJ�SURSHUWLHV�RI�SURJUDPV�
7KLV�FRXUVH�FRYHUV�EDVLF�WKHRUHWLFDO�LGHDV�DQG�SUDFWLFDO�WHFKQLTXHV�IRU�PRGHOLQJ�DQG�DQ�

DO\]LQJ�SURJUDPPLQJ�ODQJXDJHV� DQG�OHYHUDJLQJ�WKRVH�WHFKQLTXHV�WR�PHFKDQLFDOO\�UHDVRQ
DERXW�SURJUDPV�

� 6\QWD[� 6HPDQWLFV� 	�0DFKLQHV�IRU�$ULWKPHWLF

��� 0RGHOOLQJ�6\QWD[�ZLWK�,QGXFWLYH�6HWV

7KH V\QWD[ RI�D�SURJUDPPLQJ�ODQJXDJH�LV�D�VHW�RI�UXOHV�IRU�WKH�DUUDQJHPHQW�RI�ZRUGV�DQG
SKUDVHV�WR�FUHDWH�ZHOO�IRUPHG�VHQWHQFHV�LQ�WKH�ODQJXDJH� ,Q�RWKHU�ZRUGV� LW�LV�WKH�JUDPPDU
RI�SURJUDPV� 6\QWD[�FRPHV�LQ�WZR�IRUPV� FRQFUHWH�V\QWD[ GHVFULEHV�WKH�ZD\�SURJUDPV�DFWX�
DOO\�ORRN�DW�WKH�OHYHO�RI�EUDFHV� VHPLFRORQV� ZKLWHVSDFH� HWF�� ZKLOH DEVWUDFW�V\QWD[ GHVFULEHV
WKH�VWUXFWXUH�RI�SURJUDPV�ZLWKRXW�ZRUU\LQJ�RYHU�WKH�VXSHUILFLDO�GHWDLOV�RI�FRQFUHWH�V\Q�
WD[� &RQFUHWH�V\QWD[� ZKLOH�WKH�VWXII�RI�IUHQ]LHG�IHUYRU� LV�DFWXDOO\�QRW�DOO�WKDW�VLJQLILFDQW
IRU�IRUPDOO\�UHDVRQLQJ�DERXW�SURJUDPPLQJ�ODQJXDJHV�VR�ZH�IRFXV�H[FOXVLYHO\�RQ�DEVWUDFW
V\QWD[�
3URJUDPV�JHQHUDOO\�KDYH�D�WUHH�OLNH�VWUXFWXUH�RI�QHVWLQJ�SKUDVHV�DQG�H[SUHVVLRQV� VR

GHILQLQJ�WKH�DEVWUDFW�V\QWD[�RI�D�ODQJXDJH�LV�QR�PRUH�FRPSOLFDWHG�WKDQ�GHILQLQJ�DQ�LQGXF�
WLYH�VHW� $V�D�FDVH�VWXG\� OHW·V�ORRN�DW�D�YHU\�VLPSOH�SURJUDPPLQJ�ODQJXDJH� WKH�ODQJXDJH
RI�DULWKPHWLF�H[SUHVVLRQV� 7R�NHHS�WKLQJV�DV�VLPSOH�DV�SRVVLEOH� WKH�ODQJXDJH�ZLOO�LQFOXGH
LQWHJHUV� D�FRXSOH�ELQDU\�RSHUDWRUV�OLNH�PXOWLSOLFDWLRQ�DQG�DGGLWLRQ� D�XQDU\�RSHUDWRU�IRU
VXFFHVVRU�DQG�SUHGHFHVVRU�
+HUH�LV�DQ�LQGXFWLYH�PDWKHPDWLFDO�GHILQLWLRQ�RI�WKH�VHW A� ,W�LV�WKH�VPDOOHVW�VHW�VDWLV�

I\LQJ�WKH�IROORZLQJ�FRQVWUDLQWV�

i ∈ Z ⇒ i ∈ A ���
e ∈ A ⇒ 3UHG(e) ∈ A ���
e ∈ A ⇒ 6XFF(e) ∈ A ���

e1 ∈ A ∧ e2 ∈ A ⇒ 3OXV(e1, e2) ∈ A ���
e1 ∈ A ∧ e2 ∈ A ⇒ 0XOW(e1, e2) ∈ A ���

/LNH�DQ\�LQGXFWLYH�GHILQLWLRQ� WKLV�FDQ�EH�YLHZHG�VLPXOWDQHRXVO\�DV�D�UHFLSH�IRU FRQ�
VWUXFWLQJPHPEHUV�RI�WKH�VHW A DQG�DV�D�SURFHGXUH�IRU FKHFNLQJ LI�D�YDOXH�LV�D�PHPEHU�RI�WKH
VHW A�
,QWHUSUHWHG�DV�D�UHFLSH� \RX�FDQ�VHH�WKDW�HYHU\�LQWHJHU�LV�DQ A SURJUDP� VR 5 LV�DQ A

SURJUDP�E\����� 6LQFH 5 LV�DQ A SURJUDP� 3UHG(5) LV�DQ A SURJUDP�E\����� $QG�WKHUHIRUH
�

reflexive 
closure

e D e′

e → e′
e → e′

3UHG(e) → 3UHG(e′)
e → e′

6XFF(e) → 6XFF(e′)
e1 → e′1

3OXV(e1, e2) → 3OXV(e′1, e2)

e2 → e′2
3OXV(e1, e2) → 3OXV(e1, e′2)

e1 → e′1
0XOW(e1, e2) → 0XOW(e′1, e2)

e2 → e′2
0XOW(e1, e2) → 0XOW(e1, e′2)

8VLQJ→� ZH�FDQ�VHH�WKDW 3OXV(4, 6XFF(2)) → 3OXV(4, 3) DQG 3OXV(4, 3) → 7�

6XFF(2) → 3

3OXV(4, 6XFF(2)) → 3OXV(4, 3) 3OXV(4, 3) → 7

(YDOXDWLRQ�RI�D�SURJUDP�FDQ�EH�YLHZHG�D�VHULHV�RI�UHODWHG�H[SUHVVLRQV�DUULYLQJ�DW�D�ILQDO
DQVZHU�
,I�ZH·G�OLNH�WR�FDSWXUH�WKH�QRWLRQ�RI�´e VWHSV�WR e′ LQ�DQ\�QXPEHU�RI�VWHSV�µ ZH�FDQ

GHILQH�\HW�DQRWKHU�UHODWLRQ� →! ⊆ A × A� DV�WKH�UHIOH[LYH� WUDQVLWLYH�FORVXUH�RI →� 7KH
UHIOH[LYH�FORVXUH RI�D�UHODWLRQ U ⊆ X×X LV�D�UHODWLRQ U′ ⊆ X×X VXFK�WKDW x ∈ X ⇒ x U′ x
DQG x1 ∈ X ∧ x2 ∈ X ∧ x1 Ux2 ⇒ x1 U′ x2� ,Q�RWKHU�ZRUGV� WKH�UHIOH[LYH�FORVXUH�RI U UHODWHV
HYHU\�WKLQJ�LQ U SOXV�LW�UHODWHV�HYHU\WKLQJ�WR�LWVHOI� 7KH�UHIOH[LYH�FORVXUH�RI→ FDSWXUHV�WKH
QRWLRQ�RI�´VWHSV�LQ�]HUR�RU�RQH�VWHS�µ 7KH WUDQVLWLYH�FORVXUH RI�D�UHODWLRQ U ⊆ X ×X LV�D
UHODWLRQ U′ ⊆ X ×X VXFK�WKDW x1 Ux2 ⇒ x1 U′ x2 DQG x1 U′ x2 ∧ x2 U′ x3 ⇒ x1 U′ x3� ,Q�RWKHU
ZRUGV� WKH�WUDQVLWLYH�FORVXUH�RI U UHODWHV x1 WR x2 LI U GRHV� EXW�DOVR�LQFOXGHV�HYHU\WKLQJ x2
UHODWHV�WR� DQG�DQ\WKLQJ�UHODWHG�WR�WKDW� DQG�VR�RQ� 7KH�WUDQVLWLYH�FORVXUH�RI → FDSWXUHV
WKH�QRWLRQ�RI�´VWHSV�LQ�RQH�RU�PRUH�VWHSVµ� &RPSRVLQJ�WKHVH�FORVXUH�RSHUDWLRQV�JLYHV→!�
ZKLFK�LV�´VWHSV�LQ�]HUR�RU�PRUH�VWHSV�µ :ULWLQJ�LW�RXW�H[SOLFLWO\�UHVXOWV�LQ�WKH�IROORZLQJ�VHW
RI�LQIHUHQFH�UXOHV�

e → e′

e →! e′ e →! e

e →! e′ e′ →! e′′

e →! e′′

7KH�DERYH�VHPDQWLFV�DUH�D�´VPDOO�VWHSµ�RU�´UHGXFWLRQµ�VHPDQWLFV� 8QOLNH�WKH�QDWXUDO
VHPDQWLFV� WKH�UHGXFWLRQ�VHPDQWLFV�DFFRXQWV�IRU�HDFK�VWHS�RI�D�FRPSXWDWLRQ� $OWKRXJK
LW·V�LPPDWHULDO�IRU�WKH A ODQJXDJH� WKH�VPDOO�VWHS�DSSURDFK�KDV�VRPH�DGYDQWDJHV�RYHU�ELJ�
VWHS��DV�ZH�VKRXOG�H[SHFW�FRQVLGHULQJ�LW�LV�FRQVLGHUDEO\�PRUH�LQYROYHG�� RQH�RI�WKH�PRVW
LPSRUWDQW�DGYDQWDJHV�FRPHV�LQWR�SOD\�ZKHQ�WKH�REMHFW�ODQJXDJH�LV�VXIILFLHQWO\�SRZHUIXO
WR�LQFOXGH�QRQ�WHUPLQDWLQJ�FRPSXWDWLRQV� 6LQFH�WKH�QDWXUDO�VHPDQWLFV�LV�FRQFHUQHG�RQO\
ZLWK�ILQDO�DQVZHUV� LW�GRHVQ·W�VD\�PXFK�DERXW�QRQ�WHUPLQDWLQJ�SURJUDPV� ZKLOH�UHGXFWLRQ
VHPDQWLFV�FDQ�VWLOO�EH�XVHG�WR�UHDVRQ�DERXW�WKH��LQILQLWH��VWHSV�RI�VXFK�D�FRPSXWDWLRQ�
2QH�LPSRUWDQW�REVHUYDWLRQ�WR�PDNH�LV�WKDW�DOWKRXJK�ZH·YH�FRQVWUXFWHG�DQ�DOWHUQDWLYH

VHPDQWLFV� ZH�FDQ�IRUPDOO\�UHODWH�WKHVH�WZR�VHPDQWLFV� ,Q�SDUWLFXODU� ZH�FDQ�UHFRYHU�D�ELJ�
VWHS�HYDOXDWLRQ�UHODWLRQ�IURP�WKH�UHGXFWLRQ�VHPDQWLFV� &RQVLGHU�WKH�IROORZLQJ�UHODWLRQ
↓ ⊆ A× Z�

e →! i

e ↓ i
�

e D e′

e → e′
e → e′

3UHG(e) → 3UHG(e′)
e → e′

6XFF(e) → 6XFF(e′)
e1 → e′1

3OXV(e1, e2) → 3OXV(e′1, e2)

e2 → e′2
3OXV(e1, e2) → 3OXV(e1, e′2)

e1 → e′1
0XOW(e1, e2) → 0XOW(e′1, e2)

e2 → e′2
0XOW(e1, e2) → 0XOW(e1, e′2)

8VLQJ→� ZH�FDQ�VHH�WKDW 3OXV(4, 6XFF(2)) → 3OXV(4, 3) DQG 3OXV(4, 3) → 7�

6XFF(2) → 3

3OXV(4, 6XFF(2)) → 3OXV(4, 3) 3OXV(4, 3) → 7

(YDOXDWLRQ�RI�D�SURJUDP�FDQ�EH�YLHZHG�D�VHULHV�RI�UHODWHG�H[SUHVVLRQV�DUULYLQJ�DW�D�ILQDO
DQVZHU�
,I�ZH·G�OLNH�WR�FDSWXUH�WKH�QRWLRQ�RI�´e VWHSV�WR e′ LQ�DQ\�QXPEHU�RI�VWHSV�µ ZH�FDQ

GHILQH�\HW�DQRWKHU�UHODWLRQ� →! ⊆ A × A� DV�WKH�UHIOH[LYH� WUDQVLWLYH�FORVXUH�RI →� 7KH
UHIOH[LYH�FORVXUH RI�D�UHODWLRQ U ⊆ X×X LV�D�UHODWLRQ U′ ⊆ X×X VXFK�WKDW x ∈ X ⇒ x U′ x
DQG x1 ∈ X ∧ x2 ∈ X ∧ x1 Ux2 ⇒ x1 U′ x2� ,Q�RWKHU�ZRUGV� WKH�UHIOH[LYH�FORVXUH�RI U UHODWHV
HYHU\�WKLQJ�LQ U SOXV�LW�UHODWHV�HYHU\WKLQJ�WR�LWVHOI� 7KH�UHIOH[LYH�FORVXUH�RI→ FDSWXUHV�WKH
QRWLRQ�RI�´VWHSV�LQ�]HUR�RU�RQH�VWHS�µ 7KH WUDQVLWLYH�FORVXUH RI�D�UHODWLRQ U ⊆ X ×X LV�D
UHODWLRQ U′ ⊆ X ×X VXFK�WKDW x1 Ux2 ⇒ x1 U′ x2 DQG x1 U′ x2 ∧ x2 U′ x3 ⇒ x1 U′ x3� ,Q�RWKHU
ZRUGV� WKH�WUDQVLWLYH�FORVXUH�RI U UHODWHV x1 WR x2 LI U GRHV� EXW�DOVR�LQFOXGHV�HYHU\WKLQJ x2
UHODWHV�WR� DQG�DQ\WKLQJ�UHODWHG�WR�WKDW� DQG�VR�RQ� 7KH�WUDQVLWLYH�FORVXUH�RI → FDSWXUHV
WKH�QRWLRQ�RI�´VWHSV�LQ�RQH�RU�PRUH�VWHSVµ� &RPSRVLQJ�WKHVH�FORVXUH�RSHUDWLRQV�JLYHV→!�
ZKLFK�LV�´VWHSV�LQ�]HUR�RU�PRUH�VWHSV�µ :ULWLQJ�LW�RXW�H[SOLFLWO\�UHVXOWV�LQ�WKH�IROORZLQJ�VHW
RI�LQIHUHQFH�UXOHV�

e → e′

e →! e′ e →! e

e →! e′ e′ →! e′′

e →! e′′

7KH�DERYH�VHPDQWLFV�DUH�D�´VPDOO�VWHSµ�RU�´UHGXFWLRQµ�VHPDQWLFV� 8QOLNH�WKH�QDWXUDO
VHPDQWLFV� WKH�UHGXFWLRQ�VHPDQWLFV�DFFRXQWV�IRU�HDFK�VWHS�RI�D�FRPSXWDWLRQ� $OWKRXJK
LW·V�LPPDWHULDO�IRU�WKH A ODQJXDJH� WKH�VPDOO�VWHS�DSSURDFK�KDV�VRPH�DGYDQWDJHV�RYHU�ELJ�
VWHS��DV�ZH�VKRXOG�H[SHFW�FRQVLGHULQJ�LW�LV�FRQVLGHUDEO\�PRUH�LQYROYHG�� RQH�RI�WKH�PRVW
LPSRUWDQW�DGYDQWDJHV�FRPHV�LQWR�SOD\�ZKHQ�WKH�REMHFW�ODQJXDJH�LV�VXIILFLHQWO\�SRZHUIXO
WR�LQFOXGH�QRQ�WHUPLQDWLQJ�FRPSXWDWLRQV� 6LQFH�WKH�QDWXUDO�VHPDQWLFV�LV�FRQFHUQHG�RQO\
ZLWK�ILQDO�DQVZHUV� LW�GRHVQ·W�VD\�PXFK�DERXW�QRQ�WHUPLQDWLQJ�SURJUDPV� ZKLOH�UHGXFWLRQ
VHPDQWLFV�FDQ�VWLOO�EH�XVHG�WR�UHDVRQ�DERXW�WKH��LQILQLWH��VWHSV�RI�VXFK�D�FRPSXWDWLRQ�
2QH�LPSRUWDQW�REVHUYDWLRQ�WR�PDNH�LV�WKDW�DOWKRXJK�ZH·YH�FRQVWUXFWHG�DQ�DOWHUQDWLYH

VHPDQWLFV� ZH�FDQ�IRUPDOO\�UHODWH�WKHVH�WZR�VHPDQWLFV� ,Q�SDUWLFXODU� ZH�FDQ�UHFRYHU�D�ELJ�
VWHS�HYDOXDWLRQ�UHODWLRQ�IURP�WKH�UHGXFWLRQ�VHPDQWLFV� &RQVLGHU�WKH�IROORZLQJ�UHODWLRQ
↓ ⊆ A× Z�

e →! i

e ↓ i
�

e D e′

e → e′
e → e′

3UHG(e) → 3UHG(e′)
e → e′

6XFF(e) → 6XFF(e′)
e1 → e′1

3OXV(e1, e2) → 3OXV(e′1, e2)

e2 → e′2
3OXV(e1, e2) → 3OXV(e1, e′2)

e1 → e′1
0XOW(e1, e2) → 0XOW(e′1, e2)

e2 → e′2
0XOW(e1, e2) → 0XOW(e1, e′2)

8VLQJ→� ZH�FDQ�VHH�WKDW 3OXV(4, 6XFF(2)) → 3OXV(4, 3) DQG 3OXV(4, 3) → 7�

6XFF(2) → 3

3OXV(4, 6XFF(2)) → 3OXV(4, 3) 3OXV(4, 3) → 7

(YDOXDWLRQ�RI�D�SURJUDP�FDQ�EH�YLHZHG�D�VHULHV�RI�UHODWHG�H[SUHVVLRQV�DUULYLQJ�DW�D�ILQDO
DQVZHU�
,I�ZH·G�OLNH�WR�FDSWXUH�WKH�QRWLRQ�RI�´e VWHSV�WR e′ LQ�DQ\�QXPEHU�RI�VWHSV�µ ZH�FDQ

GHILQH�\HW�DQRWKHU�UHODWLRQ� →! ⊆ A × A� DV�WKH�UHIOH[LYH� WUDQVLWLYH�FORVXUH�RI →� 7KH
UHIOH[LYH�FORVXUH RI�D�UHODWLRQ U ⊆ X×X LV�D�UHODWLRQ U′ ⊆ X×X VXFK�WKDW x ∈ X ⇒ x U′ x
DQG x1 ∈ X ∧ x2 ∈ X ∧ x1 Ux2 ⇒ x1 U′ x2� ,Q�RWKHU�ZRUGV� WKH�UHIOH[LYH�FORVXUH�RI U UHODWHV
HYHU\�WKLQJ�LQ U SOXV�LW�UHODWHV�HYHU\WKLQJ�WR�LWVHOI� 7KH�UHIOH[LYH�FORVXUH�RI→ FDSWXUHV�WKH
QRWLRQ�RI�´VWHSV�LQ�]HUR�RU�RQH�VWHS�µ 7KH WUDQVLWLYH�FORVXUH RI�D�UHODWLRQ U ⊆ X ×X LV�D
UHODWLRQ U′ ⊆ X ×X VXFK�WKDW x1 Ux2 ⇒ x1 U′ x2 DQG x1 U′ x2 ∧ x2 U′ x3 ⇒ x1 U′ x3� ,Q�RWKHU
ZRUGV� WKH�WUDQVLWLYH�FORVXUH�RI U UHODWHV x1 WR x2 LI U GRHV� EXW�DOVR�LQFOXGHV�HYHU\WKLQJ x2
UHODWHV�WR� DQG�DQ\WKLQJ�UHODWHG�WR�WKDW� DQG�VR�RQ� 7KH�WUDQVLWLYH�FORVXUH�RI → FDSWXUHV
WKH�QRWLRQ�RI�´VWHSV�LQ�RQH�RU�PRUH�VWHSVµ� &RPSRVLQJ�WKHVH�FORVXUH�RSHUDWLRQV�JLYHV→!�
ZKLFK�LV�´VWHSV�LQ�]HUR�RU�PRUH�VWHSV�µ :ULWLQJ�LW�RXW�H[SOLFLWO\�UHVXOWV�LQ�WKH�IROORZLQJ�VHW
RI�LQIHUHQFH�UXOHV�

e → e′

e →! e′ e →! e

e →! e′ e′ →! e′′

e →! e′′

7KH�DERYH�VHPDQWLFV�DUH�D�´VPDOO�VWHSµ�RU�´UHGXFWLRQµ�VHPDQWLFV� 8QOLNH�WKH�QDWXUDO
VHPDQWLFV� WKH�UHGXFWLRQ�VHPDQWLFV�DFFRXQWV�IRU�HDFK�VWHS�RI�D�FRPSXWDWLRQ� $OWKRXJK
LW·V�LPPDWHULDO�IRU�WKH A ODQJXDJH� WKH�VPDOO�VWHS�DSSURDFK�KDV�VRPH�DGYDQWDJHV�RYHU�ELJ�
VWHS��DV�ZH�VKRXOG�H[SHFW�FRQVLGHULQJ�LW�LV�FRQVLGHUDEO\�PRUH�LQYROYHG�� RQH�RI�WKH�PRVW
LPSRUWDQW�DGYDQWDJHV�FRPHV�LQWR�SOD\�ZKHQ�WKH�REMHFW�ODQJXDJH�LV�VXIILFLHQWO\�SRZHUIXO
WR�LQFOXGH�QRQ�WHUPLQDWLQJ�FRPSXWDWLRQV� 6LQFH�WKH�QDWXUDO�VHPDQWLFV�LV�FRQFHUQHG�RQO\
ZLWK�ILQDO�DQVZHUV� LW�GRHVQ·W�VD\�PXFK�DERXW�QRQ�WHUPLQDWLQJ�SURJUDPV� ZKLOH�UHGXFWLRQ
VHPDQWLFV�FDQ�VWLOO�EH�XVHG�WR�UHDVRQ�DERXW�WKH��LQILQLWH��VWHSV�RI�VXFK�D�FRPSXWDWLRQ�
2QH�LPSRUWDQW�REVHUYDWLRQ�WR�PDNH�LV�WKDW�DOWKRXJK�ZH·YH�FRQVWUXFWHG�DQ�DOWHUQDWLYH

VHPDQWLFV� ZH�FDQ�IRUPDOO\�UHODWH�WKHVH�WZR�VHPDQWLFV� ,Q�SDUWLFXODU� ZH�FDQ�UHFRYHU�D�ELJ�
VWHS�HYDOXDWLRQ�UHODWLRQ�IURP�WKH�UHGXFWLRQ�VHPDQWLFV� &RQVLGHU�WKH�IROORZLQJ�UHODWLRQ
↓ ⊆ A× Z�

e →! i

e ↓ i
�

transitive 
closure

� ,QWURGXFWLRQ

6RIWZDUH LV DUJXDEO\ WKH PRVW FRPSOLFDWHG DQG YDULHG NLQG RI DUWLIDFW KXPDQV SURGXFH�
3HRSOH ZKR PDNH VRIWZDUH DW WKH KLJKHVW SURIHVVLRQDO OHYHO WKLQN GHHSO\ DERXW WKH PHDQ�
LQJ DQG FRUUHFWQHVV RI WKH SURJUDPV WKH\ ZULWH� $ FRPPDQG RI VRIWZDUH GHVLJQ DW WKLV
OHYHO UHTXLUHV GHYHORSLQJ DQ XQGHUVWDQGLQJ RI KRZ ZH JLYH PHDQLQJ WR SKUDVHV RI D SUR�
JUDPPLQJ ODQJXDJH DQG KRZ WR EXLOG DQDO\WLF WRROV IRU SURYLQJ SURSHUWLHV RI SURJUDPV�
7KLV FRXUVH FRYHUV EDVLF WKHRUHWLFDO LGHDV DQG SUDFWLFDO WHFKQLTXHV IRU PRGHOLQJ DQG DQ�

DO\]LQJ SURJUDPPLQJ ODQJXDJHV� DQG OHYHUDJLQJ WKRVH WHFKQLTXHV WR PHFKDQLFDOO\ UHDVRQ
DERXW SURJUDPV�

� 6\QWD[� 6HPDQWLFV� 	 0DFKLQHV IRU $ULWKPHWLF

D ⊆ A×A → ⊆ A×A →! ⊆ A×A ⇓ ⊆ A× Z

6XFF(4) → 5

3OXV(6XFF(4),3UHG(3)) → 3OXV(5,3UHG(3))
3UHG(3) → 2

3OXV(6XFF(4),3UHG(3)) → 3OXV(6XFF(4), 2)

e = . . .
| 5DLVH(e)
| 7U\(e, x, e)

e = . . .
| &DOOFF(x, e) | +DOW(e)

E = . . .
| +DOW(E)

E [+DOW(v)] %−→ v E [&DOOFF(x, e)] %−→ e[)XQ(x′,+DOW(E [x′]))/x]

)UDPH F = . . .
| $SS(!, e) | $SS(v,!)

e (D ∪ β) e′

C[e] → C[e′]
e (D ∪ βY) e

′

C[e] →Y C[e′]

e (D ∪ β) e′

E [e] %−→ E [e′]
e (D ∪ βY) e

′

E [e] %−→Y E [e′]

&RQWH[W C = . . .
| )XQ(x, C)
| $SS(C, e) | $SS(e, C)�



Relating natural and SOS

% AMi B @= ()
% S`2/ 2 @= GBbiXK�T U7mM 2^ @= S`2/ 2^V Ubi2Tn� 2V
% am++ 2 @= GBbiXK�T U7mM 2^ @= am++ 2^V Ubi2Tn� 2V
% SHmb U2R- 2kV @=

H2i 7 2Rb 2kb 4 GBbiXK�T
U7mM U2R^-2k^V @= SHmb U2R^- 2k^VV
U+�`i2bB�M 2Rb 2kbV

BM
U7 Ubi2Tn� 2RV (2k)V ! U7 (2R) Ubi2Tn� 2kVV

% JmHi U2R- 2kV @=
H2i 7 2Rb 2kb 4 GBbiXK�T

U7mM U2R^-2k^V @= JmHi U2R^- 2k^VV
U+�`i2bB�M 2Rb 2kbV

BM
U7 Ubi2Tn� 2RV (2k)V ! U7 (2R) Ubi2Tn� 2kVVV

% aQK2 2^ @= (2^)

ZKHUH

H2i +�`i2bB�M UH , ^� HBbiV UH^ , ^# HBbiV , U^�  ^#V HBbi 4
GBbiX+QM+�i UGBbiXK�T U7mM 2 @= GBbiXK�T U7mM 2^ @= U2-2^VV H^V HV

6RPH�H[DPSOHV�

O bi2Tn� UAMi 9Vcc
@ , �`Bi? HBbi 4 ()

O bi2Tn� Uam++ UAMi 8VVcc
@ , �`Bi? HBbi 4 (AMi e)

O bi2Tn� USHmb Uam++ UAMi 8V- am++ UAMi 9VVVcc
@ , �`Bi? HBbi 4 (SHmb UAMi e- am++ UAMi 9VVc SHmb Uam++ UAMi 8V- AMi 8V)

([HUFLVH �� 3URYH ∀e ∈ A, i ∈ Z, e ⇓ i ⇐⇒ e →! i�

([HUFLVH �� ,V D D�IXQFWLRQ" ,V →" ,Q�HDFK�FDVH� HLWKHU�SURYH�WKH�UHODWLRQ�LV�D�IXQFWLRQ�RU�JLYH�DQ
H[DPSOH�RI�DQ�H[SUHVVLRQ�WKDW�UHODWHV�WR�WZR�GLVWLQFW�H[SUHVVLRQV�

([HUFLVH �� 7KH→ UHODWLRQ�FRGLILHV�WKH�QRWLRQ�RI�´WDNHV�H[DFWO\�RQH�VWHS�RI�DULWKPHWLF�UHGXFWLRQ�µ
,Q�RWKHU�ZRUGV� DQ\�SURRI�WUHH�RI e → e′ LQYROYHV�H[DFWO\�RQH�XVH�RI�WKH D UXOH� �<RX�FRXOG�SURYH�WKLV�LI
\RX·G�OLNH�� ,Q�WHUPV�RI�JUDGH�VFKRRO�DULWKPHWLF� WKLV�LV�WKH�´VKRZ�HDFK�VWHS�RI�\RXU�ZRUNµ�VHPDQWLFV�
ZKLFK�GRHVQ·W�OHW�\RX�VNLS�DQ\�VWHSV��⇓ OHWV�\RX�VNLS�DOO�RI�WKH�VWHSV�DQG�MXVW�JLYH�WKH�DQVZHU��RU�GR
DQ\�ZRUN�LQ�SDUDOOHO� 'HVLJQ�DQ�DOWHUQDWLYH�VHPDQWLFV� ⇒D� WKDW�DOORZV�PXOWLSOH�VXEH[SUHVVLRQV�WR
UHGXFH��RQH�VWHS��LQ�SDUDOOHO� 6R�IRU�H[DPSOH� 3OXV(6XFF(3),3UHG(5)) ⇒D 3OXV(4, 4)� 1RWH�WKDW�WKLV
VHPDQWLFV�VKRXOG�QRW�OHW�\RX�FRQFOXGH�WKDW 3OXV(6XFF(3),3UHG(5)) ⇒D 8 LQ�MXVW�RQH�VWHS�
<RX�KDYH�D�GHVLJQ�FKRLFHV�WR�PDNH�IRU ⇒D� LW�FDQ�DOORZ�DQ\�DPRXQW�RI�SDUDOOHOLVP� RU� LW�FDQ

LPSRVH�D�PD[LPDO�DPRXQW�RI�SDUDOOHOLVP� /HW·V�FDOO�WKH�PRUH�OD[�DQ\�DPRXQW�RI�SDUDOOHOLVP�UHODWLRQ
⇒D DQG�WKH�PD[LPDO�RQH ⇒′

D� 7KH�NH\�GLIIHUHQFH�LV�WKDW ⇒D VKRXOG�UHODWH 3OXV(6XFF(3),3UHG(5))��

Claim:



Reduction semantics
Every proof of one-step reduction looks like:

e → e′

. . . e . . . → . . . e′ . . .

���
. . . (. . . e . . . ) . . . → . . . (. . . e′ . . . ) . . .

)UDPH F = 3UHG(!) | 6XFF(!)
| 3OXV(!, e) | 3OXV(i,!)
| 0XOW(!, e) | 0XOW(i,!)

6WDFN S = [ ] | F :: S

6HULRXV s ∈ A \ Z

e → e′

e,S " e′,S 3UHG(s),S " s,3UHG(!) :: S 0XOW(s, e),S " s,0XOW(!, e) :: S

0XOW(v, s),S " s,0XOW(v,!) :: S v,3UHG(!) :: S " 3UHG(v),S

v,0XOW(!, e) :: S " 0XOW(v, e),S v,0XOW(e,!) :: S " 0XOW(e, v),S

e D e′

C[e] → C[e′]

e #−→! i ⇐⇒ e, [ ]"! i, [ ]

��� 0RGHOOLQJ 6\QWD[ ZLWK ,QGXFWLYH 6HWV

7KH V\QWD[ RI D SURJUDPPLQJ ODQJXDJH LV D VHW RI UXOHV IRU WKH DUUDQJHPHQW RI ZRUGV DQG
SKUDVHV WR FUHDWH ZHOO�IRUPHG VHQWHQFHV LQ WKH ODQJXDJH� ,Q RWKHU ZRUGV� LW LV WKH JUDPPDU
RI SURJUDPV� 6\QWD[ FRPHV LQ WZR IRUPV� FRQFUHWH V\QWD[ GHVFULEHV WKH ZD\ SURJUDPV DFWX�
DOO\ ORRN DW WKH OHYHO RI EUDFHV� VHPLFRORQV� ZKLWHVSDFH� HWF�� ZKLOH DEVWUDFW V\QWD[ GHVFULEHV
WKH VWUXFWXUH RI SURJUDPV ZLWKRXW ZRUU\LQJ RYHU WKH VXSHUILFLDO GHWDLOV RI FRQFUHWH V\Q�
WD[� &RQFUHWH V\QWD[� ZKLOH WKH VWXII RI IUHQ]LHG IHUYRU� LV DFWXDOO\ QRW DOO WKDW VLJQLILFDQW
IRU IRUPDOO\ UHDVRQLQJ DERXW SURJUDPPLQJ ODQJXDJHV VR ZH IRFXV H[FOXVLYHO\ RQ DEVWUDFW
V\QWD[�
3URJUDPV JHQHUDOO\ KDYH D WUHH�OLNH VWUXFWXUH RI QHVWLQJ SKUDVHV DQG H[SUHVVLRQV� VR

GHILQLQJ WKH DEVWUDFW V\QWD[ RI D ODQJXDJH LV QR PRUH FRPSOLFDWHG WKDQ GHILQLQJ DQ LQGXF�
WLYH VHW� $V D FDVH VWXG\� OHW·V ORRN DW D YHU\ VLPSOH SURJUDPPLQJ ODQJXDJH� WKH ODQJXDJH
RI DULWKPHWLF H[SUHVVLRQV� 7R NHHS WKLQJV DV VLPSOH DV SRVVLEOH� WKH ODQJXDJH ZLOO LQFOXGH

�



Reduction semantics
Every proof of one-step reduction looks like:

e → e′

. . . e . . . → . . . e′ . . .
���

. . . (. . . e . . . ) . . . → . . . (. . . e′ . . . ) . . .

3OXV(2, 3) → 5

6XFF(3OXV(2, 3)) → 6XFF(5)
���

0XOW(6XFF(3OXV(2, 3)),3UHG(4)) → 0XOW(6XFF(5),3UHG(4))

)UDPH F = 3UHG(!) | 6XFF(!)
| 3OXV(!, e) | 3OXV(i,!)
| 0XOW(!, e) | 0XOW(i,!)

6WDFN S = [ ] | F :: S

6HULRXV s ∈ A \ Z

e → e′

e,S " e′,S 3UHG(s),S " s,3UHG(!) :: S 0XOW(s, e),S " s,0XOW(!, e) :: S

0XOW(v, s),S " s,0XOW(v,!) :: S v,3UHG(!) :: S " 3UHG(v),S

v,0XOW(!, e) :: S " 0XOW(v, e),S v,0XOW(e,!) :: S " 0XOW(e, v),S

e D e′

C[e] → C[e′]

e #−→! i ⇐⇒ e, [ ]"! i, [ ]

��� 0RGHOOLQJ 6\QWD[ ZLWK ,QGXFWLYH 6HWV

7KH V\QWD[ RI D SURJUDPPLQJ ODQJXDJH LV D VHW RI UXOHV IRU WKH DUUDQJHPHQW RI ZRUGV DQG
SKUDVHV WR FUHDWH ZHOO�IRUPHG VHQWHQFHV LQ WKH ODQJXDJH� ,Q RWKHU ZRUGV� LW LV WKH JUDPPDU
RI SURJUDPV� 6\QWD[ FRPHV LQ WZR IRUPV� FRQFUHWH V\QWD[ GHVFULEHV WKH ZD\ SURJUDPV DFWX�
DOO\ ORRN DW WKH OHYHO RI EUDFHV� VHPLFRORQV� ZKLWHVSDFH� HWF�� ZKLOH DEVWUDFW V\QWD[ GHVFULEHV

�



Reduction axioms

EXW LQVWHDG UHODWHV H[SUHVVLRQV WR H[SUHVVLRQV� L�H� D ⊆ A × A� 7KH PHDQLQJ RI UHODWHG
H[SUHVVLRQV e1 DQG e2 LV WKDW e1 UHGXFHV LQ RQH VWHS WR e2�

3UHG(i) D i− 1 6XFF(i) D i+ 1 3OXV(i1, i2) D i1 + i2 0XOW(i1, i2) D i1 · i2

7KHVH D[LRPV� UHIOHFW WKH EDVLF IDFWV RI UHGXFWLRQ LQ DULWKPHWLF� EXW WKH\·UH VWLOO QRW
HQRXJK WR FDSWXUH FRPSXWDWLRQ� VLQFH IRU H[DPSOH 3OXV(4, 6XFF(2)) GRHVQ·W VWHS WR DQ\WKLQJ�
7KH UHDVRQ LV WKDW RXU D[LRPV RQO\ DSSO\ ZKHQ WKH DUJXPHQWV WR RSHUDWRUV DUH LQWHJHUV�
ZKLFK LV QRW WKH FDVH KHUH� ,W LV WUXH WKDW 6XFF(2) VWHSV WR 3� EXW QRQH RI WKH UXOHV DOORZV
XV WR HYDOXDWH LQVLGH RI D QHVWHG H[SUHVVLRQ�
/HW·V GHILQH DQRWKHU UHODWLRQ �→ ⊆ A×A� WKDW DOORZV VWHSV ZLWKLQ QHVWHG H[SUHVVLRQV�

)RU WKH ODQJXDJH RI A WKLV DPRXQWV WR WDNLQJ WKH FRPSDWLEOH FORVXUH RI D RYHU WKH
JUDPPDU RI H[SUHVVLRQV� 7KH FRPSDWLEOH FORVXUH RI D UHODWLRQ U RYHU VRPH JUDPPDU g
GHULYHV D QHZ UHODWLRQ U′ WKDW DOORZV U WR EH GLVWULEXWHG WKURXJK QRQ�WHUPLQDOV LQ g� :ULWLQJ
WKLV RXW H[SOLFLWO\ IRU WKH FDVH RI D DQG e LV WKH IROORZLQJ�

e D e′

e → e′
e → e′

3UHG(e) → 3UHG(e′)
e → e′

6XFF(e) → 6XFF(e′)
e1 → e′1

3OXV(e1, e2) → 3OXV(e′1, e2)

e2 → e′2
3OXV(e1, e2) → 3OXV(e1, e′2)

e1 → e′1
0XOW(e1, e2) → 0XOW(e′1, e2)

e2 → e′2
0XOW(e1, e2) → 0XOW(e1, e′2)

8VLQJ→� ZH FDQ VHH WKDW 3OXV(4, 6XFF(2)) → 3OXV(4, 3) DQG 3OXV(4, 3) → 7�

6XFF(2) → 3

3OXV(4, 6XFF(2)) → 3OXV(4, 3) 3OXV(4, 3) → 7

(YDOXDWLRQ RI D SURJUDP FDQ EH YLHZHG D VHULHV RI UHODWHG H[SUHVVLRQV DUULYLQJ DW D ILQDO
DQVZHU�
,I ZH·G OLNH WR FDSWXUH WKH QRWLRQ RI ´e VWHSV WR e′ LQ DQ\ QXPEHU RI VWHSV�µ ZH FDQ

GHILQH \HW DQRWKHU UHODWLRQ� →! ⊆ A × A� DV WKH UHIOH[LYH� WUDQVLWLYH FORVXUH RI →� 7KH
UHIOH[LYH FORVXUH RI D UHODWLRQ U ⊆ X×X LV D UHODWLRQ U′ ⊆ X×X VXFK WKDW x ∈ X ⇒ x U′ x
DQG x1 ∈ X ∧ x2 ∈ X ∧ x1 Ux2 ⇒ x1 U′ x2� ,Q RWKHU ZRUGV� WKH UHIOH[LYH FORVXUH RI U UHODWHV
HYHU\ WKLQJ LQ U SOXV LW UHODWHV HYHU\WKLQJ WR LWVHOI� 7KH UHIOH[LYH FORVXUH RI→ FDSWXUHV WKH
QRWLRQ RI ´VWHSV LQ ]HUR RU RQH VWHS�µ 7KH WUDQVLWLYH FORVXUH RI D UHODWLRQ U ⊆ X ×X LV D
UHODWLRQ U′ ⊆ X ×X VXFK WKDW x1 Ux2 ⇒ x1 U′ x2 DQG x1 U′ x2 ∧ x2 U′ x3 ⇒ x1 U′ x3� ,Q RWKHU
ZRUGV� WKH WUDQVLWLYH FORVXUH RI U UHODWHV x1 WR x2 LI U GRHV� EXW DOVR LQFOXGHV HYHU\WKLQJ x2
UHODWHV WR� DQG DQ\WKLQJ UHODWHG WR WKDW� DQG VR RQ� 7KH WUDQVLWLYH FORVXUH RI → FDSWXUHV
WKH QRWLRQ RI ´VWHSV LQ RQH RU PRUH VWHSVµ� &RPSRVLQJ WKHVH FORVXUH RSHUDWLRQV JLYHV→!�

�$Q D[LRP LV MXVW D LQIHUHQFH UXOH ZLWK QR K\SRWKHVHV�

��

EXW LQVWHDG UHODWHV H[SUHVVLRQV WR H[SUHVVLRQV� L�H� D ⊆ A × A� 7KH PHDQLQJ RI UHODWHG
H[SUHVVLRQV e1 DQG e2 LV WKDW e1 UHGXFHV LQ RQH VWHS WR e2�

3UHG(i) D i− 1 6XFF(i) D i+ 1 3OXV(i1, i2) D i1 + i2 0XOW(i1, i2) D i1 · i2

7KHVH D[LRPV� UHIOHFW WKH EDVLF IDFWV RI UHGXFWLRQ LQ DULWKPHWLF� EXW WKH\·UH VWLOO QRW
HQRXJK WR FDSWXUH FRPSXWDWLRQ� VLQFH IRU H[DPSOH 3OXV(4, 6XFF(2)) GRHVQ·W VWHS WR DQ\WKLQJ�
7KH UHDVRQ LV WKDW RXU D[LRPV RQO\ DSSO\ ZKHQ WKH DUJXPHQWV WR RSHUDWRUV DUH LQWHJHUV�
ZKLFK LV QRW WKH FDVH KHUH� ,W LV WUXH WKDW 6XFF(2) VWHSV WR 3� EXW QRQH RI WKH UXOHV DOORZV
XV WR HYDOXDWH LQVLGH RI D QHVWHG H[SUHVVLRQ�
/HW·V GHILQH DQRWKHU UHODWLRQ �→ ⊆ A×A� WKDW DOORZV VWHSV ZLWKLQ QHVWHG H[SUHVVLRQV�

)RU WKH ODQJXDJH RI A WKLV DPRXQWV WR WDNLQJ WKH FRPSDWLEOH FORVXUH RI D RYHU WKH
JUDPPDU RI H[SUHVVLRQV� 7KH FRPSDWLEOH FORVXUH RI D UHODWLRQ U RYHU VRPH JUDPPDU g
GHULYHV D QHZ UHODWLRQ U′ WKDW DOORZV U WR EH GLVWULEXWHG WKURXJK QRQ�WHUPLQDOV LQ g� :ULWLQJ
WKLV RXW H[SOLFLWO\ IRU WKH FDVH RI D DQG e LV WKH IROORZLQJ�

e D e′

e → e′
e → e′

3UHG(e) → 3UHG(e′)
e → e′

6XFF(e) → 6XFF(e′)
e1 → e′1

3OXV(e1, e2) → 3OXV(e′1, e2)

e2 → e′2
3OXV(e1, e2) → 3OXV(e1, e′2)

e1 → e′1
0XOW(e1, e2) → 0XOW(e′1, e2)

e2 → e′2
0XOW(e1, e2) → 0XOW(e1, e′2)

8VLQJ→� ZH FDQ VHH WKDW 3OXV(4, 6XFF(2)) → 3OXV(4, 3) DQG 3OXV(4, 3) → 7�

6XFF(2) → 3

3OXV(4, 6XFF(2)) → 3OXV(4, 3) 3OXV(4, 3) → 7

(YDOXDWLRQ RI D SURJUDP FDQ EH YLHZHG D VHULHV RI UHODWHG H[SUHVVLRQV DUULYLQJ DW D ILQDO
DQVZHU�
,I ZH·G OLNH WR FDSWXUH WKH QRWLRQ RI ´e VWHSV WR e′ LQ DQ\ QXPEHU RI VWHSV�µ ZH FDQ

GHILQH \HW DQRWKHU UHODWLRQ� →! ⊆ A × A� DV WKH UHIOH[LYH� WUDQVLWLYH FORVXUH RI →� 7KH
UHIOH[LYH FORVXUH RI D UHODWLRQ U ⊆ X×X LV D UHODWLRQ U′ ⊆ X×X VXFK WKDW x ∈ X ⇒ x U′ x
DQG x1 ∈ X ∧ x2 ∈ X ∧ x1 Ux2 ⇒ x1 U′ x2� ,Q RWKHU ZRUGV� WKH UHIOH[LYH FORVXUH RI U UHODWHV
HYHU\ WKLQJ LQ U SOXV LW UHODWHV HYHU\WKLQJ WR LWVHOI� 7KH UHIOH[LYH FORVXUH RI→ FDSWXUHV WKH
QRWLRQ RI ´VWHSV LQ ]HUR RU RQH VWHS�µ 7KH WUDQVLWLYH FORVXUH RI D UHODWLRQ U ⊆ X ×X LV D
UHODWLRQ U′ ⊆ X ×X VXFK WKDW x1 Ux2 ⇒ x1 U′ x2 DQG x1 U′ x2 ∧ x2 U′ x3 ⇒ x1 U′ x3� ,Q RWKHU
ZRUGV� WKH WUDQVLWLYH FORVXUH RI U UHODWHV x1 WR x2 LI U GRHV� EXW DOVR LQFOXGHV HYHU\WKLQJ x2
UHODWHV WR� DQG DQ\WKLQJ UHODWHG WR WKDW� DQG VR RQ� 7KH WUDQVLWLYH FORVXUH RI → FDSWXUHV
WKH QRWLRQ RI ´VWHSV LQ RQH RU PRUH VWHSVµ� &RPSRVLQJ WKHVH FORVXUH RSHUDWLRQV JLYHV→!�

�$Q D[LRP LV MXVW D LQIHUHQFH UXOH ZLWK QR K\SRWKHVHV�

��

� ,QWURGXFWLRQ

6RIWZDUH LV DUJXDEO\ WKH PRVW FRPSOLFDWHG DQG YDULHG NLQG RI DUWLIDFW KXPDQV SURGXFH�
3HRSOH ZKR PDNH VRIWZDUH DW WKH KLJKHVW SURIHVVLRQDO OHYHO WKLQN GHHSO\ DERXW WKH PHDQ�
LQJ DQG FRUUHFWQHVV RI WKH SURJUDPV WKH\ ZULWH� $ FRPPDQG RI VRIWZDUH GHVLJQ DW WKLV
OHYHO UHTXLUHV GHYHORSLQJ DQ XQGHUVWDQGLQJ RI KRZ ZH JLYH PHDQLQJ WR SKUDVHV RI D SUR�
JUDPPLQJ ODQJXDJH DQG KRZ WR EXLOG DQDO\WLF WRROV IRU SURYLQJ SURSHUWLHV RI SURJUDPV�
7KLV FRXUVH FRYHUV EDVLF WKHRUHWLFDO LGHDV DQG SUDFWLFDO WHFKQLTXHV IRU PRGHOLQJ DQG DQ�

DO\]LQJ SURJUDPPLQJ ODQJXDJHV� DQG OHYHUDJLQJ WKRVH WHFKQLTXHV WR PHFKDQLFDOO\ UHDVRQ
DERXW SURJUDPV�

� 6\QWD[� 6HPDQWLFV� 	 0DFKLQHV IRU $ULWKPHWLF

D ⊆ A×A

6XFF(4) → 5

3OXV(6XFF(4),3UHG(3)) → 3OXV(5,3UHG(3))
3UHG(3) → 2

3OXV(6XFF(4),3UHG(3)) → 3OXV(6XFF(4), 2)

e = . . .
| 5DLVH(e)
| 7U\(e, x, e)

e = . . .
| &DOOFF(x, e) | +DOW(e)

E = . . .
| +DOW(E)

E [+DOW(v)] $−→ v E [&DOOFF(x, e)] $−→ e[)XQ(x′,+DOW(E [x′]))/x]

)UDPH F = . . .
| $SS(!, e) | $SS(v,!)

e (D ∪ β) e′

C[e] → C[e′]
e (D ∪ βY) e

′

C[e] →Y C[e′]

e (D ∪ β) e′

E [e] $−→ E [e′]
e (D ∪ βY) e

′

E [e] $−→Y E [e′]

&RQWH[W C = . . .
| )XQ(x, C)
| $SS(C, e) | $SS(e, C)�



Reduction semantics
Every proof of one-step reduction looks like:

� ,QWURGXFWLRQ

6RIWZDUH�LV�DUJXDEO\�WKH�PRVW�FRPSOLFDWHG�DQG�YDULHG�NLQG�RI�DUWLIDFW�KXPDQV�SURGXFH�
3HRSOH�ZKR�PDNH�VRIWZDUH�DW�WKH�KLJKHVW�SURIHVVLRQDO�OHYHO�WKLQN�GHHSO\�DERXW�WKH�PHDQ�
LQJ�DQG�FRUUHFWQHVV�RI�WKH�SURJUDPV�WKH\�ZULWH� $ FRPPDQG�RI�VRIWZDUH�GHVLJQ�DW�WKLV
OHYHO�UHTXLUHV�GHYHORSLQJ�DQ�XQGHUVWDQGLQJ�RI�KRZ�ZH�JLYH�PHDQLQJ�WR�SKUDVHV�RI�D�SUR�
JUDPPLQJ�ODQJXDJH�DQG�KRZ�WR�EXLOG�DQDO\WLF�WRROV�IRU�SURYLQJ�SURSHUWLHV�RI�SURJUDPV�
7KLV�FRXUVH�FRYHUV�EDVLF�WKHRUHWLFDO�LGHDV�DQG�SUDFWLFDO�WHFKQLTXHV�IRU�PRGHOLQJ�DQG�DQ�

DO\]LQJ�SURJUDPPLQJ�ODQJXDJHV� DQG�OHYHUDJLQJ�WKRVH�WHFKQLTXHV�WR�PHFKDQLFDOO\�UHDVRQ
DERXW�SURJUDPV�

� 6\QWD[� 6HPDQWLFV� 	�0DFKLQHV�IRU�$ULWKPHWLF

e D e′

. . . e . . . → . . . e′ . . .
���

. . . (. . . e . . . ) . . . → . . . (. . . e′ . . . ) . . .

)UDPH F = 3UHG(!) | 6XFF(!)
| 3OXV(!, e) | 3OXV(v,!)
| 0XOW(!, e) | 0XOW(v,!)

6WDFN S = [ ] | F :: S

6HULRXV s ∈ A \ Z

e → e′

e,S " e′,S 3UHG(s),S " s,3UHG(!) :: S 0XOW(s, e),S " s,0XOW(!, e) :: S

0XOW(v, s),S " s,0XOW(v,!) :: S v,3UHG(!) :: S " 3UHG(v),S

v,0XOW(!, e) :: S " 0XOW(v, e),S v,0XOW(e,!) :: S " 0XOW(e, v),S

e D e′

C[e] → C[e′]

e #−→! i ⇐⇒ e, [ ]"! i, [ ]

�



Reduction semantics

([HUFLVH �� 7KH�WUDQVLWLYH�DQG�UHIOH[LYH�FORVXUH�RSHUDWLRQV�DUH�IXQFWLRQV�WKDW�FRQVXPH�D�UHODWLRQ
DQG�SURGXFH�D�QHZ�UHODWLRQ� 8VLQJ�WKH�IXQFWLRQDO�YLHZ�RI�UHODWLRQV� WKLV�PHDQV�WKH\�DUH�IXQFWLRQV
ZLWK�WKH�IROORZLQJ�VLJQDWXUHV�

`27H : (X −→ P(X)) −→ (X −→ P(X))

i`�Mb : (X −→ P(X)) −→ (X −→ P(X))

'HVLJQ�2&DPO�IXQFWLRQV�IRU `27H DQG i`�Mb� 7HVW�WKH�IROORZLQJ�FRQMHFWXUH� `27H Ui`�Mb bi2TV
 i`�Mb U`27H bi2TV� 7KH `27H IXQFWLRQ�LV�HDV\� 7KH i`�Mb IXQFWLRQ�LV�OHVV�VR�EHFDXVH�LW·V�QRW
REYLRXV�ZKHQ�WR�VWRS�LWHUDWLQJ�WKH�JLYHQ�UHODWLRQ� EXW�WKLV�H[HUFLVH�GHPRQVWUDWHV�D�SRZHUIXO�LGHD�ZH·OO
VHH�DJDLQ�DQG�DJDLQ� ZKLFK�LV�WKH�LWHUDWLYH�FRPSXWDWLRQ�RI IL[HG�SRLQWV�
7KH�LGHD�KHUH�LV�WKDW i`�Mb� JLYHQ�D�UHODWLRQ U� FRPSXWHV�D�UHODWLRQ U′� ZULWWHQ�KHUH�DV�D�IXQFWLRQ�

U′(x) = {x′ | x Ux′} ���
∪ {x′ | x Ux0 Ux′} ���
∪ {x′ | x Ux0 Ux1 Ux′} ���
��� ���

7KH�HOLSVLV�DUH�HOOLGLQJ�DQ�LQILQLWH�QXPEHU�RI�HTXDWLRQV�KHUH� EXW�LI�WKH�FRGRPDLQ�RI U′ LV�ILQLWH� ZH
NQRZ�WKDW�RQO\�D�ILQLWH�QXPEHU�RI�HTXDWLRQV�ZLOO�HYHU�EH�XVHG� 0RUHRYHU� QRWLFH�WKDW�WKH x0 RI����
LV�MXVW�WKH x′ RI����� /LNHZLVH� WKH x1 RI�����LV�MXVW�WKH x′ RI����� 6R�LI�\RX�ZDQW�WR�FRPSXWH U′(x)
\RX�FDQ�VWDUW�ZLWK�WKH�VHW U(x)� )RU�HDFK x′ LQ�WKLV�VHW� FRPSXWH U(x′) DQG�DGG�LW�LQ�WR�WKH�VHW��\RX·YH
UHDFKHG�D�IL[HG�SRLQW��� .HHS�GRLQJ�WKLV�XQWLO U GRHVQ·W�DGG�DQ\WKLQJ�QHZ�WR�WKH�VHW� 7KLV�LV U′(x)�

��� 5HGXFWLRQ�LQ�&RQWH[W

:KHQ�DQ�H[SUHVVLRQ�UHGXFHV� WKHUH�LV�D�VXEH[SUHVVLRQ�EHLQJ�UHGXFHG�DFFRUGLQJ�WR�D�UHGXF�
WLRQ�D[LRP� 7KLV�RFFXUV�ZLWKLQ�D�VXUURXQGLQJ�H[SUHVVLRQ� RU FRQWH[W� :H�FDQ�IRUPDOL]H�WKH
QRWLRQ�RI�FRQWH[W�DQG�E\�GRLQJ�VR� HQDEOH�QHZ�NLQGV�RI�UHGXFWLRQV�
$ FRQWH[W FDQ�EH�WKRXJKW�RI�DV�DQ�H[SUHVVLRQ�ZLWK�D�KROH�LQ�LW� ZKLFK�LV�MXVW�D�WHUP�LQ

WKH�IROORZLQJ�ODQJXDJH�

&RQWH[W C = !
| 3UHG(C) | 6XFF(C)
| 3OXV(C, e) | 3OXV(e, C)
| 0XOW(C, e) | 0XOW(e, C)

$ FRQWH[W�LV�HLWKHU�D�KROH� ZULWWHQ�́ !�µ RU�LW·V�D�WHUP�FRQVWUXFWRU�ZLWK�D�FRQWH[W�LQ�SODFH�RI�D
VXEH[SUHVVLRQ� $Q�H[SUHVVLRQ�FDQ�EH�SOXJJHG�LQWR�D�FRQWH[W�WR�REWDLQ�DQRWKHU�H[SUHVVLRQ�
ZKLFK�LV�ZULWWHQ�́ C[e]�µ ZKLFK�PHDQV�́ UHSODFH�WKH�RFFXUUHQFH�RI! LQ C ZLWK e�µ 7R�EH�PRUH

��

IRUPDO� WKH�SOXJ�IXQFWLRQ�LV�GHILQHG�DV�

![e] = e

3UHG(C)[e] = 3UHG(C[e])
6XFF(C)[e] = 6XFF(C[e])

3OXV(C, e′)[e] = 3OXV(C[e], e′)
3OXV(e′, C)[e] = 3OXV(e′, C[e])
0XOW(C, e′)[e] = 0XOW(C[e], e′)
0XOW(e′, C)[e] = 0XOW(e′, C[e])

7KH�QRWDWLRQ�´C[e]µ�LV�DOVR�RYHUORDGHG�WR�PHDQ�´DQ�H[SUHVVLRQ e′ VXFK�WKDW e′ = C[e]�µ :H
VD\ e′ FDQ�EH�´GHFRPSRVHGµ�LQWR C DQG e�
7KLV�QRWDWLRQ�DOORZV�XV�WR�JLYH�DQ�DOWHUQDWLYH� EXW�HTXLYDOHQW� IRUPXODWLRQ�RI�WKH�FRP�

SDWLEOH�FORVXUH�RI→ DV�

e → e′

C[e] → C[e′]

7KLV�UXOH�VWDWHV� ´LI�DQ�H[SUHVVLRQ�FDQ�EH�GHFRPSRVHG�LQWR�D�FRQWH[W C ZLWK e LQ�WKH�KROH�
DQG e UHGXFHV�WR e′ E\�WKH�UHGXFWLRQ�D[LRP� WKHQ�WKH�SURJUDP�VWHSV�WR C ZLWK e′ SOXJJHG�LQ
WKH�KROH�µ
7KLV�FRQWH[W�EDVHG�IRUPXODWLRQ�PD\�VHHP�OLNH�MXVW�D�VRPHZKDW�PRUH�FRPSDFW�QRWDWLRQ

IRU� VSHFLI\LQJ� WKH� WHGLRXV�FRPSDWLELOLW\� LQIHUHQFH� UXOHV� WKDW�DOORZ�UHGXFWLRQ� WR�KDSSHQ
LQVLGH�RI�VXEH[SUHVVLRQV� EXW�LW�DOVR�GRHV�VRPHWKLQJ�PRUH�VLJQLILFDQW� LW�JLYHV�D�QDPH�WR
WKH�FRQWH[W�LQ�ZKLFK�D�UHGXFWLRQ�RFFXUV� QDPLQJ�VRPHWKLQJ�JLYHV�XV�FRQWURO�RYHU�LW�� :H
ZLOO�H[DPLQH�VRPH�RI�WKH�SRVVLELOLWLHV�ODWHU�LQ�WKH�QRWHV�

��� 6WDQGDUG�5HGXFWLRQ�0DFKLQH

7KH�UHGXFWLRQ�VHPDQWLFV�IRUA DOORZV�D�VLQJOH�SURJUDP�WR�UHGXFH�LQ�PXOWLSOH�GLIIHUHQW�ZD\V�
MXVW�DV�ZH�PD\�VLPSOLI\ (2+4) ·((6−1)+(1+1)) LQ�D�QXPEHU�RI�GLIIHUHQW�ZD\V�E\�VHOHFWLQJ
GLIIHUHQW�RUGHUV�LQ�ZKLFK�WR�VLPSOLI\�VXEH[SUHVVLRQV� :H�NQRZ�IURP�WKH�FRQVLVWHQF\�RI
WKH�ODQJXDJH�WKDW�QR�PDWWHU�ZKLFK�RUGHU�ZH�FKRRVH� LI�ZH�JHW�DQ�DQVZHU� LW�LV WKH DQVZHU�
UHGRLQJ�WKH�FDOFXODWLRQ�LQ�DQRWKHU�RUGHU�ZLOO�QRW�FKDQJH�WKH�ILQDO�UHVXOW�
+DYLQJ�D�´FDOFXOXV�RI�SURJUDPV�µ DV�HPERGLHG�E\�WKH�HTXDWLRQDO�WKHRU\�IRU�RXU�ODQ�

JXDJH� LV�LPSRUWDQW�WR�UHDVRQ�DERXW�SURJUDPV�DQG�HTXLYDOHQFHV�EHWZHHQ�WKHP� EXW�ZKHQ
WU\LQJ�WR�ILQG�ZKDW�D�SURJUDP�UHGXFHV�LW� LW·V�EHWWHU�LI�ZH�KDG�D�VWUDWHJ\�IRU�WKH�PHFKDQLFDO
FDOFXODWLRQ�RI�DQVZHUV� )RU�WKH A ODQJXDJH� LW·V�HDV\�WR�VHH�WKDW�DQ\�VWUDWHJ\�ZLOO�GR� DV
ORQJ�DV�\RX�NHHS�UHGXFLQJ�VRPHWKLQJ� \RX·OO�DOZD\V�ILQG�WKH�FRUUHFW�DQVZHU�HYHQWXDOO\� LW
GRHVQ·W�PDWWHU�ZKDW�RUGHU�\RX�JR�LQ� )RU�ULFKHU�ODQJXDJHV� LW·V�QRW�DOZD\V�FOHDU�WKDW�WKHUH·V
D�IL[HG�VWUDWHJ\�IRU�ILQGLQJ�DQVZHUV��LI�DQ�DQVZHU�HYHQ�H[LVWV���

�&RPSXWHU�VFLHQFH�LV�LQ�PDQ\�ZD\V�WKH�VFLHQFH�RI�QDPHV�

��

� ,QWURGXFWLRQ

6RIWZDUH�LV�DUJXDEO\�WKH�PRVW�FRPSOLFDWHG�DQG�YDULHG�NLQG�RI�DUWLIDFW�KXPDQV�SURGXFH�
3HRSOH�ZKR�PDNH�VRIWZDUH�DW�WKH�KLJKHVW�SURIHVVLRQDO�OHYHO�WKLQN�GHHSO\�DERXW�WKH�PHDQ�
LQJ�DQG�FRUUHFWQHVV�RI�WKH�SURJUDPV�WKH\�ZULWH� $ FRPPDQG�RI�VRIWZDUH�GHVLJQ�DW�WKLV
OHYHO�UHTXLUHV�GHYHORSLQJ�DQ�XQGHUVWDQGLQJ�RI�KRZ�ZH�JLYH�PHDQLQJ�WR�SKUDVHV�RI�D�SUR�
JUDPPLQJ�ODQJXDJH�DQG�KRZ�WR�EXLOG�DQDO\WLF�WRROV�IRU�SURYLQJ�SURSHUWLHV�RI�SURJUDPV�
7KLV�FRXUVH�FRYHUV�EDVLF�WKHRUHWLFDO�LGHDV�DQG�SUDFWLFDO�WHFKQLTXHV�IRU�PRGHOLQJ�DQG�DQ�

DO\]LQJ�SURJUDPPLQJ�ODQJXDJHV� DQG�OHYHUDJLQJ�WKRVH�WHFKQLTXHV�WR�PHFKDQLFDOO\�UHDVRQ
DERXW�SURJUDPV�

� 6\QWD[� 6HPDQWLFV� 	�0DFKLQHV�IRU�$ULWKPHWLF

)UDPH F = 3UHG(!) | 6XFF(!)
| 3OXV(!, e) | 3OXV(v,!)
| 0XOW(!, e) | 0XOW(v,!)

6WDFN S = [ ] | F :: S

6HULRXV s ∈ A \ Z

e D e′

e,S " e′,S 3UHG(s),S " s,3UHG(!) :: S 0XOW(s, e),S " s,0XOW(!, e) :: S

0XOW(v, s),S " s,0XOW(v,!) :: S v,3UHG(!) :: S " 3UHG(v),S

v,0XOW(!, e) :: S " 0XOW(v, e),S v,0XOW(e,!) :: S " 0XOW(e, v),S

e D e′

C[e] → C[e′]

e #−→! i ⇐⇒ e, [ ]"! i, [ ]

��� 0RGHOOLQJ�6\QWD[�ZLWK�,QGXFWLYH�6HWV

7KH V\QWD[ RI�D�SURJUDPPLQJ�ODQJXDJH�LV�D�VHW�RI�UXOHV�IRU�WKH�DUUDQJHPHQW�RI�ZRUGV�DQG
SKUDVHV�WR�FUHDWH�ZHOO�IRUPHG�VHQWHQFHV�LQ�WKH�ODQJXDJH� ,Q�RWKHU�ZRUGV� LW�LV�WKH�JUDPPDU
RI�SURJUDPV� 6\QWD[�FRPHV�LQ�WZR�IRUPV� FRQFUHWH�V\QWD[ GHVFULEHV�WKH�ZD\�SURJUDPV�DFWX�
DOO\�ORRN�DW�WKH�OHYHO�RI�EUDFHV� VHPLFRORQV� ZKLWHVSDFH� HWF�� ZKLOH DEVWUDFW�V\QWD[ GHVFULEHV
WKH�VWUXFWXUH�RI�SURJUDPV�ZLWKRXW�ZRUU\LQJ�RYHU�WKH�VXSHUILFLDO�GHWDLOV�RI�FRQFUHWH�V\Q�
WD[� &RQFUHWH�V\QWD[� ZKLOH�WKH�VWXII�RI�IUHQ]LHG�IHUYRU� LV�DFWXDOO\�QRW�DOO�WKDW�VLJQLILFDQW

�

� ,QWURGXFWLRQ

6RIWZDUH�LV�DUJXDEO\�WKH�PRVW�FRPSOLFDWHG�DQG�YDULHG�NLQG�RI�DUWLIDFW�KXPDQV�SURGXFH�
3HRSOH�ZKR�PDNH�VRIWZDUH�DW�WKH�KLJKHVW�SURIHVVLRQDO�OHYHO�WKLQN�GHHSO\�DERXW�WKH�PHDQ�
LQJ�DQG�FRUUHFWQHVV�RI�WKH�SURJUDPV�WKH\�ZULWH� $ FRPPDQG�RI�VRIWZDUH�GHVLJQ�DW�WKLV
OHYHO�UHTXLUHV�GHYHORSLQJ�DQ�XQGHUVWDQGLQJ�RI�KRZ�ZH�JLYH�PHDQLQJ�WR�SKUDVHV�RI�D�SUR�
JUDPPLQJ�ODQJXDJH�DQG�KRZ�WR�EXLOG�DQDO\WLF�WRROV�IRU�SURYLQJ�SURSHUWLHV�RI�SURJUDPV�
7KLV�FRXUVH�FRYHUV�EDVLF�WKHRUHWLFDO�LGHDV�DQG�SUDFWLFDO�WHFKQLTXHV�IRU�PRGHOLQJ�DQG�DQ�

DO\]LQJ�SURJUDPPLQJ�ODQJXDJHV� DQG�OHYHUDJLQJ�WKRVH�WHFKQLTXHV�WR�PHFKDQLFDOO\�UHDVRQ
DERXW�SURJUDPV�

� 6\QWD[� 6HPDQWLFV� 	�0DFKLQHV�IRU�$ULWKPHWLF

e D e′

. . . e . . . → . . . e′ . . .
���

. . . (. . . e . . . ) . . . → . . . (. . . e′ . . . ) . . .

)UDPH F = 3UHG(!) | 6XFF(!)
| 3OXV(!, e) | 3OXV(v,!)
| 0XOW(!, e) | 0XOW(v,!)

6WDFN S = [ ] | F :: S

6HULRXV s ∈ A \ Z

e → e′

e,S " e′,S 3UHG(s),S " s,3UHG(!) :: S 0XOW(s, e),S " s,0XOW(!, e) :: S

0XOW(v, s),S " s,0XOW(v,!) :: S v,3UHG(!) :: S " 3UHG(v),S

v,0XOW(!, e) :: S " 0XOW(v, e),S v,0XOW(e,!) :: S " 0XOW(e, v),S

e D e′

C[e] → C[e′]

e #−→! i ⇐⇒ e, [ ]"! i, [ ]

�



Reduction semantics

([HUFLVH �� 7KH�WUDQVLWLYH�DQG�UHIOH[LYH�FORVXUH�RSHUDWLRQV�DUH�IXQFWLRQV�WKDW�FRQVXPH�D�UHODWLRQ
DQG�SURGXFH�D�QHZ�UHODWLRQ� 8VLQJ�WKH�IXQFWLRQDO�YLHZ�RI�UHODWLRQV� WKLV�PHDQV�WKH\�DUH�IXQFWLRQV
ZLWK�WKH�IROORZLQJ�VLJQDWXUHV�

`27H : (X −→ P(X)) −→ (X −→ P(X))

i`�Mb : (X −→ P(X)) −→ (X −→ P(X))

'HVLJQ�2&DPO�IXQFWLRQV�IRU `27H DQG i`�Mb� 7HVW�WKH�IROORZLQJ�FRQMHFWXUH� `27H Ui`�Mb bi2TV
 i`�Mb U`27H bi2TV� 7KH `27H IXQFWLRQ�LV�HDV\� 7KH i`�Mb IXQFWLRQ�LV�OHVV�VR�EHFDXVH�LW·V�QRW
REYLRXV�ZKHQ�WR�VWRS�LWHUDWLQJ�WKH�JLYHQ�UHODWLRQ� EXW�WKLV�H[HUFLVH�GHPRQVWUDWHV�D�SRZHUIXO�LGHD�ZH·OO
VHH�DJDLQ�DQG�DJDLQ� ZKLFK�LV�WKH�LWHUDWLYH�FRPSXWDWLRQ�RI IL[HG�SRLQWV�
7KH�LGHD�KHUH�LV�WKDW i`�Mb� JLYHQ�D�UHODWLRQ U� FRPSXWHV�D�UHODWLRQ U′� ZULWWHQ�KHUH�DV�D�IXQFWLRQ�

U′(x) = {x′ | x Ux′} ���
∪ {x′ | x Ux0 Ux′} ���
∪ {x′ | x Ux0 Ux1 Ux′} ���
��� ���

7KH�HOLSVLV�DUH�HOOLGLQJ�DQ�LQILQLWH�QXPEHU�RI�HTXDWLRQV�KHUH� EXW�LI�WKH�FRGRPDLQ�RI U′ LV�ILQLWH� ZH
NQRZ�WKDW�RQO\�D�ILQLWH�QXPEHU�RI�HTXDWLRQV�ZLOO�HYHU�EH�XVHG� 0RUHRYHU� QRWLFH�WKDW�WKH x0 RI����
LV�MXVW�WKH x′ RI����� /LNHZLVH� WKH x1 RI�����LV�MXVW�WKH x′ RI����� 6R�LI�\RX�ZDQW�WR�FRPSXWH U′(x)
\RX�FDQ�VWDUW�ZLWK�WKH�VHW U(x)� )RU�HDFK x′ LQ�WKLV�VHW� FRPSXWH U(x′) DQG�DGG�LW�LQ�WR�WKH�VHW��\RX·YH
UHDFKHG�D�IL[HG�SRLQW��� .HHS�GRLQJ�WKLV�XQWLO U GRHVQ·W�DGG�DQ\WKLQJ�QHZ�WR�WKH�VHW� 7KLV�LV U′(x)�

��� 5HGXFWLRQ�LQ�&RQWH[W

:KHQ�DQ�H[SUHVVLRQ�UHGXFHV� WKHUH�LV�D�VXEH[SUHVVLRQ�EHLQJ�UHGXFHG�DFFRUGLQJ�WR�D�UHGXF�
WLRQ�D[LRP� 7KLV�RFFXUV�ZLWKLQ�D�VXUURXQGLQJ�H[SUHVVLRQ� RU FRQWH[W� :H�FDQ�IRUPDOL]H�WKH
QRWLRQ�RI�FRQWH[W�DQG�E\�GRLQJ�VR� HQDEOH�QHZ�NLQGV�RI�UHGXFWLRQV�
$ FRQWH[W FDQ�EH�WKRXJKW�RI�DV�DQ�H[SUHVVLRQ�ZLWK�D�KROH�LQ�LW� ZKLFK�LV�MXVW�D�WHUP�LQ

WKH�IROORZLQJ�ODQJXDJH�

&RQWH[W C = !
| 3UHG(C) | 6XFF(C)
| 3OXV(C, e) | 3OXV(e, C)
| 0XOW(C, e) | 0XOW(e, C)

$ FRQWH[W�LV�HLWKHU�D�KROH� ZULWWHQ�́ !�µ RU�LW·V�D�WHUP�FRQVWUXFWRU�ZLWK�D�FRQWH[W�LQ�SODFH�RI�D
VXEH[SUHVVLRQ� $Q�H[SUHVVLRQ�FDQ�EH�SOXJJHG�LQWR�D�FRQWH[W�WR�REWDLQ�DQRWKHU�H[SUHVVLRQ�
ZKLFK�LV�ZULWWHQ�́ C[e]�µ ZKLFK�PHDQV�́ UHSODFH�WKH�RFFXUUHQFH�RI! LQ C ZLWK e�µ 7R�EH�PRUH

��

IRUPDO� WKH�SOXJ�IXQFWLRQ�LV�GHILQHG�DV�

![e] = e

3UHG(C)[e] = 3UHG(C[e])
6XFF(C)[e] = 6XFF(C[e])

3OXV(C, e′)[e] = 3OXV(C[e], e′)
3OXV(e′, C)[e] = 3OXV(e′, C[e])
0XOW(C, e′)[e] = 0XOW(C[e], e′)
0XOW(e′, C)[e] = 0XOW(e′, C[e])

7KH�QRWDWLRQ�´C[e]µ�LV�DOVR�RYHUORDGHG�WR�PHDQ�´DQ�H[SUHVVLRQ e′ VXFK�WKDW e′ = C[e]�µ :H
VD\ e′ FDQ�EH�´GHFRPSRVHGµ�LQWR C DQG e�
7KLV�QRWDWLRQ�DOORZV�XV�WR�JLYH�DQ�DOWHUQDWLYH� EXW�HTXLYDOHQW� IRUPXODWLRQ�RI�WKH�FRP�

SDWLEOH�FORVXUH�RI→ DV�

e → e′

C[e] → C[e′]

7KLV�UXOH�VWDWHV� ´LI�DQ�H[SUHVVLRQ�FDQ�EH�GHFRPSRVHG�LQWR�D�FRQWH[W C ZLWK e LQ�WKH�KROH�
DQG e UHGXFHV�WR e′ E\�WKH�UHGXFWLRQ�D[LRP� WKHQ�WKH�SURJUDP�VWHSV�WR C ZLWK e′ SOXJJHG�LQ
WKH�KROH�µ
7KLV�FRQWH[W�EDVHG�IRUPXODWLRQ�PD\�VHHP�OLNH�MXVW�D�VRPHZKDW�PRUH�FRPSDFW�QRWDWLRQ

IRU� VSHFLI\LQJ� WKH� WHGLRXV�FRPSDWLELOLW\� LQIHUHQFH� UXOHV� WKDW�DOORZ�UHGXFWLRQ� WR�KDSSHQ
LQVLGH�RI�VXEH[SUHVVLRQV� EXW�LW�DOVR�GRHV�VRPHWKLQJ�PRUH�VLJQLILFDQW� LW�JLYHV�D�QDPH�WR
WKH�FRQWH[W�LQ�ZKLFK�D�UHGXFWLRQ�RFFXUV� QDPLQJ�VRPHWKLQJ�JLYHV�XV�FRQWURO�RYHU�LW�� :H
ZLOO�H[DPLQH�VRPH�RI�WKH�SRVVLELOLWLHV�ODWHU�LQ�WKH�QRWHV�

��� 6WDQGDUG�5HGXFWLRQ�0DFKLQH

7KH�UHGXFWLRQ�VHPDQWLFV�IRUA DOORZV�D�VLQJOH�SURJUDP�WR�UHGXFH�LQ�PXOWLSOH�GLIIHUHQW�ZD\V�
MXVW�DV�ZH�PD\�VLPSOLI\ (2+4) ·((6−1)+(1+1)) LQ�D�QXPEHU�RI�GLIIHUHQW�ZD\V�E\�VHOHFWLQJ
GLIIHUHQW�RUGHUV�LQ�ZKLFK�WR�VLPSOLI\�VXEH[SUHVVLRQV� :H�NQRZ�IURP�WKH�FRQVLVWHQF\�RI
WKH�ODQJXDJH�WKDW�QR�PDWWHU�ZKLFK�RUGHU�ZH�FKRRVH� LI�ZH�JHW�DQ�DQVZHU� LW�LV WKH DQVZHU�
UHGRLQJ�WKH�FDOFXODWLRQ�LQ�DQRWKHU�RUGHU�ZLOO�QRW�FKDQJH�WKH�ILQDO�UHVXOW�
+DYLQJ�D�´FDOFXOXV�RI�SURJUDPV�µ DV�HPERGLHG�E\�WKH�HTXDWLRQDO�WKHRU\�IRU�RXU�ODQ�

JXDJH� LV�LPSRUWDQW�WR�UHDVRQ�DERXW�SURJUDPV�DQG�HTXLYDOHQFHV�EHWZHHQ�WKHP� EXW�ZKHQ
WU\LQJ�WR�ILQG�ZKDW�D�SURJUDP�UHGXFHV�LW� LW·V�EHWWHU�LI�ZH�KDG�D�VWUDWHJ\�IRU�WKH�PHFKDQLFDO
FDOFXODWLRQ�RI�DQVZHUV� )RU�WKH A ODQJXDJH� LW·V�HDV\�WR�VHH�WKDW�DQ\�VWUDWHJ\�ZLOO�GR� DV
ORQJ�DV�\RX�NHHS�UHGXFLQJ�VRPHWKLQJ� \RX·OO�DOZD\V�ILQG�WKH�FRUUHFW�DQVZHU�HYHQWXDOO\� LW
GRHVQ·W�PDWWHU�ZKDW�RUGHU�\RX�JR�LQ� )RU�ULFKHU�ODQJXDJHV� LW·V�QRW�DOZD\V�FOHDU�WKDW�WKHUH·V
D�IL[HG�VWUDWHJ\�IRU�ILQGLQJ�DQVZHUV��LI�DQ�DQVZHU�HYHQ�H[LVWV���

�&RPSXWHU�VFLHQFH�LV�LQ�PDQ\�ZD\V�WKH�VFLHQFH�RI�QDPHV�

��

e → e′

. . . e . . . → . . . e′ . . .
���

. . . (. . . e . . . ) . . . → . . . (. . . e′ . . . ) . . .

3OXV(2, 3) → 5

6XFF(3OXV(2, 3)) → 6XFF(5)
���

0XOW(6XFF(3OXV(2, 3)),3UHG(4)) → 0XOW(6XFF(5),3UHG(4))

)UDPH F = 3UHG(!) | 6XFF(!)
| 3OXV(!, e) | 3OXV(i,!)
| 0XOW(!, e) | 0XOW(i,!)

6WDFN S = [ ] | F :: S

6HULRXV s ∈ A \ Z

e → e′

e,S " e′,S 3UHG(s),S " s,3UHG(!) :: S 0XOW(s, e),S " s,0XOW(!, e) :: S

0XOW(v, s),S " s,0XOW(v,!) :: S v,3UHG(!) :: S " 3UHG(v),S

v,0XOW(!, e) :: S " 0XOW(v, e),S v,0XOW(e,!) :: S " 0XOW(e, v),S

e D e′

C[e] → C[e′]

e #−→! i ⇐⇒ e, [ ]"! i, [ ]

��� 0RGHOOLQJ 6\QWD[ ZLWK ,QGXFWLYH 6HWV

7KH V\QWD[ RI D SURJUDPPLQJ ODQJXDJH LV D VHW RI UXOHV IRU WKH DUUDQJHPHQW RI ZRUGV DQG
SKUDVHV WR FUHDWH ZHOO�IRUPHG VHQWHQFHV LQ WKH ODQJXDJH� ,Q RWKHU ZRUGV� LW LV WKH JUDPPDU
RI SURJUDPV� 6\QWD[ FRPHV LQ WZR IRUPV� FRQFUHWH V\QWD[ GHVFULEHV WKH ZD\ SURJUDPV DFWX�
DOO\ ORRN DW WKH OHYHO RI EUDFHV� VHPLFRORQV� ZKLWHVSDFH� HWF�� ZKLOH DEVWUDFW V\QWD[ GHVFULEHV

�

e → e′

. . . e . . . → . . . e′ . . .

���
. . . (. . . e . . . ) . . . → . . . (. . . e′ . . . ) . . .

3OXV(2, 3) → 5

6XFF(3OXV(2, 3)) → 6XFF(5)
���

0XOW(6XFF(3OXV(2, 3)),3UHG(4)) → 0XOW(6XFF(5),3UHG(4))

3OXV(2, 3) D 5

C[3OXV(2, 3)] → C[5]� ZKHUH C = 0XOW(6XFF(!),3UHG(4))

)UDPH F = 3UHG(!) | 6XFF(!)
| 3OXV(!, e) | 3OXV(i,!)
| 0XOW(!, e) | 0XOW(i,!)

6WDFN S = [ ] | F :: S

6HULRXV s ∈ A \ Z

e → e′

e,S " e′,S 3UHG(s),S " s,3UHG(!) :: S 0XOW(s, e),S " s,0XOW(!, e) :: S

0XOW(v, s),S " s,0XOW(v,!) :: S v,3UHG(!) :: S " 3UHG(v),S

v,0XOW(!, e) :: S " 0XOW(v, e),S v,0XOW(e,!) :: S " 0XOW(e, v),S

e D e′

C[e] → C[e′]

e #−→! i ⇐⇒ e, [ ]"! i, [ ]

�



Reduction semantics

� ,QWURGXFWLRQ

6RIWZDUH�LV�DUJXDEO\�WKH�PRVW�FRPSOLFDWHG�DQG�YDULHG�NLQG�RI�DUWLIDFW�KXPDQV�SURGXFH�
3HRSOH�ZKR�PDNH�VRIWZDUH�DW�WKH�KLJKHVW�SURIHVVLRQDO�OHYHO�WKLQN�GHHSO\�DERXW�WKH�PHDQ�
LQJ�DQG�FRUUHFWQHVV�RI�WKH�SURJUDPV�WKH\�ZULWH� $ FRPPDQG�RI�VRIWZDUH�GHVLJQ�DW�WKLV
OHYHO�UHTXLUHV�GHYHORSLQJ�DQ�XQGHUVWDQGLQJ�RI�KRZ�ZH�JLYH�PHDQLQJ�WR�SKUDVHV�RI�D�SUR�
JUDPPLQJ�ODQJXDJH�DQG�KRZ�WR�EXLOG�DQDO\WLF�WRROV�IRU�SURYLQJ�SURSHUWLHV�RI�SURJUDPV�
7KLV�FRXUVH�FRYHUV�EDVLF�WKHRUHWLFDO�LGHDV�DQG�SUDFWLFDO�WHFKQLTXHV�IRU�PRGHOLQJ�DQG�DQ�

DO\]LQJ�SURJUDPPLQJ�ODQJXDJHV� DQG�OHYHUDJLQJ�WKRVH�WHFKQLTXHV�WR�PHFKDQLFDOO\�UHDVRQ
DERXW�SURJUDPV�

� 6\QWD[� 6HPDQWLFV� 	�0DFKLQHV�IRU�$ULWKPHWLF

)UDPH F = 3UHG(!) | 6XFF(!)
| 3OXV(!, e) | 3OXV(v,!)
| 0XOW(!, e) | 0XOW(v,!)

6WDFN S = [ ] | F :: S

6HULRXV s ∈ A \ Z

e D e′

e,S " e′,S 3UHG(s),S " s,3UHG(!) :: S 0XOW(s, e),S " s,0XOW(!, e) :: S

0XOW(v, s),S " s,0XOW(v,!) :: S v,3UHG(!) :: S " 3UHG(v),S

v,0XOW(!, e) :: S " 0XOW(v, e),S v,0XOW(e,!) :: S " 0XOW(e, v),S

e D e′

C[e] → C[e′]

e #−→! i ⇐⇒ e, [ ]"! i, [ ]

��� 0RGHOOLQJ�6\QWD[�ZLWK�,QGXFWLYH�6HWV

7KH V\QWD[ RI�D�SURJUDPPLQJ�ODQJXDJH�LV�D�VHW�RI�UXOHV�IRU�WKH�DUUDQJHPHQW�RI�ZRUGV�DQG
SKUDVHV�WR�FUHDWH�ZHOO�IRUPHG�VHQWHQFHV�LQ�WKH�ODQJXDJH� ,Q�RWKHU�ZRUGV� LW�LV�WKH�JUDPPDU
RI�SURJUDPV� 6\QWD[�FRPHV�LQ�WZR�IRUPV� FRQFUHWH�V\QWD[ GHVFULEHV�WKH�ZD\�SURJUDPV�DFWX�
DOO\�ORRN�DW�WKH�OHYHO�RI�EUDFHV� VHPLFRORQV� ZKLWHVSDFH� HWF�� ZKLOH DEVWUDFW�V\QWD[ GHVFULEHV
WKH�VWUXFWXUH�RI�SURJUDPV�ZLWKRXW�ZRUU\LQJ�RYHU�WKH�VXSHUILFLDO�GHWDLOV�RI�FRQFUHWH�V\Q�
WD[� &RQFUHWH�V\QWD[� ZKLOH�WKH�VWXII�RI�IUHQ]LHG�IHUYRU� LV�DFWXDOO\�QRW�DOO�WKDW�VLJQLILFDQW

�



Standard reductions
(VWDEOLVKLQJ�D�VWUDWHJ\�IRU�WKH�RUGHU�LQ�ZKLFK�D�PDFKLQH�DSSOLHV�UHGXFWLRQ�D[LRPV�WR

REWDLQ�DQ�DQVZHU�LV�FDOOHG�D VWDQGDUG�UHGXFWLRQ�VHPDQWLFV� LW�UHSUHVHQWV�D�FDQRQLFDO�ZD\
LQ�ZKLFK�SURJUDPV�DUH�UHGXFHG�
/HW·V�GHYHORS�D�VWDQGDUG�UHGXFWLRQ�UHODWLRQ� FDOOHG !−→� IRU A� �7DNH�QRWH�RI�WKH�ORQJ

EDUUHG�DUURZ�XVHG�KHUH� GRQ·W�FRQIXVH�WKH !−→ DQG → DUURZV�� 7KH�LGHD�KHUH�LV�WR�PDNH
WKH�RQH�VWHS�UHGXFWLRQ�UHODWLRQ�D�IXQFWLRQ�E\�VWDQGDUGL]LQJ�WKH�UHGXFWLRQ�VWUDWHJ\�

e D e′

e !−→ e′
e1 !−→ e′1

3OXV(e1, e2) !−→ 3OXV(e′1, e2)
e !−→ e′

3OXV(v, e) !−→ 3OXV(v, e′)

e1 !−→ e′1
0XOW(e1, e2) !−→ 0XOW(e′1, e2)

e !−→ e′

0XOW(v, e) !−→ 0XOW(v, e′)
e !−→ e′

6XFF(e) !−→ 6XFF(e′)

e !−→ e′

3UHG(e) !−→ 3UHG(e′)

1RWLFH� WKDW�QRQH�RI� WKH� UXOHV� RYHUODS� 7R� VHH� WKLV� FRQVLGHU� D�PRUH� HODERUDWH� EXW
HTXLYDOHQW�IRUPXODWLRQ�RI�WKH�UXOHV�IRU 0XOW�

e1 !−→ e′1 e1 $∈ 9DO
0XOW(e1, e2) !−→ 0XOW(e′1, e2)

e !−→ e′ e $∈ 9DO
0XOW(v, e) !−→ 0XOW(v, e′)

7KH�DGGHG�K\SRWKHVHV�DUH�LQ�IDFW�UHGXQGDQW�EHFDXVH e !−→ e′ LPSOLHV e LV�QRW�D�YDOXH� EXW
LW·V�QRZ�HDV\�WR�VHH�E\�FDVH�DQDO\VLV�WKDW�DW�PRVW�RQH�UXOH�DSSOLHV�WR�DQ�H[SUHVVLRQ�RI�WKH
IRUP 0XOW(e1, e2) EHFDXVH�HLWKHU e1 LV�QRW�D�YDOXH� LQ�ZKLFK�FDVH�WKH�OHIWPRVW�UXOH�DSSOLHV�
RU e1 LV�D�YDOXH� EXW e2 LV�QRW� LQ�ZKLFK�FDVH�WKH�ULJKWPRVW�UXOH�DSSOLHV� RU�ERWK e1 DQG e2
DUH�YDOXHV� LQ�ZKLFK�FDVH�WKH D UXOH�DSSOLHV�
7KH�UXOHV�IRU�UHGXFLQJ�LQVLGH�H[SUHVVLRQV�DUH�QRW�TXLWH�FRPSDWLELOLW\�UXOHV�EHFDXVH�WKH\

GR�QRW�DOORZ�D�UHGXFWLRQ�D[LRP�WR�EH�DSSOLHG�WR DQ\ VXEH[SUHVVLRQ� ,QVWHDG� WKH\�HQFRGH�D
UHGXFWLRQ�VWUDWHJ\ WKDW�VSHFLILHV�WKH�RQH�VXEH[SUHVVLRQ�ZKHUH�DQ�D[LRP�PD\�EH�DSSOLHG�
:H�FDQ�UHSUHVHQW�WKH !−→ UHODWLRQ�LQ�2&DPO�OLNH�ZH�GLG�IRU D �

H2i `2+ bi�M/�`/nbi2Tn� U2 , �`Bi?V , �`Bi? HBbi 4
K�i+? � 2 rBi?
% LQM2 @=

UK�i+? 2 rBi?
% AMi B @= ()
% S`2/ 2 @= GBbiXK�T U7mM 2^ @= S`2/ 2^V Ubi2Tn� 2V
% am++ 2 @= GBbiXK�T U7mM 2^ @= am++ 2^V Ubi2Tn� 2V
% SHmb U2R- 2kV @=

H2i 7 2Rb 2kb 4 GBbiXK�T
U7mM U2R^-2k^V @= SHmb U2R^- 2k^VV
U+�`i2bB�M 2Rb 2kbV

BM
UK�i+? 2R rBi?

��

GRHVQ·W PDWWHU ZKDW RUGHU \RX JR LQ� )RU ULFKHU ODQJXDJHV� LW·V QRW DOZD\V FOHDU WKDW WKHUH·V
D IL[HG VWUDWHJ\ IRU ILQGLQJ DQVZHUV �LI DQ DQVZHU HYHQ H[LVWV���
(VWDEOLVKLQJ D VWUDWHJ\ IRU WKH RUGHU LQ ZKLFK D PDFKLQH DSSOLHV UHGXFWLRQ D[LRPV WR

REWDLQ DQ DQVZHU LV FDOOHG D VWDQGDUG UHGXFWLRQ VHPDQWLFV� LW UHSUHVHQWV D FDQRQLFDO ZD\
LQ ZKLFK SURJUDPV DUH UHGXFHG�
/HW·V GHYHORS D VWDQGDUG UHGXFWLRQ UHODWLRQ� FDOOHG !−→� IRU A� �7DNH QRWH RI WKH ORQJ

EDUUHG DUURZ XVHG KHUH� GRQ·W FRQIXVH WKH !−→ DQG → DUURZV�� 7KH LGHD KHUH LV WR PDNH
WKH RQH�VWHS UHGXFWLRQ UHODWLRQ D IXQFWLRQ E\ VWDQGDUGL]LQJ WKH UHGXFWLRQ VWUDWHJ\�

e D e′

e !−→ e′

e1 !−→ e′1
3OXV(e1, e2) !−→ 3OXV(e′1, e2)

e !−→ e′

3OXV(i, e) !−→ 3OXV(i, e′)
e1 !−→ e′1

0XOW(e1, e2) !−→ 0XOW(e′1, e2)

e !−→ e′

0XOW(i, e) !−→ 0XOW(i, e′)
e !−→ e′

6XFF(e) !−→ 6XFF(e′)
e !−→ e′

3UHG(e) !−→ 3UHG(e′)

1RWLFH WKDW QRQH RI WKH UXOHV RYHUODS� 7R VHH WKLV� FRQVLGHU D PRUH HODERUDWH� EXW
HTXLYDOHQW IRUPXODWLRQ RI WKH UXOHV IRU 0XOW�

e1 !−→ e′1 e1 $∈ 9DO
0XOW(e1, e2) !−→ 0XOW(e′1, e2)

e !−→ e′ e $∈ 9DO
0XOW(v, e) !−→ 0XOW(v, e′)

7KH DGGHG K\SRWKHVHV DUH LQ IDFW UHGXQGDQW EHFDXVH e !−→ e′ LPSOLHV e LV QRW D YDOXH� EXW
LW·V QRZ HDV\ WR VHH E\ FDVH DQDO\VLV WKDW DW PRVW RQH UXOH DSSOLHV WR DQ H[SUHVVLRQ RI WKH
IRUP 0XOW(e1, e2) EHFDXVH HLWKHU e1 LV QRW D YDOXH� LQ ZKLFK FDVH WKH OHIWPRVW UXOH DSSOLHV�
RU e1 LV D YDOXH� EXW e2 LV QRW� LQ ZKLFK FDVH WKH ULJKWPRVW UXOH DSSOLHV� RU ERWK e1 DQG e2
DUH YDOXHV� LQ ZKLFK FDVH WKH D UXOH DSSOLHV�
7KH UXOHV IRU UHGXFLQJ LQVLGH H[SUHVVLRQV DUH QRW TXLWH FRPSDWLELOLW\ UXOHV EHFDXVH WKH\

GR QRW DOORZ D UHGXFWLRQ D[LRP WR EH DSSOLHG WR DQ\ VXEH[SUHVVLRQ� ,QVWHDG� WKH\ HQFRGH D
UHGXFWLRQ VWUDWHJ\ WKDW VSHFLILHV WKH RQH VXEH[SUHVVLRQ ZKHUH DQ D[LRP PD\ EH DSSOLHG�
:H FDQ UHSUHVHQW WKH !−→ UHODWLRQ LQ 2&DPO OLNH ZH GLG IRU D�

H2i `2+ bi�M/�`/nbi2Tn� U2 , �`Bi?V , �`Bi? HBbi 4
K�i+? � 2 rBi?

% LQM2 @=
UK�i+? 2 rBi?

% AMi B @= ()
% S`2/ 2 @= GBbiXK�T U7mM 2^ @= S`2/ 2^V Ubi2Tn� 2V
% am++ 2 @= GBbiXK�T U7mM 2^ @= am++ 2^V Ubi2Tn� 2V
% SHmb U2R- 2kV @=

H2i 7 2Rb 2kb 4 GBbiXK�T
U7mM U2R^-2k^V @= SHmb U2R^- 2k^VV
U+�`i2bB�M 2Rb 2kbV

��



Standard reductions

(YDO&RQWH[W E = !
| 3UHG(E) | 6XFF(E)
| 3OXV(E , e) | 3OXV(v, E)
| 0XOW(E , e) | 0XOW(v, E)

$QG�VWDQGDUG�UHGXFWLRQ�LV�MXVW�

e D e′

E [e] !−→ E [e′]

,W·V�SRVVLEOH�WR�UHDG�RII�WKH�UHGXFWLRQ�VWUDWHJ\�IURP�WKH�JUDPPDU� )RU�H[DPSOH� WKH
SURGXFWLRQ 3OXV(E , e) VD\V�´XQWLO�WKH�OHIW�VLGH�RI 3OXV LV�D�YDOXH� UHGXFH�WKH�OHIW�VLGH�RI 3OXVµ
DQG 3OXV(v, E) VD\V�´DIWHU�WKH�OHIW�VLGH�LV�YDOXH� UHGXFH�WKH�ULJKW�VLGH�µ 6R�ZKHQ�\RX�VHH
3OXV(e1, e2)� \RX�NQRZ�DOO�RI�WKH�UHGXFWLRQV�ZLOO�ILUVW�KDSSHQ�IRU e1� DQG�RQO\�DIWHU�WKHUH�DUH
QR�PRUH�ZLOO�DOO�RI�WKH�UHGXFWLRQV�IRU e2 KDSSHQ�
7KH�VWDQGDUG�VHPDQWLFV�KDV�WKH�IROORZLQJ�GHVLUDEOH�SURSHUWLHV�

�� LI�WKH�VWDQGDUG�VHPDQWLFV�SURGXFHV�D�YDOXH� LW�LV�FRQVLVWHQW�ZLWK�WKH�UHGXFWLRQ�VH�
PDQWLFV�

e !−→!
D v ⇒ e →! v�

�� LI�WKH�UHGXFWLRQ�VHPDQWLFV�SURGXFHV�D�YDOXH� WKH�VWDQGDUG�VHPDQWLFV�GRHV�WRR�

e →! v ⇒ e !−→!
D v�

2XU�JRDO�ZLWK�WKH�VWDQGDUG�VHPDQWLFV�ZDV�WR�VHWWOH�RQ�D�FDQRQLFDO�VWUDWHJ\�IRU�UHGXFLQJ
SURJUDPV� 7KH�SURSHUWLHV�DERYH�WHOO�XV�WKDW�WKLV�FDQRQLFDO�VWUDWHJ\�����QHYHU�SURGXFHV
VRPHWKLQJ�LQFRQVLVWHQW�ZLWK�WKH�VHPDQWLFV� DQG�����DOZD\V�SURGXFHV�D�YDOXH� LI�WKHUH�LV
RQH�
7KHVH�WZR�SURSHUWLHV�WHOO�XV�WKH�VWDQGDUG�VHPDQWLFV�ZH�KDYH�LV�D�JRRG�EDVLV�IRU�WKH

VSHFLILFDWLRQ�RI�DQ�LQWHUSUHWHU� ZKLFK�FDQ�EH�GHILQHG�E\�WKH�LWHUDWLRQ�RI�WKH�VWDQGDUG�UH�
GXFWLRQ�IXQFWLRQ�

1RWH�RQ�WKH�OLWHUDWXUH� 6LQFH�WKH�FDQRQLFDO�UHGXFWLRQ�VWUDWHJ\�LV�RIWHQ�ZKDW�ZH�DUH�FRQ�
FHUQHG�ZLWK�ZKHQ�UHDVRQLQJ�DERXW�SURJUDPV� PRVW�3/ SDSHUV�IRUPXODWH�RQO\�WKH�VWDQGDUG
UHGXFWLRQ�DQG�DUH�QRW�FRQFHUQHG�ZLWK�WKH�V\QWDFWLF�WKHRU\�RI�WKHLU�ODQJXDJH� ZKLFK�HVWDE�
OLVKHV�DOJHEUDLF�ODZV�IRU�SURYLQJ�WKH�HTXDOLW\�RI�SURJUDPV�

([HUFLVH �� 3URYH e !−→!
D v ⇐⇒ e →! v�

:H�FDQ�PRGHO�HYDOXDWLRQ�FRQWH[WV�DV�D�GDWD�W\SH�LQ�2&DPO�

ivT2 2+ti 4 >QH2
% 1S`2/ Q7 2+ti
% 1am++ Q7 2+ti
% 1SHmbG Q7 2+ti  �`Bi?
% 1SHmb_ Q7 BMi  2+ti
% 1JmHiG Q7 2+ti  �`Bi?
% 1JmHi_ Q7 BMi  2+ti

��

(YDO&RQWH[W E = !
| 3UHG(E) | 6XFF(E)
| 3OXV(E , e) | 3OXV(i, E)
| 0XOW(E , e) | 0XOW(i, E)

$QG VWDQGDUG UHGXFWLRQ LV MXVW�

e D e′

E [e] !−→ E [e′]

,W·V SRVVLEOH WR UHDG RII WKH UHGXFWLRQ VWUDWHJ\ IURP WKH JUDPPDU� )RU H[DPSOH� WKH
SURGXFWLRQ 3OXV(E , e) VD\V ´XQWLO WKH OHIW VLGH RI 3OXV LV D YDOXH� UHGXFH WKH OHIW VLGH RI 3OXVµ
DQG 3OXV(v, E) VD\V ´DIWHU WKH OHIW VLGH LV YDOXH� UHGXFH WKH ULJKW VLGH�µ 6R ZKHQ \RX VHH
3OXV(e1, e2)� \RX NQRZ DOO RI WKH UHGXFWLRQV ZLOO ILUVW KDSSHQ IRU e1� DQG RQO\ DIWHU WKHUH DUH
QR PRUH ZLOO DOO RI WKH UHGXFWLRQV IRU e2 KDSSHQ�
7KH VWDQGDUG VHPDQWLFV KDV WKH IROORZLQJ GHVLUDEOH SURSHUWLHV�

�� LI WKH VWDQGDUG VHPDQWLFV SURGXFHV D YDOXH� LW LV FRQVLVWHQW ZLWK WKH UHGXFWLRQ VH�
PDQWLFV�

e !−→! v ⇒ e →! v�

�� LI WKH UHGXFWLRQ VHPDQWLFV SURGXFHV D YDOXH� WKH VWDQGDUG VHPDQWLFV GRHV WRR�

e →! v ⇒ e !−→! v�

2XU JRDO ZLWK WKH VWDQGDUG VHPDQWLFV ZDV WR VHWWOH RQ D FDQRQLFDO VWUDWHJ\ IRU UHGXFLQJ
SURJUDPV� 7KH SURSHUWLHV DERYH WHOO XV WKDW WKLV FDQRQLFDO VWUDWHJ\ ��� QHYHU SURGXFHV
VRPHWKLQJ LQFRQVLVWHQW ZLWK WKH VHPDQWLFV� DQG ��� DOZD\V SURGXFHV D YDOXH� LI WKHUH LV
RQH�
7KHVH WZR SURSHUWLHV WHOO XV WKH VWDQGDUG VHPDQWLFV ZH KDYH LV D JRRG EDVLV IRU WKH

VSHFLILFDWLRQ RI DQ LQWHUSUHWHU� ZKLFK FDQ EH GHILQHG E\ WKH LWHUDWLRQ RI WKH VWDQGDUG UH�
GXFWLRQ IXQFWLRQ�

1RWH RQ WKH OLWHUDWXUH� 6LQFH WKH FDQRQLFDO UHGXFWLRQ VWUDWHJ\ LV RIWHQ ZKDW ZH DUH FRQ�
FHUQHG ZLWK ZKHQ UHDVRQLQJ DERXW SURJUDPV� PRVW 3/ SDSHUV IRUPXODWH RQO\ WKH VWDQGDUG
UHGXFWLRQ DQG DUH QRW FRQFHUQHG ZLWK WKH V\QWDFWLF WKHRU\ RI WKHLU ODQJXDJH� ZKLFK HVWDE�
OLVKHV DOJHEUDLF ODZV IRU SURYLQJ WKH HTXDOLW\ RI SURJUDPV�

([HUFLVH �� 3URYH e !−→! i ⇐⇒ e →! i�

:H FDQ PRGHO HYDOXDWLRQ FRQWH[WV DV D GDWD W\SH LQ 2&DPO�

ivT2 2+ti 4 >QH2
% 1S`2/ Q7 2+ti
% 1am++ Q7 2+ti
% 1SHmbG Q7 2+ti  �`Bi?
% 1SHmb_ Q7 BMi  2+ti
% 1JmHiG Q7 2+ti  �`Bi?
% 1JmHi_ Q7 BMi  2+ti

��



Relating reductions
Claim:

(YDO&RQWH[W E = !
| 3UHG(E) | 6XFF(E)
| 3OXV(E , e) | 3OXV(v, E)
| 0XOW(E , e) | 0XOW(v, E)

$QG�VWDQGDUG�UHGXFWLRQ�LV�MXVW�

e D e′

E [e] !−→ E [e′]

,W·V�SRVVLEOH�WR�UHDG�RII�WKH�UHGXFWLRQ�VWUDWHJ\�IURP�WKH�JUDPPDU� )RU�H[DPSOH� WKH
SURGXFWLRQ 3OXV(E , e) VD\V�´XQWLO�WKH�OHIW�VLGH�RI 3OXV LV�D�YDOXH� UHGXFH�WKH�OHIW�VLGH�RI 3OXVµ
DQG 3OXV(v, E) VD\V�´DIWHU�WKH�OHIW�VLGH�LV�YDOXH� UHGXFH�WKH�ULJKW�VLGH�µ 6R�ZKHQ�\RX�VHH
3OXV(e1, e2)� \RX�NQRZ�DOO�RI�WKH�UHGXFWLRQV�ZLOO�ILUVW�KDSSHQ�IRU e1� DQG�RQO\�DIWHU�WKHUH�DUH
QR�PRUH�ZLOO�DOO�RI�WKH�UHGXFWLRQV�IRU e2 KDSSHQ�
7KH�VWDQGDUG�VHPDQWLFV�KDV�WKH�IROORZLQJ�GHVLUDEOH�SURSHUWLHV�

�� LI�WKH�VWDQGDUG�VHPDQWLFV�SURGXFHV�D�YDOXH� LW�LV�FRQVLVWHQW�ZLWK�WKH�UHGXFWLRQ�VH�
PDQWLFV�

e !−→! v ⇒ e →! v�

�� LI�WKH�UHGXFWLRQ�VHPDQWLFV�SURGXFHV�D�YDOXH� WKH�VWDQGDUG�VHPDQWLFV�GRHV�WRR�

e →! v ⇒ e !−→! v�

2XU�JRDO�ZLWK�WKH�VWDQGDUG�VHPDQWLFV�ZDV�WR�VHWWOH�RQ�D�FDQRQLFDO�VWUDWHJ\�IRU�UHGXFLQJ
SURJUDPV� 7KH�SURSHUWLHV�DERYH�WHOO�XV�WKDW�WKLV�FDQRQLFDO�VWUDWHJ\�����QHYHU�SURGXFHV
VRPHWKLQJ�LQFRQVLVWHQW�ZLWK�WKH�VHPDQWLFV� DQG�����DOZD\V�SURGXFHV�D�YDOXH� LI�WKHUH�LV
RQH�
7KHVH�WZR�SURSHUWLHV�WHOO�XV�WKH�VWDQGDUG�VHPDQWLFV�ZH�KDYH�LV�D�JRRG�EDVLV�IRU�WKH

VSHFLILFDWLRQ�RI�DQ�LQWHUSUHWHU� ZKLFK�FDQ�EH�GHILQHG�E\�WKH�LWHUDWLRQ�RI�WKH�VWDQGDUG�UH�
GXFWLRQ�IXQFWLRQ�

1RWH�RQ�WKH�OLWHUDWXUH� 6LQFH�WKH�FDQRQLFDO�UHGXFWLRQ�VWUDWHJ\�LV�RIWHQ�ZKDW�ZH�DUH�FRQ�
FHUQHG�ZLWK�ZKHQ�UHDVRQLQJ�DERXW�SURJUDPV� PRVW�3/ SDSHUV�IRUPXODWH�RQO\�WKH�VWDQGDUG
UHGXFWLRQ�DQG�DUH�QRW�FRQFHUQHG�ZLWK�WKH�V\QWDFWLF�WKHRU\�RI�WKHLU�ODQJXDJH� ZKLFK�HVWDE�
OLVKHV�DOJHEUDLF�ODZV�IRU�SURYLQJ�WKH�HTXDOLW\�RI�SURJUDPV�

([HUFLVH �� 3URYH e !−→! i ⇐⇒ e →! i�

:H�FDQ�PRGHO�HYDOXDWLRQ�FRQWH[WV�DV�D�GDWD�W\SH�LQ�2&DPO�

ivT2 2+ti 4 >QH2
% 1S`2/ Q7 2+ti
% 1am++ Q7 2+ti
% 1SHmbG Q7 2+ti  �`Bi?
% 1SHmb_ Q7 BMi  2+ti
% 1JmHiG Q7 2+ti  �`Bi?
% 1JmHi_ Q7 BMi  2+ti

��



Abstract (stack) machine

e D e′

. . . e . . . → . . . e′ . . .

���
. . . (. . . e . . . ) . . . → . . . (. . . e′ . . . ) . . .

)UDPH F = 3UHG(!) | 6XFF(!)
| 3OXV(!, e) | 3OXV(i,!)
| 0XOW(!, e) | 0XOW(i,!)

6WDFN S = [ ] | F :: S

6HULRXV s ∈ A \ Z

e → e′

e,S " e′,S 3UHG(s),S " s,3UHG(!) :: S 0XOW(s, e),S " s,0XOW(!, e) :: S

0XOW(v, s),S " s,0XOW(v,!) :: S v,3UHG(!) :: S " 3UHG(v),S

v,0XOW(!, e) :: S " 0XOW(v, e),S v,0XOW(e,!) :: S " 0XOW(e, v),S

e D e′

C[e] → C[e′]

e #−→! i ⇐⇒ e, [ ]"! i, [ ]

��� 0RGHOOLQJ 6\QWD[ ZLWK ,QGXFWLYH 6HWV

7KH V\QWD[ RI D SURJUDPPLQJ ODQJXDJH LV D VHW RI UXOHV IRU WKH DUUDQJHPHQW RI ZRUGV DQG
SKUDVHV WR FUHDWH ZHOO�IRUPHG VHQWHQFHV LQ WKH ODQJXDJH� ,Q RWKHU ZRUGV� LW LV WKH JUDPPDU
RI SURJUDPV� 6\QWD[ FRPHV LQ WZR IRUPV� FRQFUHWH V\QWD[ GHVFULEHV WKH ZD\ SURJUDPV DFWX�
DOO\ ORRN DW WKH OHYHO RI EUDFHV� VHPLFRORQV� ZKLWHVSDFH� HWF�� ZKLOH DEVWUDFW V\QWD[ GHVFULEHV
WKH VWUXFWXUH RI SURJUDPV ZLWKRXW ZRUU\LQJ RYHU WKH VXSHUILFLDO GHWDLOV RI FRQFUHWH V\Q�
WD[� &RQFUHWH V\QWD[� ZKLOH WKH VWXII RI IUHQ]LHG IHUYRU� LV DFWXDOO\ QRW DOO WKDW VLJQLILFDQW
IRU IRUPDOO\ UHDVRQLQJ DERXW SURJUDPPLQJ ODQJXDJHV VR ZH IRFXV H[FOXVLYHO\ RQ DEVWUDFW
V\QWD[�
3URJUDPV JHQHUDOO\ KDYH D WUHH�OLNH VWUXFWXUH RI QHVWLQJ SKUDVHV DQG H[SUHVVLRQV� VR

GHILQLQJ WKH DEVWUDFW V\QWD[ RI D ODQJXDJH LV QR PRUH FRPSOLFDWHG WKDQ GHILQLQJ DQ LQGXF�
WLYH VHW� $V D FDVH VWXG\� OHW·V ORRN DW D YHU\ VLPSOH SURJUDPPLQJ ODQJXDJH� WKH ODQJXDJH
RI DULWKPHWLF H[SUHVVLRQV� 7R NHHS WKLQJV DV VLPSOH DV SRVVLEOH� WKH ODQJXDJH ZLOO LQFOXGH

�



Abstract (stack) machine

� ,QWURGXFWLRQ

6RIWZDUH�LV�DUJXDEO\�WKH�PRVW�FRPSOLFDWHG�DQG�YDULHG�NLQG�RI�DUWLIDFW�KXPDQV�SURGXFH�
3HRSOH�ZKR�PDNH�VRIWZDUH�DW�WKH�KLJKHVW�SURIHVVLRQDO�OHYHO�WKLQN�GHHSO\�DERXW�WKH�PHDQ�
LQJ�DQG�FRUUHFWQHVV�RI�WKH�SURJUDPV�WKH\�ZULWH� $ FRPPDQG�RI�VRIWZDUH�GHVLJQ�DW�WKLV
OHYHO�UHTXLUHV�GHYHORSLQJ�DQ�XQGHUVWDQGLQJ�RI�KRZ�ZH�JLYH�PHDQLQJ�WR�SKUDVHV�RI�D�SUR�
JUDPPLQJ�ODQJXDJH�DQG�KRZ�WR�EXLOG�DQDO\WLF�WRROV�IRU�SURYLQJ�SURSHUWLHV�RI�SURJUDPV�
7KLV�FRXUVH�FRYHUV�EDVLF�WKHRUHWLFDO�LGHDV�DQG�SUDFWLFDO�WHFKQLTXHV�IRU�PRGHOLQJ�DQG�DQ�

DO\]LQJ�SURJUDPPLQJ�ODQJXDJHV� DQG�OHYHUDJLQJ�WKRVH�WHFKQLTXHV�WR�PHFKDQLFDOO\�UHDVRQ
DERXW�SURJUDPV�

� 6\QWD[� 6HPDQWLFV� 	�0DFKLQHV�IRU�$ULWKPHWLF

)UDPH F = 3UHG(!) | 6XFF(!)
| 3OXV(!, e) | 3OXV(v,!)
| 0XOW(!, e) | 0XOW(v,!)

6WDFN S = [ ] | F :: S

e D e′

e,S " e′,S 3UHG(s),S " s,3UHG(!) :: S 0XOW(s, e),S " s,0XOW(!, e) :: S

0XOW(v, s),S " s,0XOW(v,!) :: S v,3UHG(!) :: S " 3UHG(v),S

v,0XOW(!, e) :: S " 0XOW(v, e),S v,0XOW(e,!) :: S " 0XOW(e, v),S

��� 0RGHOOLQJ�6\QWD[�ZLWK�,QGXFWLYH�6HWV

7KH V\QWD[ RI�D�SURJUDPPLQJ�ODQJXDJH�LV�D�VHW�RI�UXOHV�IRU�WKH�DUUDQJHPHQW�RI�ZRUGV�DQG
SKUDVHV�WR�FUHDWH�ZHOO�IRUPHG�VHQWHQFHV�LQ�WKH�ODQJXDJH� ,Q�RWKHU�ZRUGV� LW�LV�WKH�JUDPPDU
RI�SURJUDPV� 6\QWD[�FRPHV�LQ�WZR�IRUPV� FRQFUHWH�V\QWD[ GHVFULEHV�WKH�ZD\�SURJUDPV�DFWX�
DOO\�ORRN�DW�WKH�OHYHO�RI�EUDFHV� VHPLFRORQV� ZKLWHVSDFH� HWF�� ZKLOH DEVWUDFW�V\QWD[ GHVFULEHV
WKH�VWUXFWXUH�RI�SURJUDPV�ZLWKRXW�ZRUU\LQJ�RYHU�WKH�VXSHUILFLDO�GHWDLOV�RI�FRQFUHWH�V\Q�
WD[� &RQFUHWH�V\QWD[� ZKLOH�WKH�VWXII�RI�IUHQ]LHG�IHUYRU� LV�DFWXDOO\�QRW�DOO�WKDW�VLJQLILFDQW
IRU�IRUPDOO\�UHDVRQLQJ�DERXW�SURJUDPPLQJ�ODQJXDJHV�VR�ZH�IRFXV�H[FOXVLYHO\�RQ�DEVWUDFW
V\QWD[�
3URJUDPV�JHQHUDOO\�KDYH�D�WUHH�OLNH�VWUXFWXUH�RI�QHVWLQJ�SKUDVHV�DQG�H[SUHVVLRQV� VR

GHILQLQJ�WKH�DEVWUDFW�V\QWD[�RI�D�ODQJXDJH�LV�QR�PRUH�FRPSOLFDWHG�WKDQ�GHILQLQJ�DQ�LQGXF�
WLYH�VHW� $V�D�FDVH�VWXG\� OHW·V�ORRN�DW�D�YHU\�VLPSOH�SURJUDPPLQJ�ODQJXDJH� WKH�ODQJXDJH
RI�DULWKPHWLF�H[SUHVVLRQV� 7R�NHHS�WKLQJV�DV�VLPSOH�DV�SRVVLEOH� WKH�ODQJXDJH�ZLOO�LQFOXGH
LQWHJHUV� D�FRXSOH�ELQDU\�RSHUDWRUV�OLNH�PXOWLSOLFDWLRQ�DQG�DGGLWLRQ� D�XQDU\�RSHUDWRU�IRU
VXFFHVVRU�DQG�SUHGHFHVVRU�

�

reduce



Abstract (stack) machine

push

(Not showing similar rules for Succ, Plus)

e → e′

e,S ! e′,S

3UHG(s),S ! s,3UHG(") :: S

0XOW(s, e),S ! s,0XOW(", e) :: S

0XOW(i, s),S ! s,0XOW(i,") :: S

i,3UHG(") :: S ! 3UHG(i),S

i,0XOW(", e) :: S ! 0XOW(i, e),S

i,0XOW(e,") :: S ! 0XOW(e, i),S

e D e′

C[e] → C[e′]

e "−→! i ⇐⇒ e, [ ]!! i, [ ]

��� 0RGHOOLQJ 6\QWD[ ZLWK ,QGXFWLYH 6HWV

7KH V\QWD[ RI D SURJUDPPLQJ ODQJXDJH LV D VHW RI UXOHV IRU WKH DUUDQJHPHQW RI ZRUGV DQG
SKUDVHV WR FUHDWH ZHOO�IRUPHG VHQWHQFHV LQ WKH ODQJXDJH� ,Q RWKHU ZRUGV� LW LV WKH JUDPPDU
RI SURJUDPV� 6\QWD[ FRPHV LQ WZR IRUPV� FRQFUHWH V\QWD[ GHVFULEHV WKH ZD\ SURJUDPV DFWX�
DOO\ ORRN DW WKH OHYHO RI EUDFHV� VHPLFRORQV� ZKLWHVSDFH� HWF�� ZKLOH DEVWUDFW V\QWD[ GHVFULEHV
WKH VWUXFWXUH RI SURJUDPV ZLWKRXW ZRUU\LQJ RYHU WKH VXSHUILFLDO GHWDLOV RI FRQFUHWH V\Q�
WD[� &RQFUHWH V\QWD[� ZKLOH WKH VWXII RI IUHQ]LHG IHUYRU� LV DFWXDOO\ QRW DOO WKDW VLJQLILFDQW
IRU IRUPDOO\ UHDVRQLQJ DERXW SURJUDPPLQJ ODQJXDJHV VR ZH IRFXV H[FOXVLYHO\ RQ DEVWUDFW
V\QWD[�
3URJUDPV JHQHUDOO\ KDYH D WUHH�OLNH VWUXFWXUH RI QHVWLQJ SKUDVHV DQG H[SUHVVLRQV� VR

GHILQLQJ WKH DEVWUDFW V\QWD[ RI D ODQJXDJH LV QR PRUH FRPSOLFDWHG WKDQ GHILQLQJ DQ LQGXF�
WLYH VHW� $V D FDVH VWXG\� OHW·V ORRN DW D YHU\ VLPSOH SURJUDPPLQJ ODQJXDJH� WKH ODQJXDJH
RI DULWKPHWLF H[SUHVVLRQV� 7R NHHS WKLQJV DV VLPSOH DV SRVVLEOH� WKH ODQJXDJH ZLOO LQFOXGH
LQWHJHUV� D FRXSOH ELQDU\ RSHUDWRUV OLNH PXOWLSOLFDWLRQ DQG DGGLWLRQ� D XQDU\ RSHUDWRU IRU
VXFFHVVRU DQG SUHGHFHVVRU�

�



Abstract (stack) machine

pop

(Not showing similar rules for Succ, Plus)

e → e′

e,S ! e′,S

3UHG(s),S ! s,3UHG(") :: S

0XOW(s, e),S ! s,0XOW(", e) :: S

0XOW(i, s),S ! s,0XOW(i,") :: S

i,3UHG(") :: S ! 3UHG(i),S

i,0XOW(", e) :: S ! 0XOW(i, e),S

i,0XOW(e,") :: S ! 0XOW(e, i),S

e D e′

C[e] → C[e′]

e "−→! i ⇐⇒ e, [ ]!! i, [ ]

��� 0RGHOOLQJ 6\QWD[ ZLWK ,QGXFWLYH 6HWV

7KH V\QWD[ RI D SURJUDPPLQJ ODQJXDJH LV D VHW RI UXOHV IRU WKH DUUDQJHPHQW RI ZRUGV DQG
SKUDVHV WR FUHDWH ZHOO�IRUPHG VHQWHQFHV LQ WKH ODQJXDJH� ,Q RWKHU ZRUGV� LW LV WKH JUDPPDU
RI SURJUDPV� 6\QWD[ FRPHV LQ WZR IRUPV� FRQFUHWH V\QWD[ GHVFULEHV WKH ZD\ SURJUDPV DFWX�
DOO\ ORRN DW WKH OHYHO RI EUDFHV� VHPLFRORQV� ZKLWHVSDFH� HWF�� ZKLOH DEVWUDFW V\QWD[ GHVFULEHV
WKH VWUXFWXUH RI SURJUDPV ZLWKRXW ZRUU\LQJ RYHU WKH VXSHUILFLDO GHWDLOV RI FRQFUHWH V\Q�
WD[� &RQFUHWH V\QWD[� ZKLOH WKH VWXII RI IUHQ]LHG IHUYRU� LV DFWXDOO\ QRW DOO WKDW VLJQLILFDQW
IRU IRUPDOO\ UHDVRQLQJ DERXW SURJUDPPLQJ ODQJXDJHV VR ZH IRFXV H[FOXVLYHO\ RQ DEVWUDFW
V\QWD[�
3URJUDPV JHQHUDOO\ KDYH D WUHH�OLNH VWUXFWXUH RI QHVWLQJ SKUDVHV DQG H[SUHVVLRQV� VR

GHILQLQJ WKH DEVWUDFW V\QWD[ RI D ODQJXDJH LV QR PRUH FRPSOLFDWHG WKDQ GHILQLQJ DQ LQGXF�
WLYH VHW� $V D FDVH VWXG\� OHW·V ORRN DW D YHU\ VLPSOH SURJUDPPLQJ ODQJXDJH� WKH ODQJXDJH
RI DULWKPHWLF H[SUHVVLRQV� 7R NHHS WKLQJV DV VLPSOH DV SRVVLEOH� WKH ODQJXDJH ZLOO LQFOXGH

�



Relating reductions
Claim:

� ,QWURGXFWLRQ

6RIWZDUH�LV�DUJXDEO\�WKH�PRVW�FRPSOLFDWHG�DQG�YDULHG�NLQG�RI�DUWLIDFW�KXPDQV�SURGXFH�
3HRSOH�ZKR�PDNH�VRIWZDUH�DW�WKH�KLJKHVW�SURIHVVLRQDO�OHYHO�WKLQN�GHHSO\�DERXW�WKH�PHDQ�
LQJ�DQG�FRUUHFWQHVV�RI�WKH�SURJUDPV�WKH\�ZULWH� $ FRPPDQG�RI�VRIWZDUH�GHVLJQ�DW�WKLV
OHYHO�UHTXLUHV�GHYHORSLQJ�DQ�XQGHUVWDQGLQJ�RI�KRZ�ZH�JLYH�PHDQLQJ�WR�SKUDVHV�RI�D�SUR�
JUDPPLQJ�ODQJXDJH�DQG�KRZ�WR�EXLOG�DQDO\WLF�WRROV�IRU�SURYLQJ�SURSHUWLHV�RI�SURJUDPV�
7KLV�FRXUVH�FRYHUV�EDVLF�WKHRUHWLFDO�LGHDV�DQG�SUDFWLFDO�WHFKQLTXHV�IRU�PRGHOLQJ�DQG�DQ�

DO\]LQJ�SURJUDPPLQJ�ODQJXDJHV� DQG�OHYHUDJLQJ�WKRVH�WHFKQLTXHV�WR�PHFKDQLFDOO\�UHDVRQ
DERXW�SURJUDPV�

� 6\QWD[� 6HPDQWLFV� 	�0DFKLQHV�IRU�$ULWKPHWLF

)UDPH F = 3UHG(!) | 6XFF(!)
| 3OXV(!, e) | 3OXV(v,!)
| 0XOW(!, e) | 0XOW(v,!)

6WDFN S = [ ] | F :: S

e D e′

e,S " e′,S 3UHG(s),S " s,3UHG(!) :: S 0XOW(s, e),S " s,0XOW(!, e) :: S

0XOW(v, s),S " s,0XOW(v,!) :: S v,3UHG(!) :: S " 3UHG(v),S

v,0XOW(!, e) :: S " 0XOW(v, e),S v,0XOW(e,!) :: S " 0XOW(e, v),S

e !−→! i ⇐⇒ e, [ ]"! i, [ ]

��� 0RGHOOLQJ�6\QWD[�ZLWK�,QGXFWLYH�6HWV

7KH V\QWD[ RI�D�SURJUDPPLQJ�ODQJXDJH�LV�D�VHW�RI�UXOHV�IRU�WKH�DUUDQJHPHQW�RI�ZRUGV�DQG
SKUDVHV�WR�FUHDWH�ZHOO�IRUPHG�VHQWHQFHV�LQ�WKH�ODQJXDJH� ,Q�RWKHU�ZRUGV� LW�LV�WKH�JUDPPDU
RI�SURJUDPV� 6\QWD[�FRPHV�LQ�WZR�IRUPV� FRQFUHWH�V\QWD[ GHVFULEHV�WKH�ZD\�SURJUDPV�DFWX�
DOO\�ORRN�DW�WKH�OHYHO�RI�EUDFHV� VHPLFRORQV� ZKLWHVSDFH� HWF�� ZKLOH DEVWUDFW�V\QWD[ GHVFULEHV
WKH�VWUXFWXUH�RI�SURJUDPV�ZLWKRXW�ZRUU\LQJ�RYHU�WKH�VXSHUILFLDO�GHWDLOV�RI�FRQFUHWH�V\Q�
WD[� &RQFUHWH�V\QWD[� ZKLOH�WKH�VWXII�RI�IUHQ]LHG�IHUYRU� LV�DFWXDOO\�QRW�DOO�WKDW�VLJQLILFDQW
IRU�IRUPDOO\�UHDVRQLQJ�DERXW�SURJUDPPLQJ�ODQJXDJHV�VR�ZH�IRFXV�H[FOXVLYHO\�RQ�DEVWUDFW
V\QWD[�
3URJUDPV�JHQHUDOO\�KDYH�D�WUHH�OLNH�VWUXFWXUH�RI�QHVWLQJ�SKUDVHV�DQG�H[SUHVVLRQV� VR

GHILQLQJ�WKH�DEVWUDFW�V\QWD[�RI�D�ODQJXDJH�LV�QR�PRUH�FRPSOLFDWHG�WKDQ�GHILQLQJ�DQ�LQGXF�
WLYH�VHW� $V�D�FDVH�VWXG\� OHW·V�ORRN�DW�D�YHU\�VLPSOH�SURJUDPPLQJ�ODQJXDJH� WKH�ODQJXDJH
RI�DULWKPHWLF�H[SUHVVLRQV� 7R�NHHS�WKLQJV�DV�VLPSOH�DV�SRVVLEOH� WKH�ODQJXDJH�ZLOO�LQFOXGH

�





Functions

� ,QWURGXFWLRQ

6RIWZDUH�LV�DUJXDEO\�WKH�PRVW�FRPSOLFDWHG�DQG�YDULHG�NLQG�RI�DUWLIDFW�KXPDQV�SURGXFH�
3HRSOH�ZKR�PDNH�VRIWZDUH�DW�WKH�KLJKHVW�SURIHVVLRQDO�OHYHO�WKLQN�GHHSO\�DERXW�WKH�PHDQ�
LQJ�DQG�FRUUHFWQHVV�RI�WKH�SURJUDPV�WKH\�ZULWH� $ FRPPDQG�RI�VRIWZDUH�GHVLJQ�DW�WKLV
OHYHO�UHTXLUHV�GHYHORSLQJ�DQ�XQGHUVWDQGLQJ�RI�KRZ�ZH�JLYH�PHDQLQJ�WR�SKUDVHV�RI�D�SUR�
JUDPPLQJ�ODQJXDJH�DQG�KRZ�WR�EXLOG�DQDO\WLF�WRROV�IRU�SURYLQJ�SURSHUWLHV�RI�SURJUDPV�
7KLV�FRXUVH�FRYHUV�EDVLF�WKHRUHWLFDO�LGHDV�DQG�SUDFWLFDO�WHFKQLTXHV�IRU�PRGHOLQJ�DQG�DQ�

DO\]LQJ�SURJUDPPLQJ�ODQJXDJHV� DQG�OHYHUDJLQJ�WKRVH�WHFKQLTXHV�WR�PHFKDQLFDOO\�UHDVRQ
DERXW�SURJUDPV�

� 6\QWD[� 6HPDQWLFV� 	�0DFKLQHV�IRU�$ULWKPHWLF

e = . . .
| $SS(e, e)
| )XQ(x, e)
| 9DU(x)

x = t | v | x | . . .

v = i | )XQ(x, e)

e0 ⇓ )XQ(x, e) e[e1/x] ⇓ v

$SS(e0, e1) ⇓ v

$SS()XQ(x, e), e′) β e[e′/x]

e D e′

. . . e . . . → . . . e′ . . .
���

. . . (. . . e . . . ) . . . → . . . (. . . e′ . . . ) . . .

)UDPH F = 3UHG(!) | 6XFF(!)
| 3OXV(!, e) | 3OXV(v,!)
| 0XOW(!, e) | 0XOW(v,!)

6WDFN S = [ ] | F :: S

6HULRXV s ∈ A \ Z

�



Substitution

� ,QWURGXFWLRQ

6RIWZDUH�LV�DUJXDEO\�WKH�PRVW�FRPSOLFDWHG�DQG�YDULHG�NLQG�RI�DUWLIDFW�KXPDQV�SURGXFH�
3HRSOH�ZKR�PDNH�VRIWZDUH�DW�WKH�KLJKHVW�SURIHVVLRQDO�OHYHO�WKLQN�GHHSO\�DERXW�WKH�PHDQ�
LQJ�DQG�FRUUHFWQHVV�RI�WKH�SURJUDPV�WKH\�ZULWH� $ FRPPDQG�RI�VRIWZDUH�GHVLJQ�DW�WKLV
OHYHO�UHTXLUHV�GHYHORSLQJ�DQ�XQGHUVWDQGLQJ�RI�KRZ�ZH�JLYH�PHDQLQJ�WR�SKUDVHV�RI�D�SUR�
JUDPPLQJ�ODQJXDJH�DQG�KRZ�WR�EXLOG�DQDO\WLF�WRROV�IRU�SURYLQJ�SURSHUWLHV�RI�SURJUDPV�
7KLV�FRXUVH�FRYHUV�EDVLF�WKHRUHWLFDO�LGHDV�DQG�SUDFWLFDO�WHFKQLTXHV�IRU�PRGHOLQJ�DQG�DQ�

DO\]LQJ�SURJUDPPLQJ�ODQJXDJHV� DQG�OHYHUDJLQJ�WKRVH�WHFKQLTXHV�WR�PHFKDQLFDOO\�UHDVRQ
DERXW�SURJUDPV�

� 6\QWD[� 6HPDQWLFV� 	�0DFKLQHV�IRU�$ULWKPHWLF

e = . . .
| $SS(e, e)
| )XQ(x, e)
| 9DU(x)

x = t | v | x | . . .

v = i | )XQ(x, e)

e0 ⇓ )XQ(x, e) e[e1/x] ⇓ v

$SS(e0, e1) ⇓ v

e0 ⇓ )XQ(x, e) e1 ⇓ v1 e[v1/x] ⇓ v

$SS(e0, e1) ⇓ v

$SS()XQ(x, e), e′) β e[e′/x]

9DU(x′)[e/x] =

{
e, LI x = x′

9DU(x′), RWKHUZLVH

6XFF(e0)[e/x] = 6XFF(e0[e/x])
3OXV(e0, e1)[e/x] = 3OXV(e0[e/x], e1[e/x])

���
���

)XQ(x′, e0)[e/x] = . . .

e D e′

. . . e . . . → . . . e′ . . .
���

. . . (. . . e . . . ) . . . → . . . (. . . e′ . . . ) . . .�

the tricky part



Natural semantics

� ,QWURGXFWLRQ

6RIWZDUH�LV�DUJXDEO\�WKH�PRVW�FRPSOLFDWHG�DQG�YDULHG�NLQG�RI�DUWLIDFW�KXPDQV�SURGXFH�
3HRSOH�ZKR�PDNH�VRIWZDUH�DW�WKH�KLJKHVW�SURIHVVLRQDO�OHYHO�WKLQN�GHHSO\�DERXW�WKH�PHDQ�
LQJ�DQG�FRUUHFWQHVV�RI�WKH�SURJUDPV�WKH\�ZULWH� $ FRPPDQG�RI�VRIWZDUH�GHVLJQ�DW�WKLV
OHYHO�UHTXLUHV�GHYHORSLQJ�DQ�XQGHUVWDQGLQJ�RI�KRZ�ZH�JLYH�PHDQLQJ�WR�SKUDVHV�RI�D�SUR�
JUDPPLQJ�ODQJXDJH�DQG�KRZ�WR�EXLOG�DQDO\WLF�WRROV�IRU�SURYLQJ�SURSHUWLHV�RI�SURJUDPV�
7KLV�FRXUVH�FRYHUV�EDVLF�WKHRUHWLFDO�LGHDV�DQG�SUDFWLFDO�WHFKQLTXHV�IRU�PRGHOLQJ�DQG�DQ�

DO\]LQJ�SURJUDPPLQJ�ODQJXDJHV� DQG�OHYHUDJLQJ�WKRVH�WHFKQLTXHV�WR�PHFKDQLFDOO\�UHDVRQ
DERXW�SURJUDPV�

� 6\QWD[� 6HPDQWLFV� 	�0DFKLQHV�IRU�$ULWKPHWLF

e = . . .
| $SS(e, e)
| )XQ(x, e)
| 9DU(x)

x = t | v | x | . . .

v = i | )XQ(x, e)

e0 ⇓ )XQ(x, e) e[e1/x] ⇓ v

$SS(e0, e1) ⇓ v

$SS()XQ(x, e), e′) β e[e′/x]

e D e′

. . . e . . . → . . . e′ . . .
���

. . . (. . . e . . . ) . . . → . . . (. . . e′ . . . ) . . .

)UDPH F = 3UHG(!) | 6XFF(!)
| 3OXV(!, e) | 3OXV(v,!)
| 0XOW(!, e) | 0XOW(v,!)

6WDFN S = [ ] | F :: S

6HULRXV s ∈ A \ Z

�

call-by-name



Natural semantics

call-by-value

� ,QWURGXFWLRQ

6RIWZDUH�LV�DUJXDEO\�WKH�PRVW�FRPSOLFDWHG�DQG�YDULHG�NLQG�RI�DUWLIDFW�KXPDQV�SURGXFH�
3HRSOH�ZKR�PDNH�VRIWZDUH�DW�WKH�KLJKHVW�SURIHVVLRQDO�OHYHO�WKLQN�GHHSO\�DERXW�WKH�PHDQ�
LQJ�DQG�FRUUHFWQHVV�RI�WKH�SURJUDPV�WKH\�ZULWH� $ FRPPDQG�RI�VRIWZDUH�GHVLJQ�DW�WKLV
OHYHO�UHTXLUHV�GHYHORSLQJ�DQ�XQGHUVWDQGLQJ�RI�KRZ�ZH�JLYH�PHDQLQJ�WR�SKUDVHV�RI�D�SUR�
JUDPPLQJ�ODQJXDJH�DQG�KRZ�WR�EXLOG�DQDO\WLF�WRROV�IRU�SURYLQJ�SURSHUWLHV�RI�SURJUDPV�
7KLV�FRXUVH�FRYHUV�EDVLF�WKHRUHWLFDO�LGHDV�DQG�SUDFWLFDO�WHFKQLTXHV�IRU�PRGHOLQJ�DQG�DQ�

DO\]LQJ�SURJUDPPLQJ�ODQJXDJHV� DQG�OHYHUDJLQJ�WKRVH�WHFKQLTXHV�WR�PHFKDQLFDOO\�UHDVRQ
DERXW�SURJUDPV�

� 6\QWD[� 6HPDQWLFV� 	�0DFKLQHV�IRU�$ULWKPHWLF

e = . . .
| $SS(e, e)
| )XQ(x, e)
| 9DU(x)

x = t | v | x | . . .

v = i | )XQ(x, e)

e0 ⇓ )XQ(x, e) e[e1/x] ⇓ v

$SS(e0, e1) ⇓ v

e0 ⇓ )XQ(x, e) e1 ⇓ v1 e[v1/x] ⇓ v

$SS(e0, e1) ⇓ v

$SS()XQ(x, e), e′) β e[e′/x]

e D e′

. . . e . . . → . . . e′ . . .
���

. . . (. . . e . . . ) . . . → . . . (. . . e′ . . . ) . . .

)UDPH F = 3UHG(!) | 6XFF(!)
| 3OXV(!, e) | 3OXV(v,!)
| 0XOW(!, e) | 0XOW(v,!)

6WDFN S = [ ] | F :: S

6HULRXV s ∈ A \ Z

�



Reduction semantics

� ,QWURGXFWLRQ

6RIWZDUH�LV�DUJXDEO\�WKH�PRVW�FRPSOLFDWHG�DQG�YDULHG�NLQG�RI�DUWLIDFW�KXPDQV�SURGXFH�
3HRSOH�ZKR�PDNH�VRIWZDUH�DW�WKH�KLJKHVW�SURIHVVLRQDO�OHYHO�WKLQN�GHHSO\�DERXW�WKH�PHDQ�
LQJ�DQG�FRUUHFWQHVV�RI�WKH�SURJUDPV�WKH\�ZULWH� $ FRPPDQG�RI�VRIWZDUH�GHVLJQ�DW�WKLV
OHYHO�UHTXLUHV�GHYHORSLQJ�DQ�XQGHUVWDQGLQJ�RI�KRZ�ZH�JLYH�PHDQLQJ�WR�SKUDVHV�RI�D�SUR�
JUDPPLQJ�ODQJXDJH�DQG�KRZ�WR�EXLOG�DQDO\WLF�WRROV�IRU�SURYLQJ�SURSHUWLHV�RI�SURJUDPV�
7KLV�FRXUVH�FRYHUV�EDVLF�WKHRUHWLFDO�LGHDV�DQG�SUDFWLFDO�WHFKQLTXHV�IRU�PRGHOLQJ�DQG�DQ�

DO\]LQJ�SURJUDPPLQJ�ODQJXDJHV� DQG�OHYHUDJLQJ�WKRVH�WHFKQLTXHV�WR�PHFKDQLFDOO\�UHDVRQ
DERXW�SURJUDPV�

� 6\QWD[� 6HPDQWLFV� 	�0DFKLQHV�IRU�$ULWKPHWLF

&RQWH[W C = . . .
| )XQ(x, C)
| $SS(C, e) | $SS(e, C)

e = . . .
| $SS(e, e)
| )XQ(x, e)
| 9DU(x)

x = t | v | x | . . .

v = i | )XQ(x, e)

e0 ⇓ )XQ(x, e) e[e1/x] ⇓ v

$SS(e0, e1) ⇓ v

e0 ⇓ )XQ(x, e) e1 ⇓ v1 e[v1/x] ⇓ v

$SS(e0, e1) ⇓ v

$SS()XQ(x, e), e′) β e[e′/x]

9DU(x′)[e/x] =

{
e, LI x = x′

9DU(x′), RWKHUZLVH

6XFF(e0)[e/x] = 6XFF(e0[e/x])
3OXV(e0, e1)[e/x] = 3OXV(e0[e/x], e1[e/x])

���
���

)XQ(x′, e0)[e/x] = . . .

�

� ,QWURGXFWLRQ

6RIWZDUH�LV�DUJXDEO\�WKH�PRVW�FRPSOLFDWHG�DQG�YDULHG�NLQG�RI�DUWLIDFW�KXPDQV�SURGXFH�
3HRSOH�ZKR�PDNH�VRIWZDUH�DW�WKH�KLJKHVW�SURIHVVLRQDO�OHYHO�WKLQN�GHHSO\�DERXW�WKH�PHDQ�
LQJ�DQG�FRUUHFWQHVV�RI�WKH�SURJUDPV�WKH\�ZULWH� $ FRPPDQG�RI�VRIWZDUH�GHVLJQ�DW�WKLV
OHYHO�UHTXLUHV�GHYHORSLQJ�DQ�XQGHUVWDQGLQJ�RI�KRZ�ZH�JLYH�PHDQLQJ�WR�SKUDVHV�RI�D�SUR�
JUDPPLQJ�ODQJXDJH�DQG�KRZ�WR�EXLOG�DQDO\WLF�WRROV�IRU�SURYLQJ�SURSHUWLHV�RI�SURJUDPV�
7KLV�FRXUVH�FRYHUV�EDVLF�WKHRUHWLFDO�LGHDV�DQG�SUDFWLFDO�WHFKQLTXHV�IRU�PRGHOLQJ�DQG�DQ�

DO\]LQJ�SURJUDPPLQJ�ODQJXDJHV� DQG�OHYHUDJLQJ�WKRVH�WHFKQLTXHV�WR�PHFKDQLFDOO\�UHDVRQ
DERXW�SURJUDPV�

� 6\QWD[� 6HPDQWLFV� 	�0DFKLQHV�IRU�$ULWKPHWLF

&RQWH[W C = . . .
| )XQ(x, C)
| $SS(C, e) | $SS(e, C)

e = . . .
| $SS(e, e)
| )XQ(x, e)
| 9DU(x)

x = t | v | x | . . .

v = i | )XQ(x, e)

e0 ⇓ )XQ(x, e) e[e1/x] ⇓ v

$SS(e0, e1) ⇓ v

e0 ⇓ )XQ(x, e) e1 ⇓ v1 e[v1/x] ⇓ v

$SS(e0, e1) ⇓ v

$SS()XQ(x, e), e′) β e[e′/x]

9DU(x′)[e/x] =

{
e, LI x = x′

9DU(x′), RWKHUZLVH

6XFF(e0)[e/x] = 6XFF(e0[e/x])
3OXV(e0, e1)[e/x] = 3OXV(e0[e/x], e1[e/x])

���
���

)XQ(x′, e0)[e/x] = . . .

�

� ,QWURGXFWLRQ

6RIWZDUH�LV�DUJXDEO\�WKH�PRVW�FRPSOLFDWHG�DQG�YDULHG�NLQG�RI�DUWLIDFW�KXPDQV�SURGXFH�
3HRSOH�ZKR�PDNH�VRIWZDUH�DW�WKH�KLJKHVW�SURIHVVLRQDO�OHYHO�WKLQN�GHHSO\�DERXW�WKH�PHDQ�
LQJ�DQG�FRUUHFWQHVV�RI�WKH�SURJUDPV�WKH\�ZULWH� $ FRPPDQG�RI�VRIWZDUH�GHVLJQ�DW�WKLV
OHYHO�UHTXLUHV�GHYHORSLQJ�DQ�XQGHUVWDQGLQJ�RI�KRZ�ZH�JLYH�PHDQLQJ�WR�SKUDVHV�RI�D�SUR�
JUDPPLQJ�ODQJXDJH�DQG�KRZ�WR�EXLOG�DQDO\WLF�WRROV�IRU�SURYLQJ�SURSHUWLHV�RI�SURJUDPV�
7KLV�FRXUVH�FRYHUV�EDVLF�WKHRUHWLFDO�LGHDV�DQG�SUDFWLFDO�WHFKQLTXHV�IRU�PRGHOLQJ�DQG�DQ�

DO\]LQJ�SURJUDPPLQJ�ODQJXDJHV� DQG�OHYHUDJLQJ�WKRVH�WHFKQLTXHV�WR�PHFKDQLFDOO\�UHDVRQ
DERXW�SURJUDPV�

� 6\QWD[� 6HPDQWLFV� 	�0DFKLQHV�IRU�$ULWKPHWLF

e (D ∪ β) e′

C[e] → C[e′]

&RQWH[W C = . . .
| )XQ(x, C)
| $SS(C, e) | $SS(e, C)

e = . . .
| $SS(e, e)
| )XQ(x, e)
| 9DU(x)

x = t | v | x | . . .

v = i | )XQ(x, e)

e0 ⇓ )XQ(x, e) e[e1/x] ⇓ v

$SS(e0, e1) ⇓ v

e0 ⇓ )XQ(x, e) e1 ⇓ v1 e[v1/x] ⇓ v

$SS(e0, e1) ⇓ v

$SS()XQ(x, e), e′) β e[e′/x]

9DU(x′)[e/x] =

{
e, LI x = x′

9DU(x′), RWKHUZLVH

6XFF(e0)[e/x] = 6XFF(e0[e/x])
3OXV(e0, e1)[e/x] = 3OXV(e0[e/x], e1[e/x])

���
���

)XQ(x′, e0)[e/x] = . . .

�



Reduction semantics

� ,QWURGXFWLRQ

6RIWZDUH�LV�DUJXDEO\�WKH�PRVW�FRPSOLFDWHG�DQG�YDULHG�NLQG�RI�DUWLIDFW�KXPDQV�SURGXFH�
3HRSOH�ZKR�PDNH�VRIWZDUH�DW�WKH�KLJKHVW�SURIHVVLRQDO�OHYHO�WKLQN�GHHSO\�DERXW�WKH�PHDQ�
LQJ�DQG�FRUUHFWQHVV�RI�WKH�SURJUDPV�WKH\�ZULWH� $ FRPPDQG�RI�VRIWZDUH�GHVLJQ�DW�WKLV
OHYHO�UHTXLUHV�GHYHORSLQJ�DQ�XQGHUVWDQGLQJ�RI�KRZ�ZH�JLYH�PHDQLQJ�WR�SKUDVHV�RI�D�SUR�
JUDPPLQJ�ODQJXDJH�DQG�KRZ�WR�EXLOG�DQDO\WLF�WRROV�IRU�SURYLQJ�SURSHUWLHV�RI�SURJUDPV�
7KLV�FRXUVH�FRYHUV�EDVLF�WKHRUHWLFDO�LGHDV�DQG�SUDFWLFDO�WHFKQLTXHV�IRU�PRGHOLQJ�DQG�DQ�

DO\]LQJ�SURJUDPPLQJ�ODQJXDJHV� DQG�OHYHUDJLQJ�WKRVH�WHFKQLTXHV�WR�PHFKDQLFDOO\�UHDVRQ
DERXW�SURJUDPV�

� 6\QWD[� 6HPDQWLFV� 	�0DFKLQHV�IRU�$ULWKPHWLF

&RQWH[W C = . . .
| )XQ(x, C)
| $SS(C, e) | $SS(e, C)

e = . . .
| $SS(e, e)
| )XQ(x, e)
| 9DU(x)

x = t | v | x | . . .

v = i | )XQ(x, e)

e0 ⇓ )XQ(x, e) e[e1/x] ⇓ v

$SS(e0, e1) ⇓ v

e0 ⇓ )XQ(x, e) e1 ⇓ v1 e[v1/x] ⇓ v

$SS(e0, e1) ⇓ v

$SS()XQ(x, e), e′) β e[e′/x]

9DU(x′)[e/x] =

{
e, LI x = x′

9DU(x′), RWKHUZLVH

6XFF(e0)[e/x] = 6XFF(e0[e/x])
3OXV(e0, e1)[e/x] = 3OXV(e0[e/x], e1[e/x])

���
���

)XQ(x′, e0)[e/x] = . . .

�

� ,QWURGXFWLRQ

6RIWZDUH�LV�DUJXDEO\�WKH�PRVW�FRPSOLFDWHG�DQG�YDULHG�NLQG�RI�DUWLIDFW�KXPDQV�SURGXFH�
3HRSOH�ZKR�PDNH�VRIWZDUH�DW�WKH�KLJKHVW�SURIHVVLRQDO�OHYHO�WKLQN�GHHSO\�DERXW�WKH�PHDQ�
LQJ�DQG�FRUUHFWQHVV�RI�WKH�SURJUDPV�WKH\�ZULWH� $ FRPPDQG�RI�VRIWZDUH�GHVLJQ�DW�WKLV
OHYHO�UHTXLUHV�GHYHORSLQJ�DQ�XQGHUVWDQGLQJ�RI�KRZ�ZH�JLYH�PHDQLQJ�WR�SKUDVHV�RI�D�SUR�
JUDPPLQJ�ODQJXDJH�DQG�KRZ�WR�EXLOG�DQDO\WLF�WRROV�IRU�SURYLQJ�SURSHUWLHV�RI�SURJUDPV�
7KLV�FRXUVH�FRYHUV�EDVLF�WKHRUHWLFDO�LGHDV�DQG�SUDFWLFDO�WHFKQLTXHV�IRU�PRGHOLQJ�DQG�DQ�

DO\]LQJ�SURJUDPPLQJ�ODQJXDJHV� DQG�OHYHUDJLQJ�WKRVH�WHFKQLTXHV�WR�PHFKDQLFDOO\�UHDVRQ
DERXW�SURJUDPV�

� 6\QWD[� 6HPDQWLFV� 	�0DFKLQHV�IRU�$ULWKPHWLF

e (D ∪ β) e′

C[e] → C[e′]
e (D ∪ βY) e

′

C[e] →Y C[e′]

&RQWH[W C = . . .
| )XQ(x, C)
| $SS(C, e) | $SS(e, C)

e = . . .
| $SS(e, e)
| )XQ(x, e)
| 9DU(x)

x = t | v | x | . . .

v = i | )XQ(x, e)

e0 ⇓ )XQ(x, e) e[e1/x] ⇓ v

$SS(e0, e1) ⇓ v

e0 ⇓ )XQ(x, e) e1 ⇓ v1 e[v1/x] ⇓ v

$SS(e0, e1) ⇓ v

$SS()XQ(x, e), e′) β e[e′/x]

9DU(x′)[e/x] =

{
e, LI x = x′

9DU(x′), RWKHUZLVH

6XFF(e0)[e/x] = 6XFF(e0[e/x])
3OXV(e0, e1)[e/x] = 3OXV(e0[e/x], e1[e/x])

���
���

)XQ(x′, e0)[e/x] = . . .

�

� ,QWURGXFWLRQ

6RIWZDUH�LV�DUJXDEO\�WKH�PRVW�FRPSOLFDWHG�DQG�YDULHG�NLQG�RI�DUWLIDFW�KXPDQV�SURGXFH�
3HRSOH�ZKR�PDNH�VRIWZDUH�DW�WKH�KLJKHVW�SURIHVVLRQDO�OHYHO�WKLQN�GHHSO\�DERXW�WKH�PHDQ�
LQJ�DQG�FRUUHFWQHVV�RI�WKH�SURJUDPV�WKH\�ZULWH� $ FRPPDQG�RI�VRIWZDUH�GHVLJQ�DW�WKLV
OHYHO�UHTXLUHV�GHYHORSLQJ�DQ�XQGHUVWDQGLQJ�RI�KRZ�ZH�JLYH�PHDQLQJ�WR�SKUDVHV�RI�D�SUR�
JUDPPLQJ�ODQJXDJH�DQG�KRZ�WR�EXLOG�DQDO\WLF�WRROV�IRU�SURYLQJ�SURSHUWLHV�RI�SURJUDPV�
7KLV�FRXUVH�FRYHUV�EDVLF�WKHRUHWLFDO�LGHDV�DQG�SUDFWLFDO�WHFKQLTXHV�IRU�PRGHOLQJ�DQG�DQ�

DO\]LQJ�SURJUDPPLQJ�ODQJXDJHV� DQG�OHYHUDJLQJ�WKRVH�WHFKQLTXHV�WR�PHFKDQLFDOO\�UHDVRQ
DERXW�SURJUDPV�

� 6\QWD[� 6HPDQWLFV� 	�0DFKLQHV�IRU�$ULWKPHWLF

e (D ∪ β) e′

C[e] → C[e′]
e (D ∪ βY) e

′

C[e] →Y C[e′]

&RQWH[W C = . . .
| )XQ(x, C)
| $SS(C, e) | $SS(e, C)

e = . . .
| $SS(e, e)
| )XQ(x, e)
| 9DU(x)

x = t | v | x | . . .

v = i | )XQ(x, e)

e0 ⇓ )XQ(x, e) e[e1/x] ⇓ v

$SS(e0, e1) ⇓ v

e0 ⇓ )XQ(x, e) e1 ⇓ v1 e[v1/x] ⇓ v

$SS(e0, e1) ⇓ v

$SS()XQ(x, e), e′) β e[e′/x] $SS()XQ(x, e), v) βY e[v/x]

9DU(x′)[e/x] =

{
e, LI x = x′

9DU(x′), RWKHUZLVH

6XFF(e0)[e/x] = 6XFF(e0[e/x])
3OXV(e0, e1)[e/x] = 3OXV(e0[e/x], e1[e/x])

���
���

)XQ(x′, e0)[e/x] = . . .

�



Standard reductions

� ,QWURGXFWLRQ

6RIWZDUH�LV�DUJXDEO\�WKH�PRVW�FRPSOLFDWHG�DQG�YDULHG�NLQG�RI�DUWLIDFW�KXPDQV�SURGXFH�
3HRSOH�ZKR�PDNH�VRIWZDUH�DW�WKH�KLJKHVW�SURIHVVLRQDO�OHYHO�WKLQN�GHHSO\�DERXW�WKH�PHDQ�
LQJ�DQG�FRUUHFWQHVV�RI�WKH�SURJUDPV�WKH\�ZULWH� $ FRPPDQG�RI�VRIWZDUH�GHVLJQ�DW�WKLV
OHYHO�UHTXLUHV�GHYHORSLQJ�DQ�XQGHUVWDQGLQJ�RI�KRZ�ZH�JLYH�PHDQLQJ�WR�SKUDVHV�RI�D�SUR�
JUDPPLQJ�ODQJXDJH�DQG�KRZ�WR�EXLOG�DQDO\WLF�WRROV�IRU�SURYLQJ�SURSHUWLHV�RI�SURJUDPV�
7KLV�FRXUVH�FRYHUV�EDVLF�WKHRUHWLFDO�LGHDV�DQG�SUDFWLFDO�WHFKQLTXHV�IRU�PRGHOLQJ�DQG�DQ�

DO\]LQJ�SURJUDPPLQJ�ODQJXDJHV� DQG�OHYHUDJLQJ�WKRVH�WHFKQLTXHV�WR�PHFKDQLFDOO\�UHDVRQ
DERXW�SURJUDPV�

� 6\QWD[� 6HPDQWLFV� 	�0DFKLQHV�IRU�$ULWKPHWLF

&RQWH[W C = . . .
| )XQ(x, C)
| $SS(C, e) | $SS(e, C)

e = . . .
| $SS(e, e)
| )XQ(x, e)
| 9DU(x)

x = t | v | x | . . .

v = i | )XQ(x, e)

e0 ⇓ )XQ(x, e) e[e1/x] ⇓ v

$SS(e0, e1) ⇓ v

e0 ⇓ )XQ(x, e) e1 ⇓ v1 e[v1/x] ⇓ v

$SS(e0, e1) ⇓ v

$SS()XQ(x, e), e′) β e[e′/x]

9DU(x′)[e/x] =

{
e, LI x = x′

9DU(x′), RWKHUZLVH

6XFF(e0)[e/x] = 6XFF(e0[e/x])
3OXV(e0, e1)[e/x] = 3OXV(e0[e/x], e1[e/x])

���
���

)XQ(x′, e0)[e/x] = . . .

�

� ,QWURGXFWLRQ

6RIWZDUH�LV�DUJXDEO\�WKH�PRVW�FRPSOLFDWHG�DQG�YDULHG�NLQG�RI�DUWLIDFW�KXPDQV�SURGXFH�
3HRSOH�ZKR�PDNH�VRIWZDUH�DW�WKH�KLJKHVW�SURIHVVLRQDO�OHYHO�WKLQN�GHHSO\�DERXW�WKH�PHDQ�
LQJ�DQG�FRUUHFWQHVV�RI�WKH�SURJUDPV�WKH\�ZULWH� $ FRPPDQG�RI�VRIWZDUH�GHVLJQ�DW�WKLV
OHYHO�UHTXLUHV�GHYHORSLQJ�DQ�XQGHUVWDQGLQJ�RI�KRZ�ZH�JLYH�PHDQLQJ�WR�SKUDVHV�RI�D�SUR�
JUDPPLQJ�ODQJXDJH�DQG�KRZ�WR�EXLOG�DQDO\WLF�WRROV�IRU�SURYLQJ�SURSHUWLHV�RI�SURJUDPV�
7KLV�FRXUVH�FRYHUV�EDVLF�WKHRUHWLFDO�LGHDV�DQG�SUDFWLFDO�WHFKQLTXHV�IRU�PRGHOLQJ�DQG�DQ�

DO\]LQJ�SURJUDPPLQJ�ODQJXDJHV� DQG�OHYHUDJLQJ�WKRVH�WHFKQLTXHV�WR�PHFKDQLFDOO\�UHDVRQ
DERXW�SURJUDPV�

� 6\QWD[� 6HPDQWLFV� 	�0DFKLQHV�IRU�$ULWKPHWLF

&RQWH[W C = . . .
| )XQ(x, C)
| $SS(C, e) | $SS(e, C)

e = . . .
| $SS(e, e)
| )XQ(x, e)
| 9DU(x)

x = t | v | x | . . .

v = i | )XQ(x, e)

e0 ⇓ )XQ(x, e) e[e1/x] ⇓ v

$SS(e0, e1) ⇓ v

e0 ⇓ )XQ(x, e) e1 ⇓ v1 e[v1/x] ⇓ v

$SS(e0, e1) ⇓ v

$SS()XQ(x, e), e′) β e[e′/x]

9DU(x′)[e/x] =

{
e, LI x = x′

9DU(x′), RWKHUZLVH

6XFF(e0)[e/x] = 6XFF(e0[e/x])
3OXV(e0, e1)[e/x] = 3OXV(e0[e/x], e1[e/x])

���
���

)XQ(x′, e0)[e/x] = . . .

�

� ,QWURGXFWLRQ

6RIWZDUH�LV�DUJXDEO\�WKH�PRVW�FRPSOLFDWHG�DQG�YDULHG�NLQG�RI�DUWLIDFW�KXPDQV�SURGXFH�
3HRSOH�ZKR�PDNH�VRIWZDUH�DW�WKH�KLJKHVW�SURIHVVLRQDO�OHYHO�WKLQN�GHHSO\�DERXW�WKH�PHDQ�
LQJ�DQG�FRUUHFWQHVV�RI�WKH�SURJUDPV�WKH\�ZULWH� $ FRPPDQG�RI�VRIWZDUH�GHVLJQ�DW�WKLV
OHYHO�UHTXLUHV�GHYHORSLQJ�DQ�XQGHUVWDQGLQJ�RI�KRZ�ZH�JLYH�PHDQLQJ�WR�SKUDVHV�RI�D�SUR�
JUDPPLQJ�ODQJXDJH�DQG�KRZ�WR�EXLOG�DQDO\WLF�WRROV�IRU�SURYLQJ�SURSHUWLHV�RI�SURJUDPV�
7KLV�FRXUVH�FRYHUV�EDVLF�WKHRUHWLFDO�LGHDV�DQG�SUDFWLFDO�WHFKQLTXHV�IRU�PRGHOLQJ�DQG�DQ�

DO\]LQJ�SURJUDPPLQJ�ODQJXDJHV� DQG�OHYHUDJLQJ�WKRVH�WHFKQLTXHV�WR�PHFKDQLFDOO\�UHDVRQ
DERXW�SURJUDPV�

� 6\QWD[� 6HPDQWLFV� 	�0DFKLQHV�IRU�$ULWKPHWLF

e (D ∪ β) e′

C[e] → C[e′]
e (D ∪ βY) e

′

C[e] →Y C[e′]

e (D ∪ β) e′

E [e] #−→ E [e′]
e (D ∪ βY) e

′

E [e] #−→Y E [e′]

&RQWH[W C = . . .
| )XQ(x, C)
| $SS(C, e) | $SS(e, C)

(YDO&RQWH[W E = . . .
| $SS(E , e)

(YDO&RQWH[W E = . . .
| $SS(E , e) | $SS(v, E)

e = . . .
| $SS(e, e)
| )XQ(x, e)
| 9DU(x)

x = t | v | x | . . .

v = i | )XQ(x, e)

e0 ⇓ )XQ(x, e) e[e1/x] ⇓ v

$SS(e0, e1) ⇓ v

e0 ⇓ )XQ(x, e) e1 ⇓ v1 e[v1/x] ⇓ v

$SS(e0, e1) ⇓ v

$SS()XQ(x, e), e′) β e[e′/x] $SS()XQ(x, e), v) βY e[v/x]

�

� ,QWURGXFWLRQ

6RIWZDUH�LV�DUJXDEO\�WKH�PRVW�FRPSOLFDWHG�DQG�YDULHG�NLQG�RI�DUWLIDFW�KXPDQV�SURGXFH�
3HRSOH�ZKR�PDNH�VRIWZDUH�DW�WKH�KLJKHVW�SURIHVVLRQDO�OHYHO�WKLQN�GHHSO\�DERXW�WKH�PHDQ�
LQJ�DQG�FRUUHFWQHVV�RI�WKH�SURJUDPV�WKH\�ZULWH� $ FRPPDQG�RI�VRIWZDUH�GHVLJQ�DW�WKLV
OHYHO�UHTXLUHV�GHYHORSLQJ�DQ�XQGHUVWDQGLQJ�RI�KRZ�ZH�JLYH�PHDQLQJ�WR�SKUDVHV�RI�D�SUR�
JUDPPLQJ�ODQJXDJH�DQG�KRZ�WR�EXLOG�DQDO\WLF�WRROV�IRU�SURYLQJ�SURSHUWLHV�RI�SURJUDPV�
7KLV�FRXUVH�FRYHUV�EDVLF�WKHRUHWLFDO�LGHDV�DQG�SUDFWLFDO�WHFKQLTXHV�IRU�PRGHOLQJ�DQG�DQ�

DO\]LQJ�SURJUDPPLQJ�ODQJXDJHV� DQG�OHYHUDJLQJ�WKRVH�WHFKQLTXHV�WR�PHFKDQLFDOO\�UHDVRQ
DERXW�SURJUDPV�

� 6\QWD[� 6HPDQWLFV� 	�0DFKLQHV�IRU�$ULWKPHWLF

e (D ∪ β) e′

C[e] → C[e′]
e (D ∪ βY) e

′

C[e] →Y C[e′]

e (D ∪ β) e′

E [e] #−→ E [e′]
e (D ∪ βY) e

′

E [e] #−→Y E [e′]

&RQWH[W C = . . .
| )XQ(x, C)
| $SS(C, e) | $SS(e, C)

(YDO&RQWH[W E = . . .
| $SS(E , e)

(YDO&RQWH[W E = . . .
| $SS(E , e) | $SS(v, E)

e = . . .
| $SS(e, e)
| )XQ(x, e)
| 9DU(x)

x = t | v | x | . . .

v = i | )XQ(x, e)

e0 ⇓ )XQ(x, e) e[e1/x] ⇓ v

$SS(e0, e1) ⇓ v

e0 ⇓ )XQ(x, e) e1 ⇓ v1 e[v1/x] ⇓ v

$SS(e0, e1) ⇓ v

$SS()XQ(x, e), e′) β e[e′/x] $SS()XQ(x, e), v) βY e[v/x]

�



Standard reductions

� ,QWURGXFWLRQ

6RIWZDUH�LV�DUJXDEO\�WKH�PRVW�FRPSOLFDWHG�DQG�YDULHG�NLQG�RI�DUWLIDFW�KXPDQV�SURGXFH�
3HRSOH�ZKR�PDNH�VRIWZDUH�DW�WKH�KLJKHVW�SURIHVVLRQDO�OHYHO�WKLQN�GHHSO\�DERXW�WKH�PHDQ�
LQJ�DQG�FRUUHFWQHVV�RI�WKH�SURJUDPV�WKH\�ZULWH� $ FRPPDQG�RI�VRIWZDUH�GHVLJQ�DW�WKLV
OHYHO�UHTXLUHV�GHYHORSLQJ�DQ�XQGHUVWDQGLQJ�RI�KRZ�ZH�JLYH�PHDQLQJ�WR�SKUDVHV�RI�D�SUR�
JUDPPLQJ�ODQJXDJH�DQG�KRZ�WR�EXLOG�DQDO\WLF�WRROV�IRU�SURYLQJ�SURSHUWLHV�RI�SURJUDPV�
7KLV�FRXUVH�FRYHUV�EDVLF�WKHRUHWLFDO�LGHDV�DQG�SUDFWLFDO�WHFKQLTXHV�IRU�PRGHOLQJ�DQG�DQ�

DO\]LQJ�SURJUDPPLQJ�ODQJXDJHV� DQG�OHYHUDJLQJ�WKRVH�WHFKQLTXHV�WR�PHFKDQLFDOO\�UHDVRQ
DERXW�SURJUDPV�

� 6\QWD[� 6HPDQWLFV� 	�0DFKLQHV�IRU�$ULWKPHWLF

&RQWH[W C = . . .
| )XQ(x, C)
| $SS(C, e) | $SS(e, C)

e = . . .
| $SS(e, e)
| )XQ(x, e)
| 9DU(x)

x = t | v | x | . . .

v = i | )XQ(x, e)

e0 ⇓ )XQ(x, e) e[e1/x] ⇓ v

$SS(e0, e1) ⇓ v

e0 ⇓ )XQ(x, e) e1 ⇓ v1 e[v1/x] ⇓ v

$SS(e0, e1) ⇓ v

$SS()XQ(x, e), e′) β e[e′/x]

9DU(x′)[e/x] =

{
e, LI x = x′

9DU(x′), RWKHUZLVH

6XFF(e0)[e/x] = 6XFF(e0[e/x])
3OXV(e0, e1)[e/x] = 3OXV(e0[e/x], e1[e/x])

���
���

)XQ(x′, e0)[e/x] = . . .

�

� ,QWURGXFWLRQ

6RIWZDUH�LV�DUJXDEO\�WKH�PRVW�FRPSOLFDWHG�DQG�YDULHG�NLQG�RI�DUWLIDFW�KXPDQV�SURGXFH�
3HRSOH�ZKR�PDNH�VRIWZDUH�DW�WKH�KLJKHVW�SURIHVVLRQDO�OHYHO�WKLQN�GHHSO\�DERXW�WKH�PHDQ�
LQJ�DQG�FRUUHFWQHVV�RI�WKH�SURJUDPV�WKH\�ZULWH� $ FRPPDQG�RI�VRIWZDUH�GHVLJQ�DW�WKLV
OHYHO�UHTXLUHV�GHYHORSLQJ�DQ�XQGHUVWDQGLQJ�RI�KRZ�ZH�JLYH�PHDQLQJ�WR�SKUDVHV�RI�D�SUR�
JUDPPLQJ�ODQJXDJH�DQG�KRZ�WR�EXLOG�DQDO\WLF�WRROV�IRU�SURYLQJ�SURSHUWLHV�RI�SURJUDPV�
7KLV�FRXUVH�FRYHUV�EDVLF�WKHRUHWLFDO�LGHDV�DQG�SUDFWLFDO�WHFKQLTXHV�IRU�PRGHOLQJ�DQG�DQ�

DO\]LQJ�SURJUDPPLQJ�ODQJXDJHV� DQG�OHYHUDJLQJ�WKRVH�WHFKQLTXHV�WR�PHFKDQLFDOO\�UHDVRQ
DERXW�SURJUDPV�

� 6\QWD[� 6HPDQWLFV� 	�0DFKLQHV�IRU�$ULWKPHWLF

e (D ∪ β) e′

C[e] → C[e′]
e (D ∪ βY) e

′

C[e] →Y C[e′]

&RQWH[W C = . . .
| )XQ(x, C)
| $SS(C, e) | $SS(e, C)

e = . . .
| $SS(e, e)
| )XQ(x, e)
| 9DU(x)

x = t | v | x | . . .

v = i | )XQ(x, e)

e0 ⇓ )XQ(x, e) e[e1/x] ⇓ v

$SS(e0, e1) ⇓ v

e0 ⇓ )XQ(x, e) e1 ⇓ v1 e[v1/x] ⇓ v

$SS(e0, e1) ⇓ v

$SS()XQ(x, e), e′) β e[e′/x] $SS()XQ(x, e), v) βY e[v/x]

9DU(x′)[e/x] =

{
e, LI x = x′

9DU(x′), RWKHUZLVH

6XFF(e0)[e/x] = 6XFF(e0[e/x])
3OXV(e0, e1)[e/x] = 3OXV(e0[e/x], e1[e/x])

���
���

)XQ(x′, e0)[e/x] = . . .

�

� ,QWURGXFWLRQ

6RIWZDUH�LV�DUJXDEO\�WKH�PRVW�FRPSOLFDWHG�DQG�YDULHG�NLQG�RI�DUWLIDFW�KXPDQV�SURGXFH�
3HRSOH�ZKR�PDNH�VRIWZDUH�DW�WKH�KLJKHVW�SURIHVVLRQDO�OHYHO�WKLQN�GHHSO\�DERXW�WKH�PHDQ�
LQJ�DQG�FRUUHFWQHVV�RI�WKH�SURJUDPV�WKH\�ZULWH� $ FRPPDQG�RI�VRIWZDUH�GHVLJQ�DW�WKLV
OHYHO�UHTXLUHV�GHYHORSLQJ�DQ�XQGHUVWDQGLQJ�RI�KRZ�ZH�JLYH�PHDQLQJ�WR�SKUDVHV�RI�D�SUR�
JUDPPLQJ�ODQJXDJH�DQG�KRZ�WR�EXLOG�DQDO\WLF�WRROV�IRU�SURYLQJ�SURSHUWLHV�RI�SURJUDPV�
7KLV�FRXUVH�FRYHUV�EDVLF�WKHRUHWLFDO�LGHDV�DQG�SUDFWLFDO�WHFKQLTXHV�IRU�PRGHOLQJ�DQG�DQ�

DO\]LQJ�SURJUDPPLQJ�ODQJXDJHV� DQG�OHYHUDJLQJ�WKRVH�WHFKQLTXHV�WR�PHFKDQLFDOO\�UHDVRQ
DERXW�SURJUDPV�

� 6\QWD[� 6HPDQWLFV� 	�0DFKLQHV�IRU�$ULWKPHWLF

e (D ∪ β) e′

C[e] → C[e′]
e (D ∪ βY) e

′

C[e] →Y C[e′]

e (D ∪ β) e′

E [e] #−→ E [e′]
e (D ∪ βY) e

′

E [e] #−→Y E [e′]

&RQWH[W C = . . .
| )XQ(x, C)
| $SS(C, e) | $SS(e, C)

(YDO&RQWH[W E = . . .
| $SS(E , e)

(YDO&RQWH[W E = . . .
| $SS(E , e) | $SS(v, E)

e = . . .
| $SS(e, e)
| )XQ(x, e)
| 9DU(x)

x = t | v | x | . . .

v = i | )XQ(x, e)

e0 ⇓ )XQ(x, e) e[e1/x] ⇓ v

$SS(e0, e1) ⇓ v

e0 ⇓ )XQ(x, e) e1 ⇓ v1 e[v1/x] ⇓ v

$SS(e0, e1) ⇓ v

$SS()XQ(x, e), e′) β e[e′/x] $SS()XQ(x, e), v) βY e[v/x]

�

� ,QWURGXFWLRQ

6RIWZDUH�LV�DUJXDEO\�WKH�PRVW�FRPSOLFDWHG�DQG�YDULHG�NLQG�RI�DUWLIDFW�KXPDQV�SURGXFH�
3HRSOH�ZKR�PDNH�VRIWZDUH�DW�WKH�KLJKHVW�SURIHVVLRQDO�OHYHO�WKLQN�GHHSO\�DERXW�WKH�PHDQ�
LQJ�DQG�FRUUHFWQHVV�RI�WKH�SURJUDPV�WKH\�ZULWH� $ FRPPDQG�RI�VRIWZDUH�GHVLJQ�DW�WKLV
OHYHO�UHTXLUHV�GHYHORSLQJ�DQ�XQGHUVWDQGLQJ�RI�KRZ�ZH�JLYH�PHDQLQJ�WR�SKUDVHV�RI�D�SUR�
JUDPPLQJ�ODQJXDJH�DQG�KRZ�WR�EXLOG�DQDO\WLF�WRROV�IRU�SURYLQJ�SURSHUWLHV�RI�SURJUDPV�
7KLV�FRXUVH�FRYHUV�EDVLF�WKHRUHWLFDO�LGHDV�DQG�SUDFWLFDO�WHFKQLTXHV�IRU�PRGHOLQJ�DQG�DQ�

DO\]LQJ�SURJUDPPLQJ�ODQJXDJHV� DQG�OHYHUDJLQJ�WKRVH�WHFKQLTXHV�WR�PHFKDQLFDOO\�UHDVRQ
DERXW�SURJUDPV�

� 6\QWD[� 6HPDQWLFV� 	�0DFKLQHV�IRU�$ULWKPHWLF

e (D ∪ β) e′

C[e] → C[e′]
e (D ∪ βY) e

′

C[e] →Y C[e′]

e (D ∪ β) e′

E [e] #−→ E [e′]
e (D ∪ βY) e

′

E [e] #−→Y E [e′]

&RQWH[W C = . . .
| )XQ(x, C)
| $SS(C, e) | $SS(e, C)

(YDO&RQWH[W E = . . .
| $SS(E , e)

(YDO&RQWH[W E = . . .
| $SS(E , e) | $SS(v, E)

e = . . .
| $SS(e, e)
| )XQ(x, e)
| 9DU(x)

x = t | v | x | . . .

v = i | )XQ(x, e)

e0 ⇓ )XQ(x, e) e[e1/x] ⇓ v

$SS(e0, e1) ⇓ v

e0 ⇓ )XQ(x, e) e1 ⇓ v1 e[v1/x] ⇓ v

$SS(e0, e1) ⇓ v

$SS()XQ(x, e), e′) β e[e′/x] $SS()XQ(x, e), v) βY e[v/x]

�



Abstract machine

� ,QWURGXFWLRQ

6RIWZDUH�LV�DUJXDEO\�WKH�PRVW�FRPSOLFDWHG�DQG�YDULHG�NLQG�RI�DUWLIDFW�KXPDQV�SURGXFH�
3HRSOH�ZKR�PDNH�VRIWZDUH�DW�WKH�KLJKHVW�SURIHVVLRQDO�OHYHO�WKLQN�GHHSO\�DERXW�WKH�PHDQ�
LQJ�DQG�FRUUHFWQHVV�RI�WKH�SURJUDPV�WKH\�ZULWH� $ FRPPDQG�RI�VRIWZDUH�GHVLJQ�DW�WKLV
OHYHO�UHTXLUHV�GHYHORSLQJ�DQ�XQGHUVWDQGLQJ�RI�KRZ�ZH�JLYH�PHDQLQJ�WR�SKUDVHV�RI�D�SUR�
JUDPPLQJ�ODQJXDJH�DQG�KRZ�WR�EXLOG�DQDO\WLF�WRROV�IRU�SURYLQJ�SURSHUWLHV�RI�SURJUDPV�
7KLV�FRXUVH�FRYHUV�EDVLF�WKHRUHWLFDO�LGHDV�DQG�SUDFWLFDO�WHFKQLTXHV�IRU�PRGHOLQJ�DQG�DQ�

DO\]LQJ�SURJUDPPLQJ�ODQJXDJHV� DQG�OHYHUDJLQJ�WKRVH�WHFKQLTXHV�WR�PHFKDQLFDOO\�UHDVRQ
DERXW�SURJUDPV�

� 6\QWD[� 6HPDQWLFV� 	�0DFKLQHV�IRU�$ULWKPHWLF

)UDPH F = . . .
| $SS(!, e) | $SS(v,!)

e (D ∪ β) e′

C[e] → C[e′]
e (D ∪ βY) e

′

C[e] →Y C[e′]

e (D ∪ β) e′

E [e] #−→ E [e′]
e (D ∪ βY) e

′

E [e] #−→Y E [e′]

&RQWH[W C = . . .
| )XQ(x, C)
| $SS(C, e) | $SS(e, C)

(YDO&RQWH[W E = . . .
| $SS(E , e)

(YDO&RQWH[W E = . . .
| $SS(E , e) | $SS(v, E)

e = . . .
| $SS(e, e)
| )XQ(x, e)
| 9DU(x)

x = t | v | x | . . .

v = i | )XQ(x, e)

e0 ⇓ )XQ(x, e) e[e1/x] ⇓ v

$SS(e0, e1) ⇓ v

e0 ⇓ )XQ(x, e) e1 ⇓ v1 e[v1/x] ⇓ v

$SS(e0, e1) ⇓ v

�

remove for CbN

Push, pop, reduce same as before mutatis mutandis





Exceptions

� ,QWURGXFWLRQ

6RIWZDUH�LV�DUJXDEO\�WKH�PRVW�FRPSOLFDWHG�DQG�YDULHG�NLQG�RI�DUWLIDFW�KXPDQV�SURGXFH�
3HRSOH�ZKR�PDNH�VRIWZDUH�DW�WKH�KLJKHVW�SURIHVVLRQDO�OHYHO�WKLQN�GHHSO\�DERXW�WKH�PHDQ�
LQJ�DQG�FRUUHFWQHVV�RI�WKH�SURJUDPV�WKH\�ZULWH� $ FRPPDQG�RI�VRIWZDUH�GHVLJQ�DW�WKLV
OHYHO�UHTXLUHV�GHYHORSLQJ�DQ�XQGHUVWDQGLQJ�RI�KRZ�ZH�JLYH�PHDQLQJ�WR�SKUDVHV�RI�D�SUR�
JUDPPLQJ�ODQJXDJH�DQG�KRZ�WR�EXLOG�DQDO\WLF�WRROV�IRU�SURYLQJ�SURSHUWLHV�RI�SURJUDPV�
7KLV�FRXUVH�FRYHUV�EDVLF�WKHRUHWLFDO�LGHDV�DQG�SUDFWLFDO�WHFKQLTXHV�IRU�PRGHOLQJ�DQG�DQ�

DO\]LQJ�SURJUDPPLQJ�ODQJXDJHV� DQG�OHYHUDJLQJ�WKRVH�WHFKQLTXHV�WR�PHFKDQLFDOO\�UHDVRQ
DERXW�SURJUDPV�

� 6\QWD[� 6HPDQWLFV� 	�0DFKLQHV�IRU�$ULWKPHWLF

e = . . .
| 5DLVH(e)
| 7U\(e, x, e)

)UDPH F = . . .
| $SS(!, e) | $SS(v,!)

e (D ∪ β) e′

C[e] → C[e′]
e (D ∪ βY) e

′

C[e] →Y C[e′]

e (D ∪ β) e′

E [e] #−→ E [e′]
e (D ∪ βY) e

′

E [e] #−→Y E [e′]

&RQWH[W C = . . .
| )XQ(x, C)
| $SS(C, e) | $SS(e, C)

(YDO&RQWH[W E = . . .
| 5DLVH(E)
| 7U\(E , x, e)

7U\&RQWH[W T ∈ E \ 7U\(E , x, e)

7U\(v, x, e) τ v 7U\(T [5DLVH(v)], x, e) τ e[v/x]

e (D ∪ β ∪ τ ) e′

E [e] #−→ E [e′]

(YDO&RQWH[W E = . . .
| $SS(E , e)�

� ,QWURGXFWLRQ

6RIWZDUH�LV�DUJXDEO\�WKH�PRVW�FRPSOLFDWHG�DQG�YDULHG�NLQG�RI�DUWLIDFW�KXPDQV�SURGXFH�
3HRSOH�ZKR�PDNH�VRIWZDUH�DW�WKH�KLJKHVW�SURIHVVLRQDO�OHYHO�WKLQN�GHHSO\�DERXW�WKH�PHDQ�
LQJ�DQG�FRUUHFWQHVV�RI�WKH�SURJUDPV�WKH\�ZULWH� $ FRPPDQG�RI�VRIWZDUH�GHVLJQ�DW�WKLV
OHYHO�UHTXLUHV�GHYHORSLQJ�DQ�XQGHUVWDQGLQJ�RI�KRZ�ZH�JLYH�PHDQLQJ�WR�SKUDVHV�RI�D�SUR�
JUDPPLQJ�ODQJXDJH�DQG�KRZ�WR�EXLOG�DQDO\WLF�WRROV�IRU�SURYLQJ�SURSHUWLHV�RI�SURJUDPV�
7KLV�FRXUVH�FRYHUV�EDVLF�WKHRUHWLFDO�LGHDV�DQG�SUDFWLFDO�WHFKQLTXHV�IRU�PRGHOLQJ�DQG�DQ�

DO\]LQJ�SURJUDPPLQJ�ODQJXDJHV� DQG�OHYHUDJLQJ�WKRVH�WHFKQLTXHV�WR�PHFKDQLFDOO\�UHDVRQ
DERXW�SURJUDPV�

� 6\QWD[� 6HPDQWLFV� 	�0DFKLQHV�IRU�$ULWKPHWLF

e = . . .
| 5DLVH(e)
| 7U\(e, x, e)

)UDPH F = . . .
| $SS(!, e) | $SS(v,!)

e (D ∪ β) e′

C[e] → C[e′]
e (D ∪ βY) e

′

C[e] →Y C[e′]

e (D ∪ β) e′

E [e] #−→ E [e′]
e (D ∪ βY) e

′

E [e] #−→Y E [e′]

&RQWH[W C = . . .
| )XQ(x, C)
| $SS(C, e) | $SS(e, C)

(YDO&RQWH[W E = . . .
| 5DLVH(E)
| 7U\(E , x, e)

7U\&RQWH[W T ∈ E \ 7U\(E , x, e)

7U\(v, x, e) τ v 7U\(T [5DLVH(v)], x, e) τ e[v/x]

e (D ∪ β ∪ τ ) e′

E [e] #−→ E [e′]

(YDO&RQWH[W E = . . .
| $SS(E , e)�



Exceptions

� ,QWURGXFWLRQ

6RIWZDUH�LV�DUJXDEO\�WKH�PRVW�FRPSOLFDWHG�DQG�YDULHG�NLQG�RI�DUWLIDFW�KXPDQV�SURGXFH�
3HRSOH�ZKR�PDNH�VRIWZDUH�DW�WKH�KLJKHVW�SURIHVVLRQDO�OHYHO�WKLQN�GHHSO\�DERXW�WKH�PHDQ�
LQJ�DQG�FRUUHFWQHVV�RI�WKH�SURJUDPV�WKH\�ZULWH� $ FRPPDQG�RI�VRIWZDUH�GHVLJQ�DW�WKLV
OHYHO�UHTXLUHV�GHYHORSLQJ�DQ�XQGHUVWDQGLQJ�RI�KRZ�ZH�JLYH�PHDQLQJ�WR�SKUDVHV�RI�D�SUR�
JUDPPLQJ�ODQJXDJH�DQG�KRZ�WR�EXLOG�DQDO\WLF�WRROV�IRU�SURYLQJ�SURSHUWLHV�RI�SURJUDPV�
7KLV�FRXUVH�FRYHUV�EDVLF�WKHRUHWLFDO�LGHDV�DQG�SUDFWLFDO�WHFKQLTXHV�IRU�PRGHOLQJ�DQG�DQ�

DO\]LQJ�SURJUDPPLQJ�ODQJXDJHV� DQG�OHYHUDJLQJ�WKRVH�WHFKQLTXHV�WR�PHFKDQLFDOO\�UHDVRQ
DERXW�SURJUDPV�

� 6\QWD[� 6HPDQWLFV� 	�0DFKLQHV�IRU�$ULWKPHWLF

e = . . .
| 5DLVH(e)
| 7U\(e, x, e)

)UDPH F = . . .
| $SS(!, e) | $SS(v,!)

e (D ∪ β) e′

C[e] → C[e′]
e (D ∪ βY) e

′

C[e] →Y C[e′]

e (D ∪ β) e′

E [e] #−→ E [e′]
e (D ∪ βY) e

′

E [e] #−→Y E [e′]

&RQWH[W C = . . .
| )XQ(x, C)
| $SS(C, e) | $SS(e, C)

(YDO&RQWH[W E = . . .
| 5DLVH(E)
| 7U\(E , x, e)

7U\&RQWH[W T ∈ E \ 7U\(E , x, e)

7U\(v, x, e) τ v 7U\(T [5DLVH(v)], x, e) τ e[v/x]

e (D ∪ β ∪ τ ) e′

E [e] #−→ E [e′]

(YDO&RQWH[W E = . . .
| $SS(E , e)�

� ,QWURGXFWLRQ

6RIWZDUH�LV�DUJXDEO\�WKH�PRVW�FRPSOLFDWHG�DQG�YDULHG�NLQG�RI�DUWLIDFW�KXPDQV�SURGXFH�
3HRSOH�ZKR�PDNH�VRIWZDUH�DW�WKH�KLJKHVW�SURIHVVLRQDO�OHYHO�WKLQN�GHHSO\�DERXW�WKH�PHDQ�
LQJ�DQG�FRUUHFWQHVV�RI�WKH�SURJUDPV�WKH\�ZULWH� $ FRPPDQG�RI�VRIWZDUH�GHVLJQ�DW�WKLV
OHYHO�UHTXLUHV�GHYHORSLQJ�DQ�XQGHUVWDQGLQJ�RI�KRZ�ZH�JLYH�PHDQLQJ�WR�SKUDVHV�RI�D�SUR�
JUDPPLQJ�ODQJXDJH�DQG�KRZ�WR�EXLOG�DQDO\WLF�WRROV�IRU�SURYLQJ�SURSHUWLHV�RI�SURJUDPV�
7KLV�FRXUVH�FRYHUV�EDVLF�WKHRUHWLFDO�LGHDV�DQG�SUDFWLFDO�WHFKQLTXHV�IRU�PRGHOLQJ�DQG�DQ�

DO\]LQJ�SURJUDPPLQJ�ODQJXDJHV� DQG�OHYHUDJLQJ�WKRVH�WHFKQLTXHV�WR�PHFKDQLFDOO\�UHDVRQ
DERXW�SURJUDPV�

� 6\QWD[� 6HPDQWLFV� 	�0DFKLQHV�IRU�$ULWKPHWLF

e = . . .
| 5DLVH(e)
| 7U\(e, x, e)

)UDPH F = . . .
| $SS(!, e) | $SS(v,!)

e (D ∪ β) e′

C[e] → C[e′]
e (D ∪ βY) e

′

C[e] →Y C[e′]

e (D ∪ β) e′

E [e] #−→ E [e′]
e (D ∪ βY) e

′

E [e] #−→Y E [e′]

&RQWH[W C = . . .
| )XQ(x, C)
| $SS(C, e) | $SS(e, C)

(YDO&RQWH[W E = . . .
| 5DLVH(E)
| 7U\(E , x, e)

7U\&RQWH[W T ∈ E \ 7U\(E , x, e)

7U\(v, x, e) τ v 7U\(T [5DLVH(v)], x, e) τ e[v/x]

e (D ∪ β ∪ τ ) e′

E [e] #−→ E [e′]

(YDO&RQWH[W E = . . .
| $SS(E , e)�

� ,QWURGXFWLRQ

6RIWZDUH�LV�DUJXDEO\�WKH�PRVW�FRPSOLFDWHG�DQG�YDULHG�NLQG�RI�DUWLIDFW�KXPDQV�SURGXFH�
3HRSOH�ZKR�PDNH�VRIWZDUH�DW�WKH�KLJKHVW�SURIHVVLRQDO�OHYHO�WKLQN�GHHSO\�DERXW�WKH�PHDQ�
LQJ�DQG�FRUUHFWQHVV�RI�WKH�SURJUDPV�WKH\�ZULWH� $ FRPPDQG�RI�VRIWZDUH�GHVLJQ�DW�WKLV
OHYHO�UHTXLUHV�GHYHORSLQJ�DQ�XQGHUVWDQGLQJ�RI�KRZ�ZH�JLYH�PHDQLQJ�WR�SKUDVHV�RI�D�SUR�
JUDPPLQJ�ODQJXDJH�DQG�KRZ�WR�EXLOG�DQDO\WLF�WRROV�IRU�SURYLQJ�SURSHUWLHV�RI�SURJUDPV�
7KLV�FRXUVH�FRYHUV�EDVLF�WKHRUHWLFDO�LGHDV�DQG�SUDFWLFDO�WHFKQLTXHV�IRU�PRGHOLQJ�DQG�DQ�

DO\]LQJ�SURJUDPPLQJ�ODQJXDJHV� DQG�OHYHUDJLQJ�WKRVH�WHFKQLTXHV�WR�PHFKDQLFDOO\�UHDVRQ
DERXW�SURJUDPV�

� 6\QWD[� 6HPDQWLFV� 	�0DFKLQHV�IRU�$ULWKPHWLF

e = . . .
| 5DLVH(e)
| 7U\(e, x, e)

)UDPH F = . . .
| $SS(!, e) | $SS(v,!)

e (D ∪ β) e′

C[e] → C[e′]
e (D ∪ βY) e

′

C[e] →Y C[e′]

e (D ∪ β) e′

E [e] #−→ E [e′]
e (D ∪ βY) e

′

E [e] #−→Y E [e′]

&RQWH[W C = . . .
| )XQ(x, C)
| $SS(C, e) | $SS(e, C)

(YDO&RQWH[W E = . . .
| 5DLVH(E)
| 7U\(E , x, e)

7U\&RQWH[W T ∈ E \ 7U\(E , x, e)

7U\(v, x, e) τ v 7U\(T [5DLVH(v)], x, e) τ e[v/x]

e (D ∪ β ∪ τ ) e′

E [e] #−→ E [e′]

(YDO&RQWH[W E = . . .
| $SS(E , e)�



Call/cc

� ,QWURGXFWLRQ

6RIWZDUH�LV�DUJXDEO\�WKH�PRVW�FRPSOLFDWHG�DQG�YDULHG�NLQG�RI�DUWLIDFW�KXPDQV�SURGXFH�
3HRSOH�ZKR�PDNH�VRIWZDUH�DW�WKH�KLJKHVW�SURIHVVLRQDO�OHYHO�WKLQN�GHHSO\�DERXW�WKH�PHDQ�
LQJ�DQG�FRUUHFWQHVV�RI�WKH�SURJUDPV�WKH\�ZULWH� $ FRPPDQG�RI�VRIWZDUH�GHVLJQ�DW�WKLV
OHYHO�UHTXLUHV�GHYHORSLQJ�DQ�XQGHUVWDQGLQJ�RI�KRZ�ZH�JLYH�PHDQLQJ�WR�SKUDVHV�RI�D�SUR�
JUDPPLQJ�ODQJXDJH�DQG�KRZ�WR�EXLOG�DQDO\WLF�WRROV�IRU�SURYLQJ�SURSHUWLHV�RI�SURJUDPV�
7KLV�FRXUVH�FRYHUV�EDVLF�WKHRUHWLFDO�LGHDV�DQG�SUDFWLFDO�WHFKQLTXHV�IRU�PRGHOLQJ�DQG�DQ�

DO\]LQJ�SURJUDPPLQJ�ODQJXDJHV� DQG�OHYHUDJLQJ�WKRVH�WHFKQLTXHV�WR�PHFKDQLFDOO\�UHDVRQ
DERXW�SURJUDPV�

� 6\QWD[� 6HPDQWLFV� 	�0DFKLQHV�IRU�$ULWKPHWLF

e = . . .
| 5DLVH(e)
| 7U\(e, x, e)

e = . . .
| &DOOFF(x, e) | +DOW(e)

E = . . .
| +DOW(E)

E [+DOW(v)] !−→ v E [&DOOFF(x, e)] !−→ e[)XQ(x′,+DOW(E [x′]))/x]

)UDPH F = . . .
| $SS(!, e) | $SS(v,!)

e (D ∪ β) e′

C[e] → C[e′]
e (D ∪ βY) e

′

C[e] →Y C[e′]

e (D ∪ β) e′

E [e] !−→ E [e′]
e (D ∪ βY) e

′

E [e] !−→Y E [e′]

&RQWH[W C = . . .
| )XQ(x, C)
| $SS(C, e) | $SS(e, C)

(YDO&RQWH[W E = . . .
| 5DLVH(E)
| 7U\(E , x, e)

7U\&RQWH[W T ∈ E \ 7U\(E , x, e)
�

� ,QWURGXFWLRQ

6RIWZDUH�LV�DUJXDEO\�WKH�PRVW�FRPSOLFDWHG�DQG�YDULHG�NLQG�RI�DUWLIDFW�KXPDQV�SURGXFH�
3HRSOH�ZKR�PDNH�VRIWZDUH�DW�WKH�KLJKHVW�SURIHVVLRQDO�OHYHO�WKLQN�GHHSO\�DERXW�WKH�PHDQ�
LQJ�DQG�FRUUHFWQHVV�RI�WKH�SURJUDPV�WKH\�ZULWH� $ FRPPDQG�RI�VRIWZDUH�GHVLJQ�DW�WKLV
OHYHO�UHTXLUHV�GHYHORSLQJ�DQ�XQGHUVWDQGLQJ�RI�KRZ�ZH�JLYH�PHDQLQJ�WR�SKUDVHV�RI�D�SUR�
JUDPPLQJ�ODQJXDJH�DQG�KRZ�WR�EXLOG�DQDO\WLF�WRROV�IRU�SURYLQJ�SURSHUWLHV�RI�SURJUDPV�
7KLV�FRXUVH�FRYHUV�EDVLF�WKHRUHWLFDO�LGHDV�DQG�SUDFWLFDO�WHFKQLTXHV�IRU�PRGHOLQJ�DQG�DQ�

DO\]LQJ�SURJUDPPLQJ�ODQJXDJHV� DQG�OHYHUDJLQJ�WKRVH�WHFKQLTXHV�WR�PHFKDQLFDOO\�UHDVRQ
DERXW�SURJUDPV�

� 6\QWD[� 6HPDQWLFV� 	�0DFKLQHV�IRU�$ULWKPHWLF

e = . . .
| 5DLVH(e)
| 7U\(e, x, e)

e = . . .
| &DOOFF(x, e) | +DOW(e)

E = . . .
| +DOW(E)

E [+DOW(v)] !−→ v E [&DOOFF(x, e)] !−→ e[)XQ(x′,+DOW(E [x′]))/x]

)UDPH F = . . .
| $SS(!, e) | $SS(v,!)

e (D ∪ β) e′

C[e] → C[e′]
e (D ∪ βY) e

′

C[e] →Y C[e′]

e (D ∪ β) e′

E [e] !−→ E [e′]
e (D ∪ βY) e

′

E [e] !−→Y E [e′]

&RQWH[W C = . . .
| )XQ(x, C)
| $SS(C, e) | $SS(e, C)

(YDO&RQWH[W E = . . .
| 5DLVH(E)
| 7U\(E , x, e)

7U\&RQWH[W T ∈ E \ 7U\(E , x, e)
�

� ,QWURGXFWLRQ

6RIWZDUH�LV�DUJXDEO\�WKH�PRVW�FRPSOLFDWHG�DQG�YDULHG�NLQG�RI�DUWLIDFW�KXPDQV�SURGXFH�
3HRSOH�ZKR�PDNH�VRIWZDUH�DW�WKH�KLJKHVW�SURIHVVLRQDO�OHYHO�WKLQN�GHHSO\�DERXW�WKH�PHDQ�
LQJ�DQG�FRUUHFWQHVV�RI�WKH�SURJUDPV�WKH\�ZULWH� $ FRPPDQG�RI�VRIWZDUH�GHVLJQ�DW�WKLV
OHYHO�UHTXLUHV�GHYHORSLQJ�DQ�XQGHUVWDQGLQJ�RI�KRZ�ZH�JLYH�PHDQLQJ�WR�SKUDVHV�RI�D�SUR�
JUDPPLQJ�ODQJXDJH�DQG�KRZ�WR�EXLOG�DQDO\WLF�WRROV�IRU�SURYLQJ�SURSHUWLHV�RI�SURJUDPV�
7KLV�FRXUVH�FRYHUV�EDVLF�WKHRUHWLFDO�LGHDV�DQG�SUDFWLFDO�WHFKQLTXHV�IRU�PRGHOLQJ�DQG�DQ�

DO\]LQJ�SURJUDPPLQJ�ODQJXDJHV� DQG�OHYHUDJLQJ�WKRVH�WHFKQLTXHV�WR�PHFKDQLFDOO\�UHDVRQ
DERXW�SURJUDPV�

� 6\QWD[� 6HPDQWLFV� 	�0DFKLQHV�IRU�$ULWKPHWLF

e = . . .
| 5DLVH(e)
| 7U\(e, x, e)

e = . . .
| &DOOFF(x, e) | +DOW(e)

E = . . .
| +DOW(E)
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Operational semantics: A method of defining the 
meaning of programs by describing the actions 
carried out during execution.

What you’ve seen: 
• Syntax 
• Semantics 

• Natural, big-step 
• Evaluator 
• Structured, small-step 
• Reduction 
• Standard reduction 
• Abstract machine

Useful for: 
• Specifying a PL 
• Communicating ideas 
• Validating claims 
• ... 
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We extend the operational semantics to λh. Speci!cally, we add two new reduction rules: one for
handling return values and another for handling operation invocations.

S-Ret handle (return V ) with H ! N [V/x], where Hval
= {val x !→ N }

S-Op handle E[do ! V ] with H ! N [V/p, (λy.handle E[return y] with H )/r],

where H !
= {! p r !→ N }

The !rst rule invokes the success clause. The second rule handles an operation via the corresponding
operation clause. If we were naïvely to extend evaluation contexts with the handle construct then
our semantics would become nondeterministic, as it may pick an arbitrary handler in scope. In
order to ensure that the semantics is deterministic, we instead add a distinct form of evaluation
context for e"ectful computation, which we call handler contexts.

Handler contexts H ::= [ ] | handle H with H | let x ← H in N

We replace the S-Lift rule with a corresponding rule for handler contexts.

H[M] ! H[N ], if M ! N

The separation between pure evaluation contexts E and handler contexts H ensures that the S-Op
rule always selects the innermost handler.

We now characterise normal forms and state the standard type soundness property of λh.

De!nition 3.1 (Computation normal forms). A computation term N is normal with respect to Σ, if
N = return V for some V or N = E[do !W ] for some ! ∈ dom(Σ), E, and W .

Theorem 3.2 (Type Soundness). If % M : C, then either there exists % N : C such that M !∗ N
and N is normal with respect to Σ, or M diverges.

3.3 The Role of Types

Readers familiar with backtracking search algorithms may wonder where types come into the
expressiveness picture. Types will not play a direct role in our proofs but rather in the characterisa-
tion of which programs can be meaningfully compared. In particular, types are used to rule out
global approaches such as continuation passing style (CPS): without types one could obtain an
e#cient pure generic count program by CPS transforming the entire program.

Readers familiar with e"ect handlers may wonder why our handler calculus does not include an
e"ect type system. As types frame the comparison of programs between languages, we require
that types be !xed across languages; hence λh does not include e"ect types. Future work includes
reconciling e"ect typing with our approach to expressiveness.

4 ABSTRACT MACHINE SEMANTICS

Thus far we have introduced the base calculus λb and its extension with e"ect handlers λh. For
each calculus we have given a small-step operational semantics which uses a substitution model
for evaluation. Whilst this model is semantically pleasing, it falls short of providing a realistic
account of practical computation as substitution is an expensive operation. We now develop a more
practical model of computation based on an abstract machine semantics.

4.1 Base Machine

We choose a CEK-style abstract machine semantics [Felleisen and Friedman 1987] for λb based on
that of Hillerström et al. [2020a]. The CEK machine operates on con!gurations which are triples of
the form 〈M | γ | σ 〉. The !rst component contains the computation currently being evaluated. The
second component contains the environment γ which binds free variables. The third component
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Values
T-Var
x : A ∈ Γ

Γ " x : A

T-Unit

Γ " 〈〉 : Unit

T-Nat
k ∈ N

Γ " k : Nat

T-Const
c : A→ B

Γ " c : A→ B

T-Lam
Γ, x : A " M : B

Γ " λxA.M : A→ B

T-Rec
Γ, f : A→ B, x : A " M : B

Γ " rec f A→B x .M : A→ B

T-Prod
Γ " V : A Γ " W : B

Γ " 〈V ,W 〉 : A × B

T-Inl
Γ " V : A

Γ " (inlV )B : A + B

T-Inr
Γ " W : B

Γ " (inrW )A : A + B

Computations

T-App
Γ " V : A→ B Γ " W : A

Γ " V W : B

T-Split
Γ " V : A × B Γ, x : A, y : B " N : C

Γ " let 〈x, y〉 = V in N : C

T-Case
Γ " V : A + B Γ, x : A " M : C Γ, y : B " N : C

Γ " case V {inl x '→ M; inr y '→ N } : C

T-Return
Γ " V : A

Γ " return V : A

T-Let
Γ " M : A Γ, x : A " N : C

Γ " let x ← M in N : C

Fig. 1. Typing Rules for λb

S-App (λxA.M)V ! M[V/x]

S-App-Rec (rec f A x .M)V ! M[(rec f A x .M)/f ,V/x]
S-Const c V ! return (!c" (V ))
S-Split let 〈x, y〉 = 〈V ,W 〉 in N ! N [V/x,W/y]

S-Case-inl case (inlV )B {inl x '→ M; inr y '→ N } ! M[V/x]

S-Case-inr case (inrV )A {inl x '→ M; inr y '→ N } ! N [V/y]
S-Let let x ← return V in N ! N [V/x]
S-Lift E[M]! E[N ], if M ! N

Evaluation contexts E ::= [ ] | let x ← E in N

Fig. 2. Contextual Small-Step Operational Semantics

We make use of standard syntactic sugar for pattern matching. For instance, we write

λ〈〉.M := λxUnit.M, where x " FV (M)

for suspended computations, and if the binder has a type other than Unit, we write:

λ_A.M := λxA.M, where x " FV (M)

We use the standard encoding of booleans as a sum:

Bool := Unit + Unit true := inl 〈〉 false := inr 〈〉

if V then M else N := case V {inl 〈〉 '→ M; inr 〈〉 '→ N }
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1 INTRODUCTION

In today’s programming languages we "nd a wealth of powerful constructs and features — excep-
tions, higher-order store, dynamic method dispatch, coroutines, explicit continuations, concurrency
features, Lisp-style ‘quote’ and so on — which may be present or absent in various combinations
in any given language. There are of course many important pragmatic and stylistic di#erences
between languages, but here we are concerned with whether languages may di#er more essentially
in their expressive power, according to the selection of features they contain.
One can interpret this question in various ways. For instance, Felleisen [1991] considers the

question of whether a language L admits a translation into a sublanguage L ′ in a way which
respects not only the behaviour of programs but also aspects of their (global or local) syntactic
structure. If the translation of some L-program into L ′ requires a complete global restructuring,
we may say that L ′ is in some way less expressive than L. In the present paper, however, we
have in mind even more fundamental expressivity di#erences that would not be bridged even if
whole-program translations were admitted. These fall under two headings.

(1) Computability: Are there operations of a given type that are programmable in L but not
expressible at all in L ′?
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We extend the operational semantics to λh. Speci!cally, we add two new reduction rules: one for
handling return values and another for handling operation invocations.

S-Ret handle (return V ) with H ! N [V/x], where Hval
= {val x !→ N }

S-Op handle E[do ! V ] with H ! N [V/p, (λy.handle E[return y] with H )/r],

where H !
= {! p r !→ N }

The !rst rule invokes the success clause. The second rule handles an operation via the corresponding
operation clause. If we were naïvely to extend evaluation contexts with the handle construct then
our semantics would become nondeterministic, as it may pick an arbitrary handler in scope. In
order to ensure that the semantics is deterministic, we instead add a distinct form of evaluation
context for e"ectful computation, which we call handler contexts.

Handler contexts H ::= [ ] | handle H with H | let x ← H in N

We replace the S-Lift rule with a corresponding rule for handler contexts.

H[M] ! H[N ], if M ! N

The separation between pure evaluation contexts E and handler contexts H ensures that the S-Op
rule always selects the innermost handler.

We now characterise normal forms and state the standard type soundness property of λh.

De!nition 3.1 (Computation normal forms). A computation term N is normal with respect to Σ, if
N = return V for some V or N = E[do !W ] for some ! ∈ dom(Σ), E, and W .

Theorem 3.2 (Type Soundness). If % M : C, then either there exists % N : C such that M !∗ N
and N is normal with respect to Σ, or M diverges.

3.3 The Role of Types

Readers familiar with backtracking search algorithms may wonder where types come into the
expressiveness picture. Types will not play a direct role in our proofs but rather in the characterisa-
tion of which programs can be meaningfully compared. In particular, types are used to rule out
global approaches such as continuation passing style (CPS): without types one could obtain an
e#cient pure generic count program by CPS transforming the entire program.

Readers familiar with e"ect handlers may wonder why our handler calculus does not include an
e"ect type system. As types frame the comparison of programs between languages, we require
that types be !xed across languages; hence λh does not include e"ect types. Future work includes
reconciling e"ect typing with our approach to expressiveness.

4 ABSTRACT MACHINE SEMANTICS

Thus far we have introduced the base calculus λb and its extension with e"ect handlers λh. For
each calculus we have given a small-step operational semantics which uses a substitution model
for evaluation. Whilst this model is semantically pleasing, it falls short of providing a realistic
account of practical computation as substitution is an expensive operation. We now develop a more
practical model of computation based on an abstract machine semantics.

4.1 Base Machine

We choose a CEK-style abstract machine semantics [Felleisen and Friedman 1987] for λb based on
that of Hillerström et al. [2020a]. The CEK machine operates on con!gurations which are triples of
the form 〈M | γ | σ 〉. The !rst component contains the computation currently being evaluated. The
second component contains the environment γ which binds free variables. The third component

Proc. ACM Program. Lang., Vol. 4, No. ICFP, Article 100. Publication date: August 2020.

E!ects for E!iciency 100:7

Values
T-Var
x : A ∈ Γ

Γ " x : A

T-Unit

Γ " 〈〉 : Unit

T-Nat
k ∈ N

Γ " k : Nat

T-Const
c : A→ B

Γ " c : A→ B

T-Lam
Γ, x : A " M : B

Γ " λxA.M : A→ B

T-Rec
Γ, f : A→ B, x : A " M : B

Γ " rec f A→B x .M : A→ B

T-Prod
Γ " V : A Γ " W : B

Γ " 〈V ,W 〉 : A × B

T-Inl
Γ " V : A

Γ " (inlV )B : A + B

T-Inr
Γ " W : B

Γ " (inrW )A : A + B

Computations

T-App
Γ " V : A→ B Γ " W : A

Γ " V W : B

T-Split
Γ " V : A × B Γ, x : A, y : B " N : C

Γ " let 〈x, y〉 = V in N : C

T-Case
Γ " V : A + B Γ, x : A " M : C Γ, y : B " N : C

Γ " case V {inl x '→ M; inr y '→ N } : C

T-Return
Γ " V : A

Γ " return V : A

T-Let
Γ " M : A Γ, x : A " N : C

Γ " let x ← M in N : C
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We make use of standard syntactic sugar for pattern matching. For instance, we write

λ〈〉.M := λxUnit.M, where x " FV (M)

for suspended computations, and if the binder has a type other than Unit, we write:

λ_A.M := λxA.M, where x " FV (M)

We use the standard encoding of booleans as a sum:

Bool := Unit + Unit true := inl 〈〉 false := inr 〈〉

if V then M else N := case V {inl 〈〉 '→ M; inr 〈〉 '→ N }
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