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0. Introduction



The origin of quantum speedup

To perform a computation, we should arrange that

• paths to the solution interfere constructively

• paths to non-solutions interfere destructively

Quantum mechanics gives an efficient representation of high-dimensional interference

Quantum computers allow for interference between computational paths



Quantum computing ≠ exponential parallelism

Can we just explore all potential solutions in parallel and pick out 
the correct one?

To get significant speedup, quantum computers need to exploit structure.

Key question: What kinds of problems have the right structure for quantum 
computers to exploit?

No! The linearity of quantum mechanics prohibits this.

Specifically, unstructured search over N items requires            queries. [BBBV 97]
<latexit sha1_base64="OH2XPcyNUlqyQ1EvCkrCdf0Y4vY=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1iEuimJ+FoWBHGlFewDmlAm02k7dDKJMxOhhn6JGxeKuPVT3Pk3TtsstPXAhcM593LvPUHMmdKO823llpZXVtfy64WNza3tor2z21BRIgmtk4hHshVgRTkTtK6Z5rQVS4rDgNNmMLyc+M1HKhWLxL0exdQPcV+wHiNYG6ljF73bkPZx2VMPUqObo45dcirOFGiRuBkpQYZax/7yuhFJQio04ViptuvE2k+x1IxwOi54iaIxJkPcp21DBQ6p8tPp4WN0aJQu6kXSlNBoqv6eSHGo1CgMTGeI9UDNexPxP6+d6N6FnzIRJ5oKMlvUSzjSEZqkgLpMUqL5yBBMJDO3IjLAEhNtsiqYENz5lxdJ47jinlVO705K1assjjzswwGUwYVzqMI11KAOBBJ4hld4s56sF+vd+pi15qxsZg/+wPr8Aaw4knk=</latexit>

⌦(
p
N)



Simon’s problem

Problem:  Find s

Given a black-box function
<latexit sha1_base64="SZUxsrV+6L6vBSZ9s1bPPQ2jjMA=">AAACAHicbVC7TsMwFL3hWcorwMDAYlEhMaAqQQgYK7HAVhB9SE2oHNdprTpOZDtIVZSFX2FhACFWPoONv8FpO0DLkSwdnXOv7XOChDOlHefbWlhcWl5ZLa2V1zc2t7btnd2milNJaIPEPJbtACvKmaANzTSn7URSHAWctoLhVeG3HqlULBb3epRQP8J9wUJGsDZS194PveISgbzMOXG9/MEwHaO7rl1xqs4YaJ64U1KBKepd+8vrxSSNqNCEY6U6rpNoP8NSM8JpXvZSRRNMhrhPO4YKHFHlZ+MAOToySg+FsTRHaDRWf29kOFJqFAVmMsJ6oGa9QvzP66Q6vPQzJpJUU0EmD4UpRyZi0QbqMUmJ5iNDMJHM/BWRAZaYaNNZ2ZTgzkaeJ83TqntedW7PKrWbaR0lOIBDOAYXLqAG11CHBhDI4Rle4c16sl6sd+tjMrpgTXf24A+szx8XApV0</latexit>

f : {0, 1}n ! R

Promise:  There is some                   such that 
f(x) = f(y) if and only if x = y or x = y  © s

<latexit sha1_base64="1ppR/UdxmLvXTN5TbuRFVn2CYZM=">AAAB+HicbVBNSwMxEJ2tX7V+tOrRS7AIHqRkRdRjwYveKtgP6K4lm2bb0Gx2SbJCXfpLvHhQxKs/xZv/xrTdg7Y+GHi8N8PMvCARXBuMv53Cyura+kZxs7S1vbNbruztt3ScKsqaNBax6gREM8ElaxpuBOskipEoEKwdjK6nfvuRKc1jeW/GCfMjMpA85JQYK/UqZY08LpGX4VPXmzxYpYpreAa0TNycVCFHo1f58voxTSMmDRVE666LE+NnRBlOBZuUvFSzhNARGbCupZJETPvZ7PAJOrZKH4WxsiUNmqm/JzISaT2OAtsZETPUi95U/M/rpia88jMuk9QwSeeLwlQgE6NpCqjPFaNGjC0hVHF7K6JDogg1NquSDcFdfHmZtM5q7kUN351X67d5HEU4hCM4ARcuoQ430IAmUEjhGV7hzXlyXpx352PeWnDymQP4A+fzB01hkjw=</latexit>

s 2 {0, 1}n
0

s

x

x  © s

0 . . . 01

· · ·
<latexit sha1_base64="USIZRIT8E/23cYv78BqFNiEl1lk=">AAACBHicbVDLSgMxFM34rPVVddlNsAhuLDMi6rLgxmUF+4B2GDKZTBuaSYbkjlCGLtz4K25cKOLWj3Dn35i2s9DWAxdOzrmX3HvCVHADrvvtrKyurW9slrbK2zu7e/uVg8O2UZmmrEWVULobEsMEl6wFHATrppqRJBSsE45upn7ngWnDlbyHccr8hAwkjzklYKWgUjWBh/siUmCwCXJ55k1wPyTaPqxbc+vuDHiZeAWpoQLNoPLVjxTNEiaBCmJMz3NT8HOigVPBJuV+ZlhK6IgMWM9SSRJm/Hx2xASfWCXCsdK2JOCZ+nsiJ4kx4yS0nQmBoVn0puJ/Xi+D+NrPuUwzYJLOP4ozgUHhaSI44ppREGNLCNXc7orpkGhCweZWtiF4iycvk/Z53busu3cXtUajiKOEqugYnSIPXaEGukVN1EIUPaJn9IrenCfnxXl3PuatK04xc4T+wPn8AS7Mlyg=</latexit>

s1 . . . sn�1s̄n

But quantumly, there is a 1-query algorithm that learns a random x orthogonal to s. 
This can be repeated O(n) times to determine s with constant probability.

Classically, we can query random inputs until we find a collision. By the birthday 
problem, this takes about         steps. This is essentially optimal.

<latexit sha1_base64="BTSKWupngRIaunmJAw5yM+FSsKg=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKewGUY8BL3qLYB6YrGF2MkmGzM6uM71CWPIXXjwo4tW/8ebfOEn2oIkFDUVVN91dQSyFQdf9dnIrq2vrG/nNwtb2zu5ecf+gYaJEM15nkYx0K6CGS6F4HQVK3oo1p2EgeTMYXU395hPXRkTqDscx90M6UKIvGEUr3XfMo8a08qAm3WLJLbszkGXiZaQEGWrd4lenF7Ek5AqZpMa0PTdGP6UaBZN8UugkhseUjeiAty1VNOTGT2cXT8iJVXqkH2lbCslM/T2R0tCYcRjYzpDi0Cx6U/E/r51g/9JPhYoT5IrNF/UTSTAi0/dJT2jOUI4toUwLeythQ6opQxtSwYbgLb68TBqVsndedm/PStWbLI48HMExnIIHF1CFa6hBHRgoeIZXeHOM8+K8Ox/z1pyTzRzCHzifP83GkQY=</latexit>p
2n



The collision problem

Problem:  Determine which holds

Promise:  f is either 1-to-1 or 2-to-1

This is optimal! No exponential speedup. [Aaronson, Shi 01]

Given a black-box function
<latexit sha1_base64="SZUxsrV+6L6vBSZ9s1bPPQ2jjMA=">AAACAHicbVC7TsMwFL3hWcorwMDAYlEhMaAqQQgYK7HAVhB9SE2oHNdprTpOZDtIVZSFX2FhACFWPoONv8FpO0DLkSwdnXOv7XOChDOlHefbWlhcWl5ZLa2V1zc2t7btnd2milNJaIPEPJbtACvKmaANzTSn7URSHAWctoLhVeG3HqlULBb3epRQP8J9wUJGsDZS194PveISgbzMOXG9/MEwHaO7rl1xqs4YaJ64U1KBKepd+8vrxSSNqNCEY6U6rpNoP8NSM8JpXvZSRRNMhrhPO4YKHFHlZ+MAOToySg+FsTRHaDRWf29kOFJqFAVmMsJ6oGa9QvzP66Q6vPQzJpJUU0EmD4UpRyZi0QbqMUmJ5iNDMJHM/BWRAZaYaNNZ2ZTgzkaeJ83TqntedW7PKrWbaR0lOIBDOAYXLqAG11CHBhDI4Rle4c16sl6sd+tjMrpgTXf24A+szx8XApV0</latexit>

f : {0, 1}n ! R
<latexit sha1_base64="Pk2bXlcWhqSjKjzcgZdW3O88bW4=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbBU9ktol6Eghe9SAW3LbRryabZNjSbLElWKEt/gxcPinj1B3nz35i2e9DWBwOP92aYmRcmnGnjut9OYWV1bX2juFna2t7Z3SvvHzS1TBWhPpFcqnaINeVMUN8ww2k7URTHIaetcHQ99VtPVGkmxYMZJzSI8UCwiBFsrOTfXdUeRa9ccavuDGiZeDmpQI5Gr/zV7UuSxlQYwrHWHc9NTJBhZRjhdFLqppommIzwgHYsFTimOshmx07QiVX6KJLKljBopv6eyHCs9TgObWeMzVAvelPxP6+TmugyyJhIUkMFmS+KUo6MRNPPUZ8pSgwfW4KJYvZWRIZYYWJsPiUbgrf48jJp1qreedW9P6vUb/M4inAEx3AKHlxAHW6gAT4QYPAMr/DmCOfFeXc+5q0FJ585hD9wPn8AHjiOQQ==</latexit>

N = 2n

Can be solved with               queries [Brassard, Høyer, Tapp 97]
<latexit sha1_base64="eN72goimtfl5c4W34JtSP43IfcU=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBahXmqioh4LXvSiFewHtrFstpt26WYTdjdCCP0XXjwo4tV/481/47bNQVsfDDzem2FmnhdxprRtf1u5hcWl5ZX8amFtfWNzq7i901BhLAmtk5CHsuVhRTkTtK6Z5rQVSYoDj9OmN7wc+80nKhULxb1OIuoGuC+YzwjWRnq4Ld88ps7RyeiwWyzZFXsCNE+cjJQgQ61b/Or0QhIHVGjCsVJtx460m2KpGeF0VOjEikaYDHGftg0VOKDKTScXj9CBUXrID6UpodFE/T2R4kCpJPBMZ4D1QM16Y/E/rx1r/8JNmYhiTQWZLvJjjnSIxu+jHpOUaJ4Ygolk5lZEBlhiok1IBROCM/vyPGkcV5yzin13WqpeZ3HkYQ/2oQwOnEMVrqAGdSAg4Ble4c1S1ov1bn1MW3NWNrMLf2B9/gDbhY/B</latexit>

O(N1/3)

• query K items

• search through remaining items for a duplicate

• cost                           is minimized with

<latexit sha1_base64="vTmcUl3rOg+xFwA87qWWOdhWbXk=">AAAB+nicbVDLSgNBEJyNrxhfGz16GQxCRIi7Iuox4EUJaATzgGQJs5PZZMjsw5leJaz5FC8eFPHql3jzb5wke9DEgoaiqpvuLjcSXIFlfRuZhcWl5ZXsam5tfWNzy8xv11UYS8pqNBShbLpEMcEDVgMOgjUjyYjvCtZwBxdjv/HApOJhcAfDiDk+6QXc45SAljpm/qZYwYe4re4lJNdHldFBxyxYJWsCPE/slBRQimrH/Gp3Qxr7LAAqiFIt24rASYgETgUb5dqxYhGhA9JjLU0D4jPlJJPTR3hfK13shVJXAHii/p5IiK/U0Hd1p0+gr2a9sfif14rBO3cSHkQxsIBOF3mxwBDicQ64yyWjIIaaECq5vhXTPpGEgk4rp0OwZ1+eJ/Xjkn1asm5PCuWrNI4s2kV7qIhsdIbK6BJVUQ1R9Iie0St6M56MF+Pd+Ji2Zox0Zgf9gfH5AxF4kp0=</latexit>

O(K +
p
N/K)

<latexit sha1_base64="/7gGqCQbkPhCrUAbIcVhFHN5DMM=">AAAB/HicbVDLSgNBEJz1GeNrNUcvg0GIl7irol6EgBdFkAh5QbKG2UlvMmT2wcyssCzxV7x4UMSrH+LNv3GS7EETCxqKqm66u9yIM6ks69tYWFxaXlnNreXXNza3ts2d3YYMY0GhTkMeipZLJHAWQF0xxaEVCSC+y6HpDq/GfvMRhGRhUFNJBI5P+gHzGCVKS12zcIsvcac2AEVKdw+pfXQyOuyaRatsTYDniZ2RIspQ7ZpfnV5IYx8CRTmRsm1bkXJSIhSjHEb5TiwhInRI+tDWNCA+SCedHD/CB1rpYS8UugKFJ+rviZT4Uia+qzt9ogZy1huL/3ntWHkXTsqCKFYQ0OkiL+ZYhXicBO4xAVTxRBNCBdO3YjogglCl88rrEOzZl+dJ47hsn5Wt+9Ni5SaLI4f20D4qIRudowq6RlVURxQl6Bm9ojfjyXgx3o2PaeuCkc0U0B8Ynz8BfJMX</latexit>

K = ⇥(N1/3)

· · · · · ·



The prospect of quantum speedup

Simon’s problem is a special case with enough additional structure to give a fast 
quantum algorithm (but not a fast classical algorithm) → exponential speedup

The collision problem does not have enough structure to allow a fast quantum 
algorithm

Major questions:  What problems have fast quantum algorithms?
What structures enable exponential speedup?

Another important question: When can we get polynomial quantum speedup, and 
how much is possible?



1. Algebraic problems



Hidden symmetry

Simon’s problem exemplifies a more general class of problems with hidden symmetry

H g 2
  H

g 3
  H

g i
  H· · ·

Hidden subgroup problem: Given a known group G and a black-box function 
                . Promised that f is constant on cosets of some (unknown) subgroup 
            and distinct on different cosets. Goal: find (a generating set for) H.

<latexit sha1_base64="U9O3m2+s0Pjc5jvumOWPs9Py+R4=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURUZcFF+quin1AE8pkOmmHTiZhZiLU0C9x40IRt36KO//GSZuFth4YOJxz7517T5BwprTjfFulldW19Y3yZmVre2e3au/tt1WcSkJbJOax7AZYUc4EbWmmOe0mkuIo4LQTjK9yv/NIpWKxeNCThPoRHgoWMoK1kfp2NfTyIQJdI0/H6L5v15y6MwNaJm5BalCg2be/vEFM0ogKTThWquc6ifYzLDUjnE4rXqpogskYD2nPUIEjqvxstvgUHRtlgMJYmic0mqm/OzIcKTWJAlMZYT1Si14u/uf1Uh1e+hkTSaqpIPOPwpQjc2KeAhowSYnmE0MwkczsisgIS0y0yapiQnAXT14m7dO6e1537s5qjdsijjIcwhGcgAsX0IAbaEILCKTwDK/wZj1ZL9a79TEvLVlFzwH8gfX5A4uTkmI=</latexit>

f : G ! R
<latexit sha1_base64="9kRecSTqgfG6fLAiMpaY/C4bgUg=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KomIeix4sN4q2A9oQ9lsJ+3SzSbuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm6nfekKleSwfzDhBP6IDyUPOqLFSu0ZIVyC57ZXKbsWdgSwTLydlyFHvlb66/ZilEUrDBNW647mJ8TOqDGcCJ8VuqjGhbEQH2LFU0gi1n83unZBTq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwms/4zJJDUo2XxSmgpiYTJ8nfa6QGTG2hDLF7a2EDamizNiIijYEb/HlZdI8r3iXFff+oly9y+MowDGcwBl4cAVVqEEdGsBAwDO8wpvz6Lw4787HvHXFyWeO4A+czx9wIo7y</latexit>

H  G

“Standard method”:
<latexit sha1_base64="WFt8C1tiXhKu+jhDHyUAeIKYuMA="></latexit>

|Gi := 1p
|G|

P
g2G |gi

<latexit sha1_base64="Ol/rnOM81gW8Av+qPcgp6wCoWVQ="></latexit>

7! 1p
|G|

P
g2G |g, f(g)i

Discarding second register gives a coset state                                        for a 
uniformly random (unknown) g

<latexit sha1_base64="mQW9oRdfjgsmG263JhbGFi3prpY="></latexit>

|gHi := 1p
|H|

P
h2H

|ghi



Abelian HSP applications

Finite abelian groups:

• Discrete log [Shor 94]


• Decomposing abelian groups [Cheung, Mosca 01]

• Counting points on curves [Kedlaya 06]

Infinite abelian groups:

• Factoring [Shor 94]

• Pell’s equation (                     ) [Hallgren 02]

• Unit group of a number field [Hallgren 05; Hallgren, Eisenträger, Kitaev, Song 14]

• Principal ideal problem, class groups [Hallgren 05; Biasse, Song 16]

• Ray class groups, Hilbert class fields [Hallgren, Eisenträger 10]

<latexit sha1_base64="zM3NrlZBiuTSeyP4Q7ei35/++f8=">AAACDnicbVDLSgMxFM3UV62Pjrp0EyyCG8tMEXUjFNzoroJ9QDuWTCbThmaSIcmIQ+k/uHerv+BO3PoL/oGfYaadhW09EHI45744fsyo0o7zbRVWVtfWN4qbpa3tnd2yvbffUiKRmDSxYEJ2fKQIo5w0NdWMdGJJUOQz0vZH15nffiRSUcHvdRoTL0IDTkOKkTZS3y4/PdTgKQxgav4r6PbtilN1poDLxM1JBeRo9O2fXiBwEhGuMUNKdV0n1t4YSU0xI5NSL1EkRniEBqRrKEcRUd54evgEHhslgKGQ5nENp+rfjjGKlEoj31RGSA/VopeJ/3ndRIeX3pjyONGE49miMGFQC5ilAAMqCdYsNQRhSc2tEA+RRFibrOa2ZLO1EExNTDTuYhDLpFWruudV5+6sUr/NQyqCQ3AEToALLkAd3IAGaAIMEvACXsGb9Wy9Wx/W56y0YOU9B2AO1tcvfnCayQ==</latexit>

x2 � dy2 = 1



Nonabelian HSP: Examples and applications

Efficient algorithms known for specific HSPs: normal subgroups, metacyclic groups, 
Heisenberg/extraspecial groups, etc.

HSPs with exciting potential applications:

• Symmetric group: graph isomorphism, code equivalence

• Dihedral group: lattice problems [Regev 02]

A standard method algorithm for the symmetric group HSP would require highly 
entangled measurements [Hallgren, Moore, Rötteler, Russell, Sen, 06]

When G is a nonabelian group, polynomially many queries suffice.

“Kuperberg sieve” solves the dihedral HSP in subexponential time

• No quantum speedup for lattice problems

• Subexponential quantum algorithm for elliptic curve isogenies [Childs, Jao, Soukharev 14]



2. Quantum walk



From random to quantum walk

Quantum analog of a random walk on a graph.

Idea: Replace probabilities by quantum amplitudes.

Interference can produce radically different behavior!

-60 -40 -20 0 20 40 60

classical

-60 -40 -20 0 20 40 60

quantum



Continuous-time quantum walk

Graph G:
1 2

3 4

5
A =

�

⇧⇧⇧⇧⇤

0 1 1 0 0
1 0 0 1 1
1 0 0 1 0
0 1 1 0 1
0 1 0 1 0

⇥

⌃⌃⌃⌃⌅

adjacency matrix Laplacian

L =

0

BBBB@

2 �1 �1 0 0
�1 3 0 �1 �1
�1 0 2 �1 0
0 �1 �1 3 �1
0 �1 0 �1 2

1

CCCCA

<latexit sha1_base64="2b7tasnQF1sTTsTln6KwKvgTryY=">AAACG3icbZDLSsNAFIYn9VbrLerSzWARXJWkKLoRKm50V8FeoAllMp20Q2cmYWZSKCHv4cZXceNCEVeCC9/GSZuFtv4w8PGfc5hz/iBmVGnH+bZKK6tr6xvlzcrW9s7unr1/0FZRIjFp4YhFshsgRRgVpKWpZqQbS4J4wEgnGN/k9c6ESEUj8aCnMfE5GgoaUoy0sfp2nUIvlAinHkd6JHk6yLJfrDPoTQiGCF7B6wL7dtWpOTPBZXALqIJCzb796Q0inHAiNGZIqZ7rxNpPkdQUM5JVvESRGOExGpKeQYE4UX46uy2DJ8YZwDCS5gkNZ+7viRRxpaY8MJ351mqxlpv/1XqJDi/9lIo40UTg+UdhwqCOYB4UHFBJsGZTAwhLanaFeIRMVNrEWTEhuIsnL0O7XnPPa879WbVxV8RRBkfgGJwCF1yABrgFTdACGDyCZ/AK3qwn68V6tz7mrSWrmDkEf2R9/QDhL6FF</latexit>

i
d

dt
~a = A~a

Quantum walk on G

State:  Amplitude av(t) to be at 
vertex v at time t

Dynamics:
<latexit sha1_base64="2buCbaWiTCPzXYoGfjB+Ujf2QL0=">AAACG3icbZDLSsNAFIYn9VbrLerSzWARXJWkKLoRCm4UXFSwF2hCmUwn7dCZSZiZFErIe7jxVdy4UMSV4MK3cdJmoa0/DHz85xzmnD+IGVXacb6t0srq2vpGebOytb2zu2fvH7RVlEhMWjhikewGSBFGBWlpqhnpxpIgHjDSCcbXeb0zIVLRSDzoaUx8joaChhQjbay+XafQCyXCqceRHkmeDrLsF+sMehOCIYJX8K7Avl11as5McBncAqqgULNvf3qDCCecCI0ZUqrnOrH2UyQ1xYxkFS9RJEZ4jIakZ1AgTpSfzm7L4IlxBjCMpHlCw5n7eyJFXKkpD0xnvrVarOXmf7VeosNLP6UiTjQReP5RmDCoI5gHBQdUEqzZ1ADCkppdIR4hE5U2cVZMCO7iycvQrtfc85pzf1Zt3BZxlMEROAanwAUXoAFuQBO0AAaP4Bm8gjfryXqx3q2PeWvJKmYOwR9ZXz/yKKFQ</latexit>

i
d

dt
~a = L~a

Random walk on G

State:  Probability pv(t) of being 
at vertex v at time t

Dynamics:
<latexit sha1_base64="/nosY9uMfuE2/xiP9st5v2vhri0=">AAACGXicbZDLSsNAFIYn9VbrLerSzWARXJVEFN0IBTcKLirYCzShTKaTdujMJMxMCiXkNdz4Km5cKOJSV76NkzaL2vrDwMd/zmHO+YOYUaUd58cqrayurW+UNytb2zu7e/b+QUtFicSkiSMWyU6AFGFUkKammpFOLAniASPtYHST19tjIhWNxKOexMTnaCBoSDHSxurZjhdKhFOPIz2UPO1n2RzrDHpjgmEMr+F9gT276tScqeAyuAVUQaFGz/7y+hFOOBEaM6RU13Vi7adIaooZySpeokiM8AgNSNegQJwoP51elsET4/RhGEnzhIZTd34iRVypCQ9MZ761Wqzl5n+1bqLDKz+lIk40EXj2UZgwqCOYxwT7VBKs2cQAwpKaXSEeIhOVNmFWTAju4snL0DqruRc15+G8Wr8r4iiDI3AMToELLkEd3IIGaAIMnsALeAPv1rP1an1Yn7PWklXMHII/sr5/Aeu1oNE=</latexit>

d

dt
~p = L~p



Exponential speedup

in out

[Childs, Cleve, Deotto, Farhi, Gutmann, Spielman 03]

Using polynomially many queries, a 
classical algorithm cannot distinguish the 
graph from an infinite binary tree rooted 
at in.

Problem: Given the label of in and an 
adjacency-list black box for the graph, 
find the label of out.

Quantum walk from       stays in the 
column subspace (uniform superpositions 
over vertices at fixed distance from in).

<latexit sha1_base64="Yc1iUM1GjdJSfgZ3smYskKudcVM=">AAACEnicbVC7TsMwFHXKq5RXoCOLRYXEVCUIAWMlFtiKRB9SE1WO67RWHTuyHaQo5C/YWeEX2BArP8Af8Bk4bQbaciRLR+e+jk8QM6q043xblbX1jc2t6nZtZ3dv/8A+POoqkUhMOlgwIfsBUoRRTjqaakb6sSQoChjpBdObot57JFJRwR90GhM/QmNOQ4qRNtLQrj95EdITGWWU555EfMzI0G44TWcGuErckjRAifbQ/vFGAicR4RozpNTAdWLtZ0hqihnJa16iSIzwFI3JwFCOIqL8bGY+h6dGGcFQSPO4hjP170SGIqXSKDCdhVO1XCvE/2qDRIfXvvlWnGjC8fxQmDCoBSySgCMqCdYsNQRhSY1XiCdIIqxNXgtXit1aCKZyE427HMQq6Z433cumc3/RaN2VIVXBMTgBZ8AFV6AFbkEbdAAGKXgBr+DNerberQ/rc95ascqZOliA9fULMEqfRg==</latexit>

|ini

This walk rapidly reaches a state with 
significant overlap on        . 

<latexit sha1_base64="Sw3fw/4pt7i121tcgSuxa+bdwa0=">AAACE3icbVDLSsNAFJ34rPUVHzs3wSK4KomIuiy40V0F+4AmlMl02g6dzISZG6HGfIZ7t/oL7sStH+Af+BlO2ixs64GBwzn3zj2cMOZMg+t+W0vLK6tr66WN8ubW9s6uvbff1DJRhDaI5FK1Q6wpZ4I2gAGn7VhRHIWctsLRde63HqjSTIp7GMc0iPBAsD4jGIzUtQ+f/AjDUEWpTCDzFRYDTrt2xa26EziLxCtIBRWod+0fvydJElEBhGOtO54bQ5BiBYxwmpX9RNMYkxEe0I6hAkdUB+kkfeacGKXn9KUyT4AzUf9upDjSehyFZjKPque9XPzP6yTQvwpSJuIEqCDTQ/2EOyCdvAqnxxQlwMeGYKKYyeqQIVaYgCls5kr+N0jJdWaq8eaLWCTNs6p3UXXvziu126KkEjpCx+gUeegS1dANqqMGIugRvaBX9GY9W+/Wh/U5HV2yip0DNAPr6xcs/p/R</latexit>

|outi



Discrete-time quantum walk

A walk with discrete time steps is a little harder to define.

Not unitary!On a path:                                            ?
<latexit sha1_base64="x8cbjUesy+eCXUulssBQ+ZZlcno="></latexit>

|xi 7! 1p
2

�
|x� 1i+ |x+ 1i

�

Solution: Introduce another register (“coin”) that remembers the previous position
(reduces the potential for interference, but only slightly)

Szegedy walk: For a stochastic transition matrix P,

v u

Puv

[Szegedy 05]

• Reflect about

where

<latexit sha1_base64="JZzMkijTZxo9XNF55Un6kzDVeZ8=">AAACKHicbVC7TsMwFHV4lvIKMLJYVEiwVAlCgJgqscBWJPqQmihyXLe16tiR7VSqQr6B/2BnhV9gQ12Z+AycNgNtOZKlo3Puw/eEMaNKO87EWlldW9/YLG2Vt3d29/btg8OmEonEpIEFE7IdIkUY5aShqWakHUuCopCRVji8y/3WiEhFBX/S45j4Eepz2qMYaSMF9rkXIT2QUapixDMvffZiRYORJxHvMwJv4Qh6lMOmlwV2xak6U8Bl4hakAgrUA/vH6wqcRIRrzJBSHdeJtZ8iqSlmJCt7iSIxwkPUJx1DOYqI8tPpSRk8NUoX9oQ0j2s4Vf92pChSahyFpjI/QC16ufif10l078ZPKY8TTTieLeolDGoB83xgl0qCNRsbgrCk5q8QD5BEWJsU57bks7UQTOXRuItBLJPmRdW9qjqPl5XaQxFSCRyDE3AGXHANauAe1EEDYPAC3sA7+LBerU/ry5rMSlesoucIzMH6/gXXfKfj</latexit>

span{| vi : v 2 V }
<latexit sha1_base64="GRut6IMBEiQI2oiQ1VUbpPwXyLg="></latexit>

| vi :=
X

u2V

p
Puv|v, ui

• Swap the edge direction:
<latexit sha1_base64="Q9P++pKpGAOm38AeA+GYC95c36Q="></latexit>

S :=
X

u,v2V

|u, vihv, u|



Quantum walk search

Problem: Given a graph G = (V, E) with a subset             of marked vertices. Using 
an oracle that tells whether a vertex is marked, determine whether M is empty.

<latexit sha1_base64="he4OCX85kIFws2P6FdFVBlISLXw=">AAACCnicbVC7SgNBFJ31GeMramkzGASrsCuilgEbLYQI5gHJEmYnN8mQ2Z3NzF0hLPkDe1v9BTux9Sf8Az/DSbKFSTxw4XDOfXGCWAqDrvvtrKyurW9s5rby2zu7e/uFg8OaUYnmUOVKKt0ImAEpIqiiQAmNWAMLAwn1YHAz8etPoI1Q0SOOYvBD1otEV3CGVvLvacskgQGEIa21C0W35E5Bl4mXkSLJUGkXflodxZMQIuSSGdP03Bj9lGkUXMI430oMxIwPWA+alkYsBOOn06fH9NQqHdpV2laEdKr+nUhZaMwoDGxnyLBvFr2J+J/XTLB77aciihOEiM8OdRNJUdFJArQjNHCUI0sY18L+SnmfacbR5jR3ZbIblZJmbKPxFoNYJrXzkndZch8uiuW7LKQcOSYn5Ix45IqUyS2pkCrhZEheyCt5c56dd+fD+Zy1rjjZzBGZg/P1C0s7m38=</latexit>

M ✓ V

Classical strategy:
Time to hit a marked vertex is              , where

<latexit sha1_base64="Hr+A1DSxXfwBTPwXqTnrxR2mMfE=">AAACEnicbVC7TgJBFJ3FF+ILpbTZSEywwV1j1JLERisxESFhN2R2uMCE2ZnNzF0TQvgLe1v9BTtj6w/4B36Gw6MQ8CQ3OTnnvnKiRHCDnvftZFZW19Y3spu5re2d3b38/sGjUalmUGNKKN2IqAHBJdSQo4BGooHGkYB61L8e+/Un0IYr+YCDBMKYdiXvcEbRSq184a7knwZtEEgDSAwXSp608kWv7E3gLhN/Ropkhmor/xO0FUtjkMgENabpewmGQ6qRMwGjXJAaSCjr0y40LZU0BhMOJ8+P3GOrtN2O0rYkuhP178SQxsYM4sh2xhR7ZtEbi/95zRQ7V+GQyyRFkGx6qJMKF5U7TsJtcw0MxcASyjS3v7qsRzVlaPOauzLejUoJM7LR+ItBLJPHs7J/Ufbuz4uV21lIWXJIjkiJ+OSSVMgNqZIaYWRAXsgreXOenXfnw/mctmac2UyBzMH5+gUQrp39</latexit>

O(1/�✏)
<latexit sha1_base64="aInAwl5m2URykl4J/jm5+wYVyJQ=">AAACEXicbVDLSsNAFJ3UV62vWJduBovgqiYi6kYouNGFUME+oA1lMp20QyczYWYilqRf4d6t/oI7cesX+Ad+hpM2C1s9cOFwzn1x/IhRpR3nyyosLa+srhXXSxubW9s79m65qUQsMWlgwYRs+0gRRjlpaKoZaUeSoNBnpOWPrjK/9UCkooLf63FEvBANOA0oRtpIPbvcJZGiTHB4CdPb9Dhtpj274lSdKeBf4uakAnLUe/Z3ty9wHBKuMUNKdVwn0l6CpKaYkUmpGysSITxCA9IxlKOQKC+Z/j6Bh0bpw0BIU1zDqfp7IkGhUuPQN50h0kO16GXif14n1sGFl1AexZpwPDsUxAxqAbMgYJ9KgjUbG4KwpOZXiIdIIqxNXHNXst1aCKYmJhp3MYi/pHlSdc+qzt1ppXaTh1QE++AAHAEXnIMauAZ10AAYPIJn8AJerSfrzXq3PmatBSuf2QNzsD5/AK2cncw=</latexit>

✏ = |M |/|V |   = spectral gap of walk
<latexit sha1_base64="Pwb9fLctHpxGGV+NBh6t1wFVYQo=">AAACA3icbVDLSgMxFM34rPVVdekmWARXZUZEXRbc6K6CfUA7lEwm08ZmkiG5I5ShS/du9RfciVs/xD/wM8y0s7CtBwKHc+4rJ0gEN+C6387K6tr6xmZpq7y9s7u3Xzk4bBmVasqaVAmlOwExTHDJmsBBsE6iGYkDwdrB6Cb3209MG67kA4wT5sdkIHnEKQErtXohE0D6lapbc6fAy8QrSBUVaPQrP71Q0TRmEqggxnQ9NwE/Ixo4FWxS7qWGJYSOyIB1LZUkZsbPptdO8KlVQhwpbZ8EPFX/dmQkNmYcB7YyJjA0i14u/ud1U4iu/YzLJAUm6WxRlAoMCudfxyHXjIIYW0Ko5vZWTIdEEwo2oLkt+WxQSpiJjcZbDGKZtM5r3mXNvb+o1u+KkEroGJ2gM+ShK1RHt6iBmoiiR/SCXtGb8+y8Ox/O56x0xSl6jtAcnK9fj16Y9A==</latexit>

�

Take a random walk until we reach a marked vertex.

(second-largest magnitude of an eigenvalue of transition matrix is         )
<latexit sha1_base64="3OBZV3Uoe9D9v2ICh1buABNuOwM=">AAACBXicdVDLSgMxFM3UV62vqks3wSK4cZgRX8uiG5cV7APaoWQymTY0kwzJHaGUrt271V9wJ279Dv/AzzDTVrA+LoQczrnPE6aCG/C8d6ewsLi0vFJcLa2tb2xulbd3GkZlmrI6VULpVkgME1yyOnAQrJVqRpJQsGY4uMr15h3Thit5C8OUBQnpSR5zSsBSLf+oEzEBpFuueO6plwf+DXx38nsVNItat/zRiRTNEiaBCmJM2/dSCEZEA6eCjUudzLCU0AHpsbaFkiTMBKPJvmN8YJkIx0rbJwFP2O8VI5IYM0xCm5kQ6JufWk7+pbUziC+CEZdpBkzS6aA4ExgUzo/HEdeMghhaQKjmdldM+0QTCtaiuSl5b1BKmLG15ut+/D9oHLv+mevdnFSqlzOTimgP7aND5KNzVEXXqIbqiCKBHtAjenLunWfnxXmdphacWc0umgvn7ROHcplu</latexit>

1� �

Quantum strategy:

<latexit sha1_base64="LbtEkWtT6T6xl8Eu30NN8824Eos="></latexit>

| i /
P

x/2M | xiPerform phase estimation on

Consider the Szegedization of the absorbing walk that remains 
at a marked vertex

This state is invariant if               and lives in eigenspaces with 
phase              if              , so                  steps of the walk 
suffice to determine whether             .

<latexit sha1_base64="AnCFfu4FA2EmQwLVvBK4qahRGOE=">AAACAnicbVDLSsNAFJ3UV62vqks3g0VwVRIRdSMU3OhCqGDaQhvKZDpph04yYeZGKGl37t3qL7gTt/6If+BnOGmzsK0HBg7n3NccPxZcg21/W4WV1bX1jeJmaWt7Z3evvH/Q0DJRlLlUCqlaPtFM8Ii5wEGwVqwYCX3Bmv7wJvObT0xpLqNHGMXMC0k/4gGnBIzkju/H13a3XLGr9hR4mTg5qaAc9W75p9OTNAlZBFQQrduOHYOXEgWcCjYpdRLNYkKHpM/ahkYkZNpLp8dO8IlRejiQyrwI8FT925GSUOtR6JvKkMBAL3qZ+J/XTiC48lIexQmwiM4WBYnAIHH2c9zjilEQI0MIVdzciumAKELB5DO3JZsNUgo9MdE4i0Esk8ZZ1bmo2g/nldpdHlIRHaFjdIocdIlq6BbVkYso4ugFvaI369l6tz6sz1lpwcp7DtEcrK9fSDqYNg==</latexit>

|M | = 0
<latexit sha1_base64="zqlOBZyXqL/zmPEREeZp4d3COpY=">AAACBXicbVDLSgMxFM34rPVVdekmWARXZUZEXRbc6EKoYB/QDiWTZtrQTDIkd4Qy7dq9W/0Fd+LW7/AP/Awz7Sxs64HA4Zz7ygliwQ247rezsrq2vrFZ2Cpu7+zu7ZcODhtGJZqyOlVC6VZADBNcsjpwEKwVa0aiQLBmMLzJ/OYT04Yr+QijmPkR6UseckrASq3x/bgjGXa7pbJbcafAy8TLSRnlqHVLP52eoknEJFBBjGl7bgx+SjRwKtik2EkMiwkdkj5rWypJxIyfTu+d4FOr9HCotH0S8FT925GSyJhRFNjKiMDALHqZ+J/XTiC89lMu4wSYpLNFYSIwKJx9Hve4ZhTEyBJCNbe3YjogmlCwEc1tyWaDUsJMbDTeYhDLpHFe8S4r7sNFuXqXh1RAx+gEnSEPXaEqukU1VEcUCfSCXtGb8+y8Ox/O56x0xcl7jtAcnK9fdW6ZZg==</latexit>

|M | 6= 0
<latexit sha1_base64="hSNpJgaYfWXmj/chpcZtk+wSrMM=">AAACGnicbVC7TgMxEPSFV3gfUNJYREihCXcIAWUkGqgIEgGkXBT5nA1Y8dmHvYcUnVLwH/S08At0iJaGP+AzcB4FEEZaaTSz6/VOnEphMQg+vcLU9MzsXHF+YXFpeWXVX1u/tDozHOpcS22uY2ZBCgV1FCjhOjXAkljCVdw9HvhX92Cs0OoCeyk0E3ajREdwhk5q+Ztn5XA3sncG86gNEhmNILVCatXfafmloBIMQSdJOCYlMkat5X9Fbc2zBBRyyaxthEGKzZwZFFxCfyHKLKSMd9kNNBxVLAHbzIdH9Om2U9q0o40rhXSo/pzIWWJtL4ldZ8Lw1v71BuJ/XiPDzlEzFyrNEBQfLepkkqKmg0RoWxjgKHuOMG6E+yvlt8wwji63X1sGb6PW0vZdNOHfICbJ5V4lPKgE5/ul6uk4pCLZJFukTEJySKrkhNRInXDyQJ7IM3nxHr1X7817H7UWvPHMBvkF7+Mbr/+hiw==</latexit>

O(1/
p
�✏)

<latexit sha1_base64="0SLgRKK3q63Tvjp6eE/MB3d9GQE=">AAACHnicbVDLSgMxFM3Ud32NunRhsAi6KTMi6rLgRlcq2FbolJJJb2swk4zJHaEMXfof7t3qL7gTt/oHfobpY2HVAxcO59ybm3viVAqLQfDpFaamZ2bn5heKi0vLK6v+2nrN6sxwqHIttbmOmQUpFFRRoITr1ABLYgn1+PZk4NfvwVih1RX2UmgmrKtER3CGTmr5W9F5Al22G9k7g3nUBomMRpBaIbXq79GWXwrKwRD0LwnHpETGuGj5X1Fb8ywBhVwyaxthkGIzZwYFl9AvRpmFlPFb1oWGo4olYJv58JA+3XFKm3a0caWQDtWfEzlLrO0lsetMGN7Y395A/M9rZNg5buZCpRmC4qNFnUxS1HSQCm0LAxxlzxHGjXB/pfyGGcbRZTexZfA2ai1t30UT/g7iL6ntl8PDcnB5UKqcjUOaJ5tkm+ySkByRCjklF6RKOHkgT+SZvHiP3qv35r2PWgveeGaDTMD7+AY5WKNp</latexit>

⌦(
p
�✏)

<latexit sha1_base64="AnCFfu4FA2EmQwLVvBK4qahRGOE=">AAACAnicbVDLSsNAFJ3UV62vqks3g0VwVRIRdSMU3OhCqGDaQhvKZDpph04yYeZGKGl37t3qL7gTt/6If+BnOGmzsK0HBg7n3NccPxZcg21/W4WV1bX1jeJmaWt7Z3evvH/Q0DJRlLlUCqlaPtFM8Ii5wEGwVqwYCX3Bmv7wJvObT0xpLqNHGMXMC0k/4gGnBIzkju/H13a3XLGr9hR4mTg5qaAc9W75p9OTNAlZBFQQrduOHYOXEgWcCjYpdRLNYkKHpM/ahkYkZNpLp8dO8IlRejiQyrwI8FT925GSUOtR6JvKkMBAL3qZ+J/XTiC48lIexQmwiM4WBYnAIHH2c9zjilEQI0MIVdzciumAKELB5DO3JZsNUgo9MdE4i0Esk8ZZ1bmo2g/nldpdHlIRHaFjdIocdIlq6BbVkYso4ugFvaI369l6tz6sz1lpwcp7DtEcrK9fSDqYNg==</latexit>

|M | = 0



Quantum walk search: examples

This provides a powerful, general tool for search problems

Unstructured search: G = complete graph on N vertices

Classical: O(N)

<latexit sha1_base64="G9Iq4lPn4XaXd9ApAiHZ/lzjBNQ=">AAACEXicbVC7SgNBFJ2NrxhfayxtBoMQm7ArojZCwEa7CHlBEsLs5CYZMruzzNwVQ8hX2NvqL9iJrV/gH/gZTh6FSTxw4XDOfXGCWAqDnvftpNbWNza30tuZnd29/QP3MFs1KtEcKlxJpesBMyBFBBUUKKEea2BhIKEWDG4nfu0RtBEqKuMwhlbIepHoCs7QSm032+yAREZvaLPcB2R5/6zt5ryCNwVdJf6c5Mgcpbb70+wonoQQIZfMmIbvxdgaMY2CSxhnmomBmPEB60HD0oiFYFqj6e9jemqVDu0qbStCOlX/ToxYaMwwDGxnyLBvlr2J+J/XSLB73RqJKE4QIj471E0kRUUnQdCO0MBRDi1hXAv7K+V9phlHG9fClcluVEqasY3GXw5ilVTPC/5lwXu4yBXv5yGlyTE5IXnikytSJHekRCqEkyfyQl7Jm/PsvDsfzuesNeXMZ47IApyvX0WznO4=</latexit>

� = ⇥(1)
<latexit sha1_base64="fOEovPb1yxGddxcZj+5RgBk9KfI=">AAACC3icbVDLSgMxFM3UV62vqks3wSK4qjMi6kYouNGNVLAPaMeSSe+0oZlkSDJCGfoJ7t3qL7gTt36Ef+BnmGm7sK0HLhzOuS9OEHOmjet+O7ml5ZXVtfx6YWNza3unuLtX1zJRFGpUcqmaAdHAmYCaYYZDM1ZAooBDIxhcZ37jCZRmUjyYYQx+RHqChYwSY6XHNsSacSnwFfZO7jrFklt2x8CLxJuSEpqi2in+tLuSJhEIQznRuuW5sfFTogyjHEaFdqIhJnRAetCyVJAItJ+Ovx7hI6t0cSiVLWHwWP07kZJI62EU2M6ImL6e9zLxP6+VmPDST5mIEwOCTg6FCcdG4iwC3GUKqOFDSwhVzP6KaZ8oQo0NauZKtttIyfXIRuPNB7FI6qdl77zs3p+VKrfTkPLoAB2iY+ShC1RBN6iKaogihV7QK3pznp1358P5nLTmnOnMPpqB8/ULM1GbXw==</latexit>

✏ = 1/N

Quantum:
<latexit sha1_base64="K18XbydJsA0tPVKYdx3AYnfVI/Y=">AAACB3icbVDLTgIxFO3gC/GFunTTSExwQ2aMUZckbnSjmMgjAiGdUqCh047tHRMy4QPcu9VfcGfc+hn+gZ9hB2Yh4EmanJxzXz1+KLgB1/12MkvLK6tr2fXcxubW9k5+d69mVKQpq1IllG74xDDBJasCB8EaoWYk8AWr+8PLxK8/MW24kvcwClk7IH3Je5wSsNLDbbFlHjXgm+NOvuCW3AnwIvFSUkApKp38T6uraBQwCVQQY5qeG0I7Jho4FWyca0WGhYQOSZ81LZUkYKYdTy4e4yOrdHFPafsk4In6tyMmgTGjwLeVAYGBmfcS8T+vGUHvoh1zGUbAJJ0u6kUCg8LJ93GXa0ZBjCwhVHN7K6YDogkFG9LMlmQ2KCXM2EbjzQexSGonJe+s5N6dFsrXaUhZdIAOURF56ByV0RWqoCqiSKIX9IrenGfn3flwPqelGSft2UczcL5+AXbRmeo=</latexit>

O(
p
N)

Element distinctness: [Ambainis 04]

Given                   , are there distinct                 with                    ?
<latexit sha1_base64="jNLoVvSQZrEJvZ3atLMv/rwi3ik=">AAACCHicbVDLSgMxFL3js9ZX1aWbYBFcSJkRUZcFN7qRCvYB06Fk0kwbmkmGJCOW0h9w71Z/wZ249S/8Az/DTDsL23ogcDjnvnLChDNtXPfbWVpeWV1bL2wUN7e2d3ZLe/sNLVNFaJ1ILlUrxJpyJmjdMMNpK1EUxyGnzXBwnfnNR6o0k+LBDBMaxLgnWMQINlbyn06HqM0E8u+CTqnsVtwJ0CLxclKGHLVO6afdlSSNqTCEY619z01MMMLKMMLpuNhONU0wGeAe9S0VOKY6GE1OHqNjq3RRJJV9wqCJ+rdjhGOth3FoK2Ns+nrey8T/PD810VUwYiJJDRVkuihKOTISZf9HXaYoMXxoCSaK2VsR6WOFibEpzWzJZhspuR7baLz5IBZJ46ziXVTc+/Ny9TYPqQCHcAQn4MElVOEGalAHAhJe4BXenGfn3flwPqelS07ecwAzcL5+ATvxmlY=</latexit>

x, y 2 [N ]
<latexit sha1_base64="Y59bPBjfvAZXxLJDUwgvATxxHF0=">AAACEXicbVC7TsMwFHXKq5RXKCOLRYXEVCUIAWMlFlhQQfQhJVHluE5r1bEj20FUUb+CnRV+gQ2x8gX8AZ+B02agLUeydHTOffmECaNKO863VVpZXVvfKG9WtrZ3dvfs/WpbiVRi0sKCCdkNkSKMctLSVDPSTSRBcchIJxxd5X7nkUhFBX/Q44QEMRpwGlGMtJF6djWCfj6FQ+82gL4W8L5n15y6MwVcJm5BaqBAs2f/+H2B05hwjRlSynOdRAcZkppiRiYVP1UkQXiEBsQzlKOYqCCb3j6Bx0bpw0hI87iGU/VvR4ZipcZxaCpjpIdq0cvF/zwv1dFlkFGepJpwPFsUpQyaL+ZBwD6VBGs2NgRhSc2tEA+RRFibuOa25LO1EExNTDTuYhDLpH1ad8/rzt1ZrXFThFQGh+AInAAXXIAGuAZN0AIYPIEX8ArerGfr3fqwPmelJavoOQBzsL5+AablnSs=</latexit>

f : [N ] ! R
<latexit sha1_base64="+Gt16vccZ0rVOlvBmFF8S9H/1Uc=">AAACBnicbVDLSgMxFM3UV62vqks3wSK0mzIjom6EghvdVbAPaYeSSTNtaB5DkhGH0r17t/oL7sStv+Ef+Blm2lnY1gOBwzn3lRNEjGrjut9ObmV1bX0jv1nY2t7Z3SvuHzS1jBUmDSyZVO0AacKoIA1DDSPtSBHEA0Zaweg69VuPRGkqxb1JIuJzNBA0pBgZKz2E5afKVVhOKr1iya26U8Bl4mWkBDLUe8Wfbl/imBNhMENadzw3Mv4YKUMxI5NCN9YkQniEBqRjqUCcaH88PXgCT6zSh6FU9gkDp+rfjjHiWic8sJUcmaFe9FLxP68Tm/DSH1MRxYYIPFsUxgwaCdPfwz5VBBuWWIKwovZWiIdIIWxsRnNb0tlGSqYnNhpvMYhl0jyteudV9+6sVLvNQsqDI3AMysADF6AGbkAdNAAGHLyAV/DmPDvvzofzOSvNOVnPIZiD8/ULWfiZSA==</latexit>

f(x) = f(y)
<latexit sha1_base64="8eGFl+i1qrpUKbnib4i1v1+mu/c=">AAACFHicdVDLSsNAFJ3UV62vqrhyM1gEFyUk4gtBKLpxVSrYBzShTCbTdugkE2ZuhBL6G+7d6i+4E7fu/QM/w6StYH0cGOZwzr1z7xwvElyDZb0bubn5hcWl/HJhZXVtfaO4udXQMlaU1akUUrU8opngIasDB8FakWIk8ARreoOrzG/eMaW5DG9hGDE3IL2QdzklkEqd4k676uLzC+wkdtkRvgRdrjqjTrFkmcdWBvyb2Ob4tkpoilqn+OH4ksYBC4EKonXbtiJwE6KAU8FGBSfWLCJ0QHqsndKQBEy7yXj9Ed5PFR93pUpPCHisfu9ISKD1MPDSyoBAX//0MvEvrx1D98xNeBjFwEI6GdSNBQaJsyywzxWjIIYpIVTxdFdM+0QRCmliM1Oyt0FKobNovv6P/yeNQ9M+Ma2bo1LlchpSHu2iPXSAbHSKKuga1VAdUZSgB/SInox749l4MV4npTlj2rONZmC8fQKGUp4j</latexit>

[N ] := {1, . . . , N}

Classical:
<latexit sha1_base64="1NIbZ8FCSIV00jBLAiBIaNUeLR4=">AAACBnicbVDLSgMxFL3js9ZX1aWbYBHqpsyIqMuCG91oBfuQdiiZNNOGJpMhyQildO/erf6CO3Hrb/gHfoaZdha29UDgcM595QQxZ9q47reztLyyurae28hvbm3v7Bb29utaJorQGpFcqmaANeUsojXDDKfNWFEsAk4bweAq9RtPVGkmowczjKkvcC9iISPYWOmxfSdoD5duTzqFolt2J0CLxMtIETJUO4WfdleSRNDIEI61bnlubPwRVoYRTsf5dqJpjMkA92jL0ggLqv3R5OAxOrZKF4VS2RcZNFH/doyw0HooAlspsOnreS8V//NaiQkv/RGL4sTQiEwXhQlHRqL096jLFCWGDy3BRDF7KyJ9rDAxNqOZLelsIyXXYxuNNx/EIqmflr3zsnt/VqzcZCHl4BCOoAQeXEAFrqEKNSAg4AVe4c15dt6dD+dzWrrkZD0HMAPn6xfPYZmQ</latexit>

⌦(N)

store function values associated with the K inputs
<latexit sha1_base64="6lRz8iokLgeK8vG1E23TJIhcSls=">AAACE3icbVBJSgNBFK2OU4xTHHZuCoMQN7FbRN0IATeKCyOYAZIQqis/SZHqrqbqtxBDjuHerV7Bnbj1AN7AY1gZFibxwYfHe3/i+ZEUBl3320ksLC4tryRXU2vrG5tb6e2dklGx5lDkSipd8ZkBKUIookAJlUgDC3wJZb97NfTLj6CNUOED9iKoB6wdipbgDK3USO/VmiCR0UtauwugzbLe8e1RI51xc+4IdJ54E5IhExQa6Z9aU/E4gBC5ZMZUPTfCep9pFFzCIFWLDUSMd1kbqpaGLABT74++H9BDqzRpS2lbIdKR+neizwJjeoFvOwOGHTPrDcX/vGqMrYt6X4RRjBDy8aFWLCkqOoyCNoUGjrJnCeNa2F8p7zDNONrApq4Md6NS0gxsNN5sEPOkdJLzznLu/WkmfzMJKUn2yQHJEo+ckzy5JgVSJJw8kRfySt6cZ+fd+XA+x60JZzKzS6bgfP0CSj6dbw==</latexit>

� = ⌦(1/K)
<latexit sha1_base64="1hFjhg0liCVNl7tnBuWYTGPML+w=">AAACGXicbVDLSgMxFM3UV62vqjvdBIvQbupMEXUjFNwoglawD2hryaS3bWgmGZKMUErB/3DvVn/Bnbh15R/4GaaPhW09cOFwzr25uccPOdPGdb+d2MLi0vJKfDWxtr6xuZXc3ilpGSkKRSq5VBWfaOBMQNEww6ESKiCBz6Hsdy+GfvkRlGZS3JteCPWAtAVrMUqMlRrJvRqEmnEp8Dmu3QbQJun09dFN5iGXaSRTbtYdAc8Tb0JSaIJCI/lTa0oaBSAM5UTrqueGpt4nyjDKYZCoRRpCQrukDVVLBQlA1/ujGwb40CpN3JLKljB4pP6d6JNA617g286AmI6e9Ybif141Mq2zep+JMDIg6HhRK+LYSDwMBDeZAmp4zxJCFbN/xbRDFKHGxja1Zfi2kZLrgY3Gmw1inpRyWe8k694dp/JXk5DiaB8doDTy0CnKo0tUQEVE0RN6Qa/ozXl23p0P53PcGnMmM7toCs7XL3IRn5k=</latexit>

✏ = ⌦((K/N)2)

complexity                    , optimized with
<latexit sha1_base64="IXZztJwOuO9tN3m7RJ0RuLpfeGw=">AAACC3icbVDLSsNAFJ34rPVVdelmsAiCUBMRdVlwoxSkgn1AG8tkOmmHTmbizI1QQj/BvVv9BXfi1o/wD/wMkzYL23rgwuGc++J4oeAGbPvbWlhcWl5Zza3l1zc2t7YLO7t1oyJNWY0qoXTTI4YJLlkNOAjWDDUjgSdYwxtcpX7jiWnDlbyHYcjcgPQk9zklkEgPFXyMb0/a5lFDXBl1CkW7ZI+B54mTkSLKUO0UftpdRaOASaCCGNNy7BDcmGjgVLBRvh0ZFhI6ID3WSqgkATNuPP56hA8TpYt9pZOSgMfq34mYBMYMAy/pDAj0zayXiv95rQj8SzfmMoyASTo55EcCg8JpBLjLNaMghgkhVPPkV0z7RBMKSVBTV9LdoJQwaTTObBDzpH5acs5L9t1ZsXyThZRD++gAHSEHXaAyukZVVEMUafSCXtGb9Wy9Wx/W56R1wcpm9tAUrK9fVRSbeg==</latexit>

K +N/
p
K

<latexit sha1_base64="mn+4in1LemO+67mwrgIDPjMcN9w=">AAACCHicbVDLSgMxFL3js9ZX1aWbYBFc1Zkq6kYouFEEqWAfMB1LJk3b0EwyJBmhDP0B9271F9yJW//CP/AznGlnYVsPBA7n3FeOH3KmjW1/WwuLS8srq7m1/PrG5tZ2YWe3rmWkCK0RyaVq+lhTzgStGWY4bYaK4sDntOEPrlK/8USVZlI8mGFIvQD3BOsygk0iubfoEt09xuXjk1G7ULRL9hhonjgZKUKGarvw0+pIEgVUGMKx1q5jh8aLsTKMcDrKtyJNQ0wGuEfdhAocUO3F45NH6DBROqgrVfKEQWP1b0eMA62HgZ9UBtj09ayXiv95bmS6F17MRBgZKshkUTfiyEiU/h91mKLE8GFCMFEsuRWRPlaYmCSlqS3pbCMl12k0zmwQ86ReLjlnJfv+tFi5yULKwT4cwBE4cA4VuIYq1ICAhBd4hTfr2Xq3PqzPSemClfXswRSsr19HBJnA</latexit>

K = N2/3

Quantum:
vertices =        , edges between K-tuples that differ in one coordinate

<latexit sha1_base64="TNSz03I5DnjdInEdMwyYqNrcPes=">AAACAnicbVDLSsNAFJ34rPVVdelmsAiuSiKiLgtuFEEqmLaQxjKZTtqhk0yYuRFK6M69W/0Fd+LWH/EP/AwnbRa29cDA4Zz7mhMkgmuw7W9raXlldW29tFHe3Nre2a3s7Te1TBVlLpVCqnZANBM8Zi5wEKydKEaiQLBWMLzK/dYTU5rL+AFGCfMj0o95yCkBI7nenf94261U7Zo9AV4kTkGqqECjW/np9CRNIxYDFURrz7ET8DOigFPBxuVOqllC6JD0mWdoTCKm/Wxy7BgfG6WHQ6nMiwFP1L8dGYm0HkWBqYwIDPS8l4v/eV4K4aWf8ThJgcV0uihMBQaJ85/jHleMghgZQqji5lZMB0QRCiafmS35bJBS6LGJxpkPYpE0T2vOec2+P6vWb4qQSugQHaET5KALVEfXqIFcRBFHL+gVvVnP1rv1YX1OS5esoucAzcD6+gVCzpgz</latexit>

[N ]K
Consider walk on Hamming graph H(N, K)



3. Hamiltonian simulation



Simulating Hamiltonian dynamics
“… nature isn’t classical, dammit, 
and if you want to make a 
simulation of nature, you’d better 
make it quantum mechanical, and 
by golly it’s a wonderful problem, 
because it doesn’t look so easy.”


Richard Feynman (1981)

Simulating physics with computers

Quantum simulation problem: Given a 
description of the Hamiltonian H, an 
evolution time t, and an initial state          , 
produce the final state          (to within 
some error tolerance ²)

| (0)i
| (t)i

A classical computer cannot even represent 
the state efficiently.

A quantum computer cannot produce a 
complete description of the state.

But given succinct descriptions of

• the initial state (suitable for a quantum 

computer to prepare it efficiently) and

• a final measurement (say, measurements 

of the individual qubits in some basis),

a quantum computer can efficiently answer 
questions that (apparently) a classical one 
cannot. Simulation is BQP-complete!



Computational quantum physics

nuclear/particle 
physics

quantum chemistry 
(e.g., nitrogen fixation)

condensed matter physics/

properties of materials



Implementing quantum algorithms

exponential 
speedup by 

quantum walk

evaluating 
Boolean 
formulas

linear/
differential 
equations, 

convex 
optimization

A|xi = |bi
<latexit sha1_base64="UZquBLbDnvctkzW62snnlDeNraM=">AAAB/nicbZDNSsNAFIVv6l+tf1HBjZvBIrgqiQjqQqi4cVnF2EIbymQ6aYdOJmFmIpa0C1/FjQsVtz6HO9/GaZuFth4Y+Dj3Xu6dEyScKe0431ZhYXFpeaW4Wlpb39jcsrd37lWcSkI9EvNYNgKsKGeCepppThuJpDgKOK0H/atxvf5ApWKxuNODhPoR7goWMoK1sdr23uXwsSWx6HKKLtAwyLltl52KMxGaBzeHMuSqte2vVicmaUSFJhwr1XSdRPsZlpoRTkelVqpogkkfd2nToMARVX42uX+EDo3TQWEszRMaTdzfExmOlBpEgemMsO6p2drY/K/WTHV45mdMJKmmgkwXhSlHOkbjMFCHSUo0HxjARDJzKyI9LDHRJrKSCcGd/fI8eMeV84p7c1Ku3uZpFGEfDuAIXDiFKlxDDTwgMIRneIU368l6sd6tj2lrwcpnduGPrM8f63WVpQ==</latexit><latexit sha1_base64="UZquBLbDnvctkzW62snnlDeNraM=">AAAB/nicbZDNSsNAFIVv6l+tf1HBjZvBIrgqiQjqQqi4cVnF2EIbymQ6aYdOJmFmIpa0C1/FjQsVtz6HO9/GaZuFth4Y+Dj3Xu6dEyScKe0431ZhYXFpeaW4Wlpb39jcsrd37lWcSkI9EvNYNgKsKGeCepppThuJpDgKOK0H/atxvf5ApWKxuNODhPoR7goWMoK1sdr23uXwsSWx6HKKLtAwyLltl52KMxGaBzeHMuSqte2vVicmaUSFJhwr1XSdRPsZlpoRTkelVqpogkkfd2nToMARVX42uX+EDo3TQWEszRMaTdzfExmOlBpEgemMsO6p2drY/K/WTHV45mdMJKmmgkwXhSlHOkbjMFCHSUo0HxjARDJzKyI9LDHRJrKSCcGd/fI8eMeV84p7c1Ku3uZpFGEfDuAIXDiFKlxDDTwgMIRneIU368l6sd6tj2lrwcpnduGPrM8f63WVpQ==</latexit><latexit sha1_base64="UZquBLbDnvctkzW62snnlDeNraM=">AAAB/nicbZDNSsNAFIVv6l+tf1HBjZvBIrgqiQjqQqi4cVnF2EIbymQ6aYdOJmFmIpa0C1/FjQsVtz6HO9/GaZuFth4Y+Dj3Xu6dEyScKe0431ZhYXFpeaW4Wlpb39jcsrd37lWcSkI9EvNYNgKsKGeCepppThuJpDgKOK0H/atxvf5ApWKxuNODhPoR7goWMoK1sdr23uXwsSWx6HKKLtAwyLltl52KMxGaBzeHMuSqte2vVicmaUSFJhwr1XSdRPsZlpoRTkelVqpogkkfd2nToMARVX42uX+EDo3TQWEszRMaTdzfExmOlBpEgemMsO6p2drY/K/WTHV45mdMJKmmgkwXhSlHOkbjMFCHSUo0HxjARDJzKyI9LDHRJrKSCcGd/fI8eMeV84p7c1Ku3uZpFGEfDuAIXDiFKlxDDTwgMIRneIU368l6sd6tj2lrwcpnduGPrM8f63WVpQ==</latexit><latexit sha1_base64="UZquBLbDnvctkzW62snnlDeNraM=">AAAB/nicbZDNSsNAFIVv6l+tf1HBjZvBIrgqiQjqQqi4cVnF2EIbymQ6aYdOJmFmIpa0C1/FjQsVtz6HO9/GaZuFth4Y+Dj3Xu6dEyScKe0431ZhYXFpeaW4Wlpb39jcsrd37lWcSkI9EvNYNgKsKGeCepppThuJpDgKOK0H/atxvf5ApWKxuNODhPoR7goWMoK1sdr23uXwsSWx6HKKLtAwyLltl52KMxGaBzeHMuSqte2vVicmaUSFJhwr1XSdRPsZlpoRTkelVqpogkkfd2nToMARVX42uX+EDo3TQWEszRMaTdzfExmOlBpEgemMsO6p2drY/K/WTHV45mdMJKmmgkwXhSlHOkbjMFCHSUo0HxjARDJzKyI9LDHRJrKSCcGd/fI8eMeV84p7c1Ku3uZpFGEfDuAIXDiFKlxDDTwgMIRneIU368l6sd6tj2lrwcpnduGPrM8f63WVpQ==</latexit>

adiabatic 
optimization

H̃(0)

H̃(1)

H̃(s)



Product formulas

Combine individual simulations with the Lie 
product formula.  E.g., with two terms:

lim
r!1

�
e�iAt/re�iBt/r

�r
= e�i(A+B)t

�
e
�iAt/r

e
�iBt/r

�r
= e

�i(A+B)t +O(t2/r)

[Lloyd 96]

To ensure error at most ², take                              
r = O

�
(kHkt)2/✏

�

To get a better approximation, use higher-order 
formulas.

E.g., second order:

(e�iAt/2r
e
�iBt

e
�iAt/2r)r = e

�i(A+B)t

+O(t3/r2)

Suppose we want to simulate H =
LX

`=1

H`

[Berry, Ahokas, Cleve, Sanders 07]

Systematic expansions to arbitrary order are 
known [Suzuki 92]

Using the 2kth order expansion, the number of 
exponentials required for an approximation 
with error at most ² is at most

52kL2kHkt
⇣

LkHkt
✏

⌘1/2k
Gives simulation of d-sparse Hamiltonians 
with complexity poly(d) [Aharonov, Ta-Shma 03]



Post-Trotter algorithms I

Linear-time simulation

Applying phase estimation to a Szegedization of H gives an O(t) simulation
[Childs10; Berry, Childs 12]

[Berry, Ahokas, Cleve, Sanders 07]

“No Fast-Fowarding Theorem”: simulation for time t has complexity
<latexit sha1_base64="ITUE39ElKckyDltdJFADn5Zhpf0=">AAACBnicbVC7SgNBFJ2NrxhfUUubxSDEJuyKqGXARisjmIckS5idzCZD5rHM3BVCSG9vq79gJ7b+hn/gZzibbGESDwwczrmvOWHMmQHP+3ZyK6tr6xv5zcLW9s7uXnH/oGFUogmtE8WVboXYUM4krQMDTluxpliEnDbD4XXqN5+oNkzJBxjFNBC4L1nECAYrPXbuBO3jMpx2iyWv4k3hLhM/IyWUodYt/nR6iiSCSiAcG9P2vRiCMdbACKeTQicxNMZkiPu0banEgppgPD144p5YpedGStsnwZ2qfzvGWBgzEqGtFBgGZtFLxf+8dgLRVTBmMk6ASjJbFCXcBeWmv3d7TFMCfGQJJprZW10ywBoTsBnNbUlng1LcTGw0/mIQy6RxVvEvKt79eal6m4WUR0foGJWRjy5RFd2gGqojggR6Qa/ozXl23p0P53NWmnOynkM0B+frFwxymbY=</latexit>

⌦(t)

High-precision simulation

LCU Lemma: implement                     with complexityU =
P

j �jVj O(
P

j |�j |)

[Berry, Childs, Cleve, Kothari, Somma 14 & 15]

Directly implement the truncated Taylor series of                  , cost O
�
t

log(t/✏)
log log(t/✏)

�<latexit sha1_base64="5Pz2Qp7WIR/TLOGDWjS2tjojBAI=">AAACB3icbVDLTgIxFO3gC/GFunQzkZjgQjJjjLokcYM7TOQRYUI6pQMNnXbS3jGSCR/g3q3+gjvj1s/wD/wMOzALAU/S5OSc++rxI840OM63lVtZXVvfyG8WtrZ3dveK+wdNLWNFaINILlXbx5pyJmgDGHDajhTFoc9pyx/dpH7rkSrNpLiHcUS9EA8ECxjBYKSHLn2KymesBqe9YsmpOFPYy8TNSAllqPeKP92+JHFIBRCOte64TgReghUwwumk0I01jTAZ4QHtGCpwSLWXTC+e2CdG6duBVOYJsKfq344Eh1qPQ99UhhiGetFLxf+8TgzBtZcwEcVABZktCmJug7TT79t9pigBPjYEE8XMrTYZYoUJmJDmtqSzQUquJyYadzGIZdI8r7iXFefuolS9zULKoyN0jMrIRVeoimqojhqIIIFe0Ct6s56td+vD+pyV5qys5xDNwfr6BZ4kmgI=</latexit>

exp(�iHt)

This is the optimal dependence on <latexit sha1_base64="Jp47KWQ4ex83SF7XdYWvUUTYBs4=">AAACBXicbVDLSsNAFJ3UV62vqks3wSK4KomIuiy40V0F+4A2lMn0th06mQkzN0IJXbt3q7/gTtz6Hf6Bn+GkzcK2Hhg4nHNfc8JYcIOe9+0U1tY3NreK26Wd3b39g/LhUdOoRDNoMCWUbofUgOASGshRQDvWQKNQQCsc32Z+6wm04Uo+4iSGIKJDyQecUbRSuwux4ULJXrniVb0Z3FXi56RCctR75Z9uX7EkAolMUGM6vhdjkFKNnAmYlrqJgZiyMR1Cx1JJIzBBOrt36p5Zpe8OlLZPojtT/3akNDJmEoW2MqI4MsteJv7ndRIc3AQpl3GCINl80SARLio3+7zb5xoYiokllGlub3XZiGrK0Ea0sCWbjUoJM7XR+MtBrJLmRdW/qnoPl5XafR5SkZyQU3JOfHJNauSO1EmDMCLIC3klb86z8+58OJ/z0oKT9xyTBThfv19vmfg=</latexit>✏



Post-Trotter algorithms II

Also other algorithms using multiproduct formulas, interaction picture, randomization, other norms, …

Optimal tradeoff
Quantum signal processing (QSP) implements polynomials of a 
given “block-encoded” Hamiltonian (or more general matrix)

<latexit sha1_base64="NxVgdEJ3puO87wlq8+Mv1+zSIUI=">AAACJXicbVDLSgMxFM34rPU16tJNsCiuyowoulAouKm7CvYBnVIymds2NJMZkoxYhv6MG3/FjQuLCK78FdN2KNp6IHA451xy7/FjzpR2nC9raXlldW09t5Hf3Nre2bX39msqSiSFKo14JBs+UcCZgKpmmkMjlkBCn0Pd79+O/fojSMUi8aAHMbRC0hWswyjRRmrb11V8gz0fukykcUi0ZE9DXMYn2KNBpLHnZWQmgAhmwbZdcIrOBHiRuBkpoAyVtj3ygogmIQhNOVGq6TqxbqVEakY5DPNeoiAmtE+60DRUkBBUK51cOcTHRglwJ5LmCY0n6u+JlIRKDULfJM1+PTXvjcX/vGaiO1etlIk40SDo9KNOwrGO8LgyHDAJVPOBIYRKZnbFtEckodoUmzcluPMnL5LaWdG9KDr354XSXVZHDh2iI3SKXHSJSqiMKqiKKHpGr+gdjawX6836sD6n0SUrmzlAf2B9/wCZa6Qs</latexit>

U =

✓
H ·
· ·

◆

QSP and “quantum singular value transformation” [Gilyén, Su, Low, Wiebe 19] provide 
versatile tools for other tasks

Gives d-sparse Hamiltonian simulation with cost                            [Low, Chuang 17]
<latexit sha1_base64="VPRgQTCdMBeibPkPajL30KXzjf0=">AAACF3icbVDLSgMxFM3UV62vqhvBTbAILUKdEVGXBTe6soJ9QKeUTJq2oZlkSO4IpdT/cO9Wf8GduHXpH/gZpu0sbOuBC4dz7s3NPUEkuAHX/XZSS8srq2vp9czG5tb2TnZ3r2pUrCmrUCWUrgfEMMElqwAHweqRZiQMBKsF/euxX3tk2nAlH2AQsWZIupJ3OCVgpVb24C7fBnyCfaG6ee/UZ5HhQslCoZXNuUV3ArxIvITkUIJyK/vjtxWNQyaBCmJMw3MjaA6JBk4FG2X82LCI0D7psoalkoTMNIeTC0b42Cpt3FHalgQ8Uf9ODElozCAMbGdIoGfmvbH4n9eIoXPVHHIZxcAknS7qxAKDwuM4cJtrRkEMLCFUc/tXTHtEEwo2tJkt47dBKWFGNhpvPohFUj0rehdF9/48V7pNQkqjQ3SE8shDl6iEblAZVRBFT+gFvaI359l5dz6cz2lryklm9tEMnK9fLFme+w==</latexit>

O(dt+ log(1/✏))

Lattice Hamiltonians
Can do even better if the Hamiltonian has spatially local interactions
All above methods use           gates to simulate n spins with local interactions 
for constant time

<latexit sha1_base64="KWhlJQObcLLoJf7BL/J44yjNRlk=">AAACCHicbVDLTgIxFO3gC/GFunTTSExwQ2aIUZckbnQlJoIkw0g6pQMNfUzajgmZ8APu3eovuDNu/Qv/wM+wA7MQ8CRNTs65r54wZlQb1/12Ciura+sbxc3S1vbO7l55/6CtZaIwaWHJpOqESBNGBWkZahjpxIogHjLyEI6uMv/hiShNpbg345gEHA0EjShGxkp+95aTAaqKx/ppr1xxa+4UcJl4OamAHM1e+afblzjhRBjMkNa+58YmSJEyFDMyKXUTTWKER2hAfEsF4kQH6fTkCTyxSh9GUtknDJyqfztSxLUe89BWcmSGetHLxP88PzHRZZBSESeGCDxbFCUMGgmz/8M+VQQbNrYEYUXtrRAPkULY2JTmtmSzjZRMT2w03mIQy6Rdr3nnNffurNK4yUMqgiNwDKrAAxegAa5BE7QABhK8gFfw5jw7786H8zkrLTh5zyGYg/P1Czo5mlQ=</latexit>

⌦(n2)

Combining forward and backward evolution and applying Lieb-Robinson bounds, 
can improve this to         , which is optimal [Haah, Hastings, Kothari, Low 18]

<latexit sha1_base64="Mf3aXgQxZsx6Y1kOA+0oycZT8XA=">AAACCHicbVDLSgMxFM34rPVVdekmWIS6KTMi6rLgRldWsA+YlpJJM21oJhmSO0IZ+gPu3eovuBO3/oV/4GeYaWdhWw8EDufcV04QC27Adb+dldW19Y3NwlZxe2d3b790cNg0KtGUNagSSrcDYpjgkjWAg2DtWDMSBYK1gtFN5reemDZcyUcYx6wbkYHkIacErOR3gIs+w/cVedYrld2qOwVeJl5OyihHvVf66fQVTSImgQpijO+5MXRTooFTwSbFTmJYTOiIDJhvqSQRM910evIEn1qlj0Ol7ZOAp+rfjpRExoyjwFZGBIZm0cvE/zw/gfC6m3IZJ8AknS0KE4FB4ez/uM81oyDGlhCqub0V0yHRhIJNaW5LNhuUEmZio/EWg1gmzfOqd1l1Hy7Ktbs8pAI6Rieogjx0hWroFtVRA1Gk0At6RW/Os/PufDifs9IVJ+85QnNwvn4BR7yaXA==</latexit>

Õ(n)



Product formulas strike back

Numerical simulations suggest that product formulas can perform much better than 
straightforward bounds show

Can give tighter bounds using integral representations of the error, e.g.,

e�iBte�iAt � e�i(A+B)t =

Z t

0
d⌧1

Z ⌧1

0
d⌧2 e

�i(A+B)(t�⌧1)ei(⌧2�⌧1)B [A,B]e�i⌧2Be�i⌧1A

<latexit sha1_base64="nvtTuutJJxrRHMM4YUvWcceIl54="></latexit>

Provides bounds that can take advantage of small commutators between terms

Can give even better bounds with information about the initial state

In particular, shows that product formulas nearly reproduce the complexity of [Haah, 

Hastings, Kothari, Low 18] for lattice Hamiltonians [Childs, Su, Tran, Wiebe, Zhu 19]



4. Quantum linear algebra



Quantum linear systems algorithm

Algorithm estimates the eigenvalues of A (in superposition) and replaces them by 
their inverse (using postselection)

Given an            system of linear equations            , find
<latexit sha1_base64="Lr3EUIUi+b3QdbBg/WE21L88hcU=">AAACB3icbVDLSgMxFM3UV62vqks3wSK4KjMi6rLgRjelgn1gO5RMmmlDM8mQ3BHK0A9w71Z/wZ249TP8Az/DTDsLWz0QOJz7ODcniAU34LpfTmFldW19o7hZ2tre2d0r7x+0jEo0ZU2qhNKdgBgmuGRN4CBYJ9aMRIFg7WB8ndXbj0wbruQ9TGLmR2QoecgpASs91HEPeMQMrvfLFbfqzoD/Ei8nFZSj0S9/9waKJhGTQAUxpuu5Mfgp0cCpYNNSLzEsJnRMhqxrqSTWxk9nF0/xiVUGOFTaPgl4pv6eSElkzCQKbGdEYGSWa5n4X62bQHjlp1zGCTBJ50ZhIjAonH0fD7hmFMTEEkI1t7diOiKaULAhLbhku0EpYaY2Gm85iL+kdVb1Lqru3XmldpuHVERH6BidIg9dohq6QQ3URBRJ9Ixe0Kvz5Lw5787HvLXg5DOHaAHO5w+zeZoQ</latexit>

N ⇥N
<latexit sha1_base64="tDsGmz3kl4340xClHVADHATnPL8=">AAACAXicbVDLSgMxFL3js9ZX1aWbYBFclRkRdSNU3Oiugn1AO5RMmmlDM8mQZMQydOXerf6CO3Hrl/gHfoaZdha29UDgcM595QQxZ9q47reztLyyurZe2Chubm3v7Jb29htaJorQOpFcqlaANeVM0LphhtNWrCiOAk6bwfAm85uPVGkmxYMZxdSPcF+wkBFsMun66SrolspuxZ0ALRIvJ2XIUeuWfjo9SZKICkM41rrtubHxU6wMI5yOi51E0xiTIe7TtqUCR1T76eTWMTq2Sg+FUtknDJqofztSHGk9igJbGWEz0PNeJv7ntRMTXvopE3FiqCDTRWHCkZEo+zjqMUWJ4SNLMFHM3orIACtMjI1nZks220jJ9dhG480HsUgapxXvvOLen5Wrd3lIBTiEIzgBDy6gCrdQgzoQGMALvMKb8+y8Ox/O57R0ycl7DmAGztcvkOuX0g==</latexit>

Ax = b
<latexit sha1_base64="u537MJfUW7xB9vRo+87xSwhJEsc=">AAACCHicbVDLSsNAFL3xWeur6tLNYBHcWBIRdSNU3Oiugn1AGstkOmmHTjJhZiKWkB9w71Z/wZ249S/8Az/DaZuFbT0wcDjnvub4MWdK2/a3tbC4tLyyWlgrrm9sbm2XdnYbSiSS0DoRXMiWjxXlLKJ1zTSnrVhSHPqcNv3B9chvPlKpmIju9TCmXoh7EQsYwdpI7hO6RFcP6bGT+Z1S2a7YY6B54uSkDDlqndJPuytIEtJIE46Vch071l6KpWaE06zYThSNMRngHnUNjXBIlZeOT87QoVG6KBDSvEijsfq3I8WhUsPQN5Uh1n01643E/zw30cGFl7IoTjSNyGRRkHCkBRr9H3WZpETzoSGYSGZuRaSPJSbapDS1ZTRbC8FVZqJxZoOYJ42TinNWse9Oy9XbPKQC7MMBHIED51CFG6hBHQgIeIFXeLOerXfrw/qclC5Yec8eTMH6+gXCb5oM</latexit>

x = A�1b

Classical (or quantum!) algorithms need time           just to write down x
<latexit sha1_base64="1NIbZ8FCSIV00jBLAiBIaNUeLR4=">AAACBnicbVDLSgMxFL3js9ZX1aWbYBHqpsyIqMuCG91oBfuQdiiZNNOGJpMhyQildO/erf6CO3Hrb/gHfoaZdha29UDgcM595QQxZ9q47reztLyyurae28hvbm3v7Bb29utaJorQGpFcqmaANeUsojXDDKfNWFEsAk4bweAq9RtPVGkmowczjKkvcC9iISPYWOmxfSdoD5duTzqFolt2J0CLxMtIETJUO4WfdleSRNDIEI61bnlubPwRVoYRTsf5dqJpjMkA92jL0ggLqv3R5OAxOrZKF4VS2RcZNFH/doyw0HooAlspsOnreS8V//NaiQkv/RGL4sTQiEwXhQlHRqL096jLFCWGDy3BRDF7KyJ9rDAxNqOZLelsIyXXYxuNNx/EIqmflr3zsnt/VqzcZCHl4BCOoAQeXEAFrqEKNSAg4AVe4c15dt6dD+dzWrrkZD0HMAPn6xfPYZmQ</latexit>

⌦(N)

What if we change the model?
•A is sparse; given a black box that specifies the 
nonzero entries in any given row or column

•Can efficiently prepare a quantum state

•Goal is to prepare a state

<latexit sha1_base64="fztyL7VbvtqXf1dMiV1mz+xeCPg=">AAACBnicbVDLSsNAFJ3UV62vqks3wSK4KomIuiyI4LKCfUgbymQ6aYfOI8zcCCV2796t/oI7cetv+Ad+hpM2C9t6YOBwzn3NCWPODHjet1NYWV1b3yhulra2d3b3yvsHTaMSTWiDKK50O8SGciZpAxhw2o41xSLktBWOrjO/9Ui1YUrewzimgcADySJGMFjp4SnsaiwHnPbKFa/qTeEuEz8nFZSj3iv/dPuKJIJKIBwb0/G9GIIUa2CE00mpmxgaYzLCA9qxVGJBTZBOD564J1bpu5HS9klwp+rfjhQLY8YitJUCw9Asepn4n9dJILoKUibjBKgks0VRwl1QbvZ7t880JcDHlmCimb3VJUOsMQGb0dyWbDYoxc3ERuMvBrFMmmdV/6Lq3Z1Xajd5SEV0hI7RKfLRJaqhW1RHDUSQQC/oFb05z8678+F8zkoLTt5ziObgfP0CG9yaWw==</latexit>

|bi
<latexit sha1_base64="0BiHkB9PrscLhdJS457xD4Phebo=">AAACIXicbVDLSgMxFM3UV62vUZduQovgxjIjoi4rIrisYB/Q1pJJ0zY0k4QkI5Zp9/6He7f6C+7EnfgDfoaZdha29UDgcM595J5AMqqN5305maXlldW17HpuY3Nre8fd3atqESlMKlgwoeoB0oRRTiqGGkbqUhEUBozUgsFV4tceiNJU8DszlKQVoh6nXYqRsVLbzY8emwrxHiOwKZWQRsDL+/jYH8NRkBptt+AVvQngIvFTUgApym33p9kROAoJN5ghrRu+J00rRspQzMg414w0kQgPUI80LOUoJLoVT24Zw0OrdGBXKPu4gRP1b0eMQq2HYWArQ2T6et5LxP+8RmS6F62YchkZwvF0UTdi0F6cBAM7VBFs2NAShBW1f4W4jxTCxsY3syWZbYRgemyj8eeDWCTVk6J/VvRuTwul6zSkLDgAeXAEfHAOSuAGlEEFYPAEXsAreHOenXfnw/mclmactGcfzMD5/gWcYqSk</latexit>

|xi / A�1|bi

Subsequent improvements do the same with complexity                           using 
variable-time amplitude amplification and LCU [Ambainis 12; Childs, Kothari, Somma 17]

<latexit sha1_base64="+qQZwv8r50k/4FDzllUTv+XnZJY=">AAACKHicbVDLSgMxFM3UV62vqks3wSK0IHVGRF0W3Oiugn1AZyiZNNOGZpKQZIQy9Bv8D/du9RfcSbeu/AwzbRe29UDgcM595YSSUW1cd+Lk1tY3Nrfy24Wd3b39g+LhUVOLRGHSwIIJ1Q6RJoxy0jDUMNKWiqA4ZKQVDu8yv/VMlKaCP5mRJEGM+pxGFCNjpW6x4g+RlAj659CPkRmoOJWCjcZln4l+2bvwidSUCV6pdIslt+pOAVeJNyclMEe9W/zxewInMeEGM6R1x3OlCVKkDMWMjAt+oolEeIj6pGMpRzHRQTr90hieWaUHI6Hs4wZO1b8dKYq1HsWhrczO1steJv7ndRIT3QYp5TIxhOPZoihh0AiY5QN7VBFs2MgShBW1t0I8QAphY1Nc2JLNNkIwPbbReMtBrJLmZdW7rrqPV6XawzykPDgBp6AMPHADauAe1EEDYPAC3sA7+HBenU/ny5nMSnPOvOcYLMD5/gUdeKbl</latexit>

 poly(log(1/✏))

[Harrow, Hassidim, Lloyd 09]

<latexit sha1_base64="ILGgLYPV8VID5rXFsfYJVAkl4ZE=">AAACKHicbVDLSgMxFM3UV62vUZdugkVoodQZEXVZcKMbqWAf0Cklk6ZtaCYJSUYoQ7/B/3DvVn/BnXTrys8w03ZhWw8EDufcR+4JJaPaeN7Eyaytb2xuZbdzO7t7+wfu4VFdi1hhUsOCCdUMkSaMclIz1DDSlIqgKGSkEQ5vU7/xTJSmgj+ZkSTtCPU57VGMjJU6bjGIkBmoKJGCjcaFgIk+fChB/zwgUlMmeAkGQyQlKnbcvFf2poCrxJ+TPJij2nF/gq7AcUS4wQxp3fI9adoJUoZiRsa5INZEIjxEfdKylKOI6HYyPWkMz6zShT2h7OMGTtW/HQmKtB5Foa1MD9DLXir+57Vi07tpJ5TL2BCOZ4t6MYNGwDQf2KWKYMNGliCsqP0rxAOkEDY2xYUt6WwjBNNjG42/HMQqqV+U/auy93iZr9zPQ8qCE3AKCsAH16AC7kAV1AAGL+ANvIMP59X5dL6cyaw048x7jsECnO9fBsmm0g==</latexit>

poly(logN, 1/✏,)We can do this in time                              where                        
<latexit sha1_base64="ZiLex5jfjOq5kkEH/xd4S6RJUD0=">AAACJ3icbVDLTgIxFO34Fl+jLt00EhM2khlj1KXGje40ESFhkHRKgYZOO7R3TMjAL/gf7t3qL7gzunTnZ9gBFgLepMm559xXTxgLbsDzvpy5+YXFpeWV1dza+sbmlru9c29UoikrUSWUroTEMMElKwEHwSqxZiQKBSuHnctMLz8ybbiSd9CLWS0iLcmbnBKwVN0tBB0SxwQH2SjJul0c9C+Cvs0bCnCWPKSH/iDo1928V/SGgWeBPwZ5NI6buvsTNBRNIiaBCmJM1fdiqKVEA6eCDXJBYlhMaIe0WNVCSSJmaunwRwN8YJkGbiptnwQ8ZP92pCQypheFtjIi0DbTWkb+p1UTaJ7VUi7jBJiko0XNRGBQOLMHN7hmFETPAkI1t7di2iaaULAmTmzJZoNSwgysNf60EbPg/qjonxS92+P8+fXYpBW0h/ZRAfnoFJ2jK3SDSoiiJ/SCXtGb8+y8Ox/O56h0zhn37KKJcL5/AUlvpnY=</latexit>

 := kAk · kA�1k



Differential equations

We can apply a similar framework to other linear-algebraic tasks. For example:

Approach: apply a finite difference approximation to give a linear system; solve it 
with the QLSA [Berry 14]

Generalizations give improved performance and also handle time-dependent 
coefficients, partial differential equations, some nonlinear differential equations, …

Given a system of linear differential equations
with the ability to prepare     and          , and a sparse matrix oracle for A, 
prepare           for some desired final time T

<latexit sha1_base64="jiJNBuOHpiBiRkPQyaWtNs+EUJw=">AAACBnicbVC7SgNBFJ2NrxhfUUubxSBYhV0RtQzYaBfBPCRZwuxkNhkyj2XmrhDW9Pa2+gt2Yutv+Ad+hrPJFibxwMDhnPuaE8acGfC8b6ewsrq2vlHcLG1t7+zulfcPmkYlmtAGUVzpdogN5UzSBjDgtB1rikXIaSscXWd+65Fqw5S8h3FMA4EHkkWMYLDSw1PY1VgOOO2VK17Vm8JdJn5OKihHvVf+6fYVSQSVQDg2puN7MQQp1sAIp5NSNzE0xmSEB7RjqcSCmiCdHjxxT6zSdyOl7ZPgTtW/HSkWxoxFaCsFhqFZ9DLxP6+TQHQVpEzGCVBJZouihLug3Oz3bp9pSoCPLcFEM3urS4ZYYwI2o7kt2WxQipuJjcZfDGKZNM+q/kXVuzuv1G7zkIroCB2jU+SjS1RDN6iOGogggV7QK3pznp1358P5nJUWnLznEM3B+foFHRCaXw==</latexit>

|bi
<latexit sha1_base64="LeHZwUm0qWJTkLcePMQBjui7QdM=">AAACCXicbVDLSsNAFJ3UV62vqks3wSLUTUlE1GXBje4q2Ac0oUymk3boZCbM3Igl9gvcu9VfcCdu/Qr/wM9w0mZhWw9cOJxzX5wg5kyD43xbhZXVtfWN4mZpa3tnd6+8f9DSMlGENonkUnUCrClngjaBAaedWFEcBZy2g9F15rcfqNJMinsYx9SP8ECwkBEMRvKeHqvOqaewGHDaK1ecmjOFvUzcnFRQjkav/OP1JUkiKoBwrHXXdWLwU6yAEU4nJS/RNMZkhAe0a6jAEdV+Ov15Yp8YpW+HUpkSYE/VvxMpjrQeR4HpjDAM9aKXif953QTCKz9lIk6ACjI7FCbcBmlnAdh9pigBPjYEE8XMrzYZYoUJmJjmrmS7QUquJyYadzGIZdI6q7kXNefuvFK/zUMqoiN0jKrIRZeojm5QAzURQTF6Qa/ozXq23q0P63PWWrDymUM0B+vrF4WWmxQ=</latexit>

|x(0)i
<latexit sha1_base64="GqZ9auwpNOHOjZl0TA289JcYRvA=">AAACCXicbVDLSsNAFL2pr1pfVZdugkWom5KIqMuCG91V6ENoQplMJ+3QyUyYmYgl9gvcu9VfcCdu/Qr/wM9w0mZhWw9cOJxzX5wgZlRpx/m2Ciura+sbxc3S1vbO7l55/6CtRCIxaWHBhLwPkCKMctLSVDNyH0uCooCRTjC6zvzOA5GKCt7U45j4ERpwGlKMtJG8p8dq89STiA8Y6ZUrTs2Zwl4mbk4qkKPRK/94fYGTiHCNGVKq6zqx9lMkNcWMTEpeokiM8AgNSNdQjiKi/HT688Q+MUrfDoU0xbU9Vf9OpChSahwFpjNCeqgWvUz8z+smOrzyU8rjRBOOZ4fChNla2FkAdp9KgjUbG4KwpOZXGw+RRFibmOauZLu1EExNTDTuYhDLpH1Wcy9qzt15pX6bh1SEIziGKrhwCXW4gQa0AEMML/AKb9az9W59WJ+z1oKVzxzCHKyvX8Bemzg=</latexit>

|x(T )i

<latexit sha1_base64="X0aXQFgfl2qXiRS8EGdShCFYUpU=">AAACMnicbVDLSsNAFJ34tr6qLt0MFkEQSqKibgTFje4q2Ac0pUymNzo4yYSZG2kJ+RD/w71b/QTdiRsXfoSTtgtfBwYO59zXnCCRwqDrvjgTk1PTM7Nz86WFxaXllfLqWsOoVHOocyWVbgXMgBQx1FGghFaigUWBhGZwe1b4zTvQRqj4CgcJdCJ2HYtQcIZW6pb3fIQ+GhxI8EPNeOZHDG90lPXy/BvHnPbpMT3t0x0adMsVt+oOQf8Sb0wqZIxat/zh9xRPI4iRS2ZM23MT7GRMo+AS8pKfGkgYv2XX0LY0ZhGYTjb8XE63rNKjodL2xUiH6veOjEXGDKLAVhbnmt9eIf7ntVMMjzqZiJMUIeajRWEqKSpaJEV7QgNHObCEcS3srZTfMJsR2jx/bClmo1LS5DYa73cQf0ljt+odVN3L/crJxTikObJBNsk28cghOSHnpEbqhJN78kieyLPz4Lw6b877qHTCGfeskx9wPr8AhJKsTA==</latexit>

d
dtx = Ax+ b



Applications?

Linear equations and differential equations are ubiquitous. Surely we can use this for 
something?

Proposals: electromagnetic scattering, machine learning, finance, …

The input/output requirements impose serious constraints. So far there is no 
compelling end-to-end application with rigorous evidence for speedup. Can we find 
one?



5. Optimization



Discrete optimization

Grover’s algorithm ⇒ quadratic speedup for minimization [Dürr, Hoyer 96]

Graph algorithms

• shortest paths [Dürr, Heiligman, Høyer, Mhalla 04]

• minimum spanning trees [Dürr, Heiligman, Høyer, Mhalla 04]

• maximum flows/matchings [Ambainis, Špalek 07]

Speeding up exponential-time algorithms for NP-hard problems (SAT, subset sum, 
lattice problems, TSP, set cover, …)

Some of these algorithms introduce interesting new tools:

• quantum backtracking using quantum walk [Montanaro 16]

• quantum methods for dynamic programming [Ambainis, Balodis, Iraids, Kokainis, Prusis, Vihrovs 18]



Continuous optimization

Linear/semidefinite programming

• polynomial speedups based on Gibbs sampling [Brandão, Svore 17; van Apeldoorn, Gilyén 19]


• faster algorithms in a stronger input model [Brandão, Kalev, Li, Lin, Svore, Wu 19] 

Gradient-based algorithms

• Fast algorithm for computing gradients [Jordan 05]

• Minimization using gradient descent [Rebentrost, Schuld, Wossnig, Petruccione, Lloyd 19; Kerenidis, 
Prakash 20]


• Quantum query speedup for convex optimization with membership and evaluation 
oracles [van Apeldoorn, Gilyén, Gribling, de Wolf 20; Chakrabarti, Childs, Li, Wu 20]

• For high-dimensional non-smooth convex optimization with a gradient oracle, 
cannot achieve a quantum speedup as a function of the allowed error [Garg, Kothari, 
Netrapalli, Sherif 20]



Adiabatic optimization and QAOA

Complexity depends on the minimum spectral gap, but this is hard to estimate.

Often this is done with a Hamiltonian that has all negative off-diagonal entries 
(“stoquastic”). Then we can in principle apply quantum Monte Carlo (a classical 
algorithm), but its efficiency is also unclear.

Related strategy: quantum approximate optimization algorithm (QAOA). Alternate 
between diagonal & off-diagonal evolutions with optimized parameters. [Farhi, Goldstone, 
Gutmann 14]

Strategy: encode a constraint problem with a diagonal Hamiltonian. Start in known 
ground state of a simple, non-diagonal Hamiltonian. Slowly interpolate to the 
problem Hamiltonian to produce its ground state. [Farhi, Goldstone, Gutmann, Sipser 00]

H̃(0)

H̃(1)

H̃(s)



6. Machine learning



Quantum machine learning

A challenge: much of the impressive success of classical machine learning is empirical

Quantum algorithms for some ML tasks have been proposed, e.g., recommendation 
systems [Kerenidis, Prakash 17]

Data structures that enable coherent quantum access can be exploited classically 
[Tang 19]

Another direction: computational learning theory [survey: Arunachalam, de Wolf 17]

Other proposed algorithms for principal component analysis, clustering, etc. 
Potential for quantum speedup is unclear.

Learn a concept given the ability to interact with it quantumly

• query access to a concept

• quantum examples

<latexit sha1_base64="IWlDO1v1/GoShgh+/4cr73q3V1w=">AAACHHicbVDLSsNAFJ3UV62vqEsRgkVwISURUZcFN7qrYGuhiWUynbZDJzNh5kYooSv/w71b/QV34lbwD/wMJ20E23pg4NxzX3NPGHOmwXW/rMLC4tLySnG1tLa+sbllb+80tEwUoXUiuVTNEGvKmaB1YMBpM1YURyGnd+HgMsvfPVClmRS3MIxpEOGeYF1GMBipbe8TPxsiHD91jz1/dG8YyN+obZfdijuGM0+8nJRRjlrb/vY7kiQRFUA41rrluTEEKVbACKejkp9oGmMywD3aMlTgiOogHZ8xcg6N0nG6UpknwBmrfztSHGk9jEJTGWHo69lcJv6XayXQvQhSJuIEqCCTRd2EO+bQzBOnwxQlwIeGYKKY+atD+lhhAsa5qS3ZbJCS68wab9aIedI4qXhnFffmtFy9zk0qoj10gI6Qh85RFV2hGqojgh7RM3pBr9aT9Wa9Wx+T0oKV9+yiKVifP63MoWQ=</latexit>

c : {0, 1}n ! {0, 1}
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x
p
px|x, c(x)i



Conclusion



Outlook

Finding quantum algorithms is hard!

• Quantum mechanics is nonintuitive

• Classical algorithms are powerful

• We have limited quantum techniques

Large-scale quantum computers could dramatically change our understanding of 
quantum algorithms

But we have come a long way in the 30 years since Shor’s algorithm

• New exponential speedups

• New techniques

• Much better understanding of quantum query complexity



Further reading

Montanaro survey: arXiv:1511.04206

QIP tutorials:

• András Gilyén (2020): www.koushare.com/video/videodetail/4073
• Andrew Childs (2021, longer version of this talk): youtu.be/M0e5gkf7QSQ 

• Robin Kothari (2024): youtu.be/4jJswyS9ieg

Quantum Algorithm Zoo: quantumalgorithmzoo.org

Lecture notes: cs.umd.edu/~amchilds/qa/

Topical surveys:

• quantum walk search (Santha): arXiv:0808.0059
• quantum walk (Reitzner, Nagaj, Buzek): arXiv:1207.7283
• algebraic problems (Childs, van Dam): arXiv:0812.0380
• optimization (de Wolf): youtu.be/1-2LIopvNIk
• computational learning theory (Arunachalam, de Wolf): arXiv:1701.06806
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http://quantumalgorithmzoo.org
http://cs.umd.edu/~amchilds/qa/
https://arxiv.org/abs/0808.0059
https://arxiv.org/abs/1207.7283
https://arxiv.org/abs/0812.0380
https://youtu.be/1-2LIopvNIk
https://arxiv.org/abs/1701.06806

