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Quantum speedup

Quantum computers allow for interference between computational paths in an 
exponentially large state space

Hype: Quantum computers will revolutionize all areas of computing (logistics, financial 
modeling, weather prediction, natural language processing, climate change, machine learning…).

Reality: Problems must have special structure to take advantage of quantum computing. Very 
few problems have convincing evidence for significant quantum speedup (cryptanalysis, 
simulating quantum mechanics, …).



“… nature isn’t classical, dammit, and if you 
want to make a simulation of nature, you’d 
better make it quantum mechanical, and by 
golly it’s a wonderful problem, because it 
doesn’t look so easy.”

Richard Feynman
Simulating physics with computers (1981)



Computational quantum physics

nuclear/particle 
physics

quantum chemistry condensed matter physics/
materials science



Implementing quantum algorithms

exponential 
speedup by 

quantum walk

evaluating 
Boolean 
formulas

linear/
differential 
equations, 

convex 
optimization

A|xi = |bi
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Simulation as a theoretical tool

Quantum simulation algorithms provide 
convenient descriptions of the time 
evolution operator. 

Can we use them as theoretical tools to 
reason about physics?
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The propagation of information in nonrelativistic quantum systems obeys a speed limit known as a Lieb-
Robinson bound. We derive a new Lieb-Robinson bound for systems with interactions that decay with
distance r as a power law, 1=rα. The bound implies an effective light cone tighter than all previous bounds.
Our approach is based on a technique for approximating the time evolution of a system, which was first
introduced as part of a quantum simulation algorithm by Haah et al., FOCS'18. To bound the error of the
approximation, we use a known Lieb-Robinson bound that is weaker than the bound we establish. This
result brings the analysis full circle, suggesting a deep connection between Lieb-Robinson bounds and
digital quantum simulation. In addition to the new Lieb-Robinson bound, our analysis also gives an error
bound for the Haah et al. quantum simulation algorithm when used to simulate power-law decaying
interactions. In particular, we show that the gate count of the algorithm scales with the system size better
than existing algorithms when α > 3D (where D is the number of dimensions).

DOI: 10.1103/PhysRevX.9.031006 Subject Areas: Atomic and Molecular Physics,
Condensed Matter Physics,
Quantum Information

I. INTRODUCTION

Lieb-Robinson bounds limit the rate at which informa-
tion can propagate in systems that obey the laws of
nonrelativistic quantum mechanics [1–10]. These bounds
have found a plethora of applications [11–22], including
recent results on entanglement area laws [23–25], the
classical complexity of sampling bosons [26], and even
a quantum algorithm for digital quantum simulation [27].
Lieb and Robinson’s original proof applies only to short-

range interactions, i.e., those that act over a finite range or
decay at least exponentially in space. However, interactions
in many physical systems, such as trapped ions [28,29],
Rydberg atoms [30], ultracold atoms and molecules
[31,32], nitrogen-vacancy centers [33], and superconduct-
ing circuits [34], can decay with distance r as a power
law (1=rα) and, hence, lie outside the scope of the original

Lieb-Robinson bound. Thus, understanding the fundamen-
tal limit on the speed of information propagation in these
systems holds serious physical implications, including for
the applications mentioned above. Despite many efforts in
recent years [4–7], a tight Lieb-Robinson bound for such
long-range interactions remains elusive.
In this paper, we derive a new Lieb-Robinson bound for

systems with power-law decaying interactions in D dimen-
sions. While our bound is not known to be tight, it has four
main benefits compared to the best previous bound for such
systems [6]. (i) It is tighter, resulting in the best effective
light cone to date [Eq. (17)]. (ii) The bound applies at
all times, and not just asymptotically in the large-time
limit. (iii) The framework behind the proof is conceptually
simpler, with an easy-to-understand interpretation based on
physical intuition. (iv) Our approach is potentially appli-
cable to studying a wider variety of quantities, including
connected correlators [35,36] and higher-order correlators
(for instance, the out-of-time-ordered correlator [37,38] and
the full measurement statistics of boson sampling [26,39]),
as we discuss in Sec. VI.
In contrast to the previous long-range Lieb-Robinson

bounds [4–7], which all relied on the so-called Hastings-
Koma series [4], our approach is based on a generalization
of the framework Haah et al. (HHKL) [27] introduced as a
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Example: Lieb-Robinson bounds 
from quantum simulation algorithms



Main idea of this talk

Quantum simulation algorithms can be 
more efficient when the state being 

simulated is entangled—exactly the case 
where classical simulation is hard!



Quantum dynamics

The dynamics of a quantum system are determined by its Hamiltonian H, a Hermitian operator 
whose spectrum describes the energy levels of the system.

i
d

dt
| (t)i = H| (t)i | (t)i = e�iHt| (0)i)For time-independent H:

For time-dependent H(t):
<latexit sha1_base64="JcgWj9vCXMojhd6uL9A2bkhLu7o="></latexit>

i
d

dt
| (t)i = H(t)| (t)i ) | (t)i = T e

�i
R t
0 H(⌧) d⌧ | (0)i



The Hamiltonian simulation problem

Problem: Given a description of the Hamiltonian H, an evolution time t, and an unknown initial 
state          , produce the final state          (to within some prescribed error tolerance ²).| (0)i | (t)i

Also important for applications but not covered in this talk: state preparation, measurement, 
representing fermions/bosons using qubits

Goal: Understand the cost of simulation as a function of t, ², and parameters of H.
(cost could be circuit size, circuit depth, queries, …)

<latexit sha1_base64="k7xZanbCOoGXp02/MxCYTPcjQD8="></latexit>

max
| (0)i

k| (t)i � | simik = ke�iHt � Usimk
simulated unitary operation

Standard measure of error: worst-case     distance
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e�iHt| (0)i simulation output state

<latexit sha1_base64="k7xZanbCOoGXp02/MxCYTPcjQD8="></latexit>

max
| (0)i

k| (t)i � | simik = ke�iHt � Usimk



Hamiltonian simulation is BQP-complete

A classical computer cannot even represent the state efficiently.

A quantum computer cannot produce a complete description of the state.

But given succinct descriptions of

• the initial state (suitable for a quantum computer to prepare it efficiently) and
• a final measurement (say, measurements of the individual qubits in some basis),

a quantum computer can efficiently answer questions that (apparently) a classical one cannot.

How do the abilities of classical and quantum computers to simulate Hamiltonian dynamics 
compare?



Product formula simulation

[Lloyd 96]

Combine individual simulations with the Lie product formula.  E.g., with two terms:

lim
r!1

�
e�iAt/re�iBt/r

�r
= e�i(A+B)t

<latexit sha1_base64="B/hDyJfl01jBZMCe+aNOdse6VQc="></latexit>

e
�i(A+B)t = 1� i(A+B)t� 1

2 (A
2 +AB +BA+B

2)t2 +O(t3)

To ensure error at most ², take                              
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r = O(t2/✏)

Suppose we want to simulate
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H =
LX

j=1

Hj
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2
t
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�
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e
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Higher-order product formulas

To get a better approximation, use higher-order formulas.

E.g., second order:
<latexit sha1_base64="5adsbI7C9fwqJz1kQ0Mo8cYyf/M="></latexit>

S2(t) := e
�iAt/2

e
�iBt

e
�iAt/2 = e

�i(A+B)t +O(t3)

Can construct expansions to arbitrarily high order [Suzuki 92]:
<latexit sha1_base64="FmZLlOd6GPA9oaNBR2bQN5bWyEY="></latexit>

S2k(t) := S2k�2(pkt)
2S2k�2(qkt)S2k�2(pkt)

2let

Using the order-2k expansion for an L-term Hamiltonian, the number of exponentials required 
for an approximation with error at most ² is at most [Berry, Ahokas, Cleve, Sanders 07]

<latexit sha1_base64="PpB1a0yz4shvqkOKGOfc9uoHRkk="></latexit>
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h := max
j

kHjk
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S2k(t) = e
�i(A+B)t +O(t2k+1)
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Improved error analysis

Numerics suggest that product formula error bounds based on Taylor series expansion can be 
very loose in practice.

[Childs, Su 19]

Example (first order):

e�iBte�iAt � e�i(A+B)t =

Z t

0
d⌧1

Z ⌧1

0
d⌧2 e

�i(A+B)(t�⌧1)ei(⌧2�⌧1)B [A,B]e�i⌧2Be�i⌧1A

<latexit sha1_base64="nvtTuutJJxrRHMM4YUvWcceIl54="></latexit>

Alternative: local error analysis provides convenient integral representations of the error 
 [Descombes, Thalhammer 10]

Therefore
<latexit sha1_base64="yA+quNm5hxlKHDPd1Tw6c+rYey8=">AAACInicbVDLSgMxFM34rPVVdekmWARFLTMiPnZtBXGpYFVopyWT3rahmQfJHaGM/RY3/oobF4q6EvwYM20XWj0Q7sm555Lc40VSaLTtT2ticmp6ZjYzl51fWFxazq2sXuswVhwqPJShuvWYBikCqKBACbeRAuZ7Em687mnav7kDpUUYXGEvAtdn7UC0BGdopEbupHZPoZ7siTL2B7WEfbo3lLZKO+VtczWWmoS0VEu7ZTclWN9v5PJ2wR6A/iXOiOTJCBeN3HutGfLYhwC5ZFpXHTtCN2EKBZfQz9ZiDRHjXdaGqqEB80G7yWDFPt00SpO2QmVOgHSg/pxImK91z/eM02fY0eO9VPyvV42xdewmIohihIAPH2rFkmJI07xoUyjgKHuGMK6E+SvlHaYYR5Nq1oTgjK/8l1zvF5zDwsHlQb54NoojQ9bJBtkiDjkiRXJOLkiFcPJAnsgLebUerWfrzfoYWies0cwa+QXr6xtJrKEI</latexit>

ke�iBte�iAt � e�i(A+B)tk  k[A,B]kt2

Advantages:
• no explicit sum over higher-order terms
• commutator scaling
• can offer much better performance, both asymptotically and in practice



A theory of Trotter error

[Childs, Su, Tran, Wiebe, Zhu 19]

Local error analysis can be generalized to give tight bounds on the error of arbitrary-order 
product formula approximations with any number of terms.

This gives much tighter rigorous analysis of product formulation simulations (among other 
applications).

O(↵tp+1)

<latexit sha1_base64="lcA6OMnLhGIctyAl67u0eyp7p5g=">AAAB+nicbVBNS8NAEN34WetXqkcvi0WoCCWRgnorCOLNCvYD2lgm2027dLMJuxulxP4ULx4U8eov8ea/cdvmoK0PBh7vzTAzz485U9pxvq2l5ZXVtfXcRn5za3tn1y7sNVSUSELrJOKRbPmgKGeC1jXTnLZiSSH0OW36w8uJ33ygUrFI3OlRTL0Q+oIFjIA2Utcu3JQ6wOMBYH2fxifu+LhrF52yMwVeJG5GiihDrWt/dXoRSUIqNOGgVNt1Yu2lIDUjnI7znUTRGMgQ+rRtqICQKi+dnj7GR0bp4SCSpoTGU/X3RAqhUqPQN50h6IGa9ybif1470cG5lzIRJ5oKMlsUJBzrCE9ywD0mKdF8ZAgQycytmAxAAtEmrbwJwZ1/eZE0TstupXxxWylWr7I4cugAHaISctEZqqJrVEN1RNAjekav6M16sl6sd+tj1rpkZTP76A+szx/WkpMd</latexit>

Theorem.  A pth-order product formula approximates the evolution of 
with additive error                 where

<latexit sha1_base64="yG3poPqxLjm/waoR5Wvdlb2lz5M=">AAAB/XicbVDLSsNAFJ3UV62v+NiJMFgEVyVRUTeFgiBduKhgH9DGMJlO2mknkzAzEWoo/oobFxVxJbjxK9y59E+cPhbaeuDC4Zx7ufceL2JUKsv6MlJz8wuLS+nlzMrq2vqGublVkWEsMCnjkIWi5iFJGOWkrKhipBYJggKPkarXvRj61TsiJA35jepFxAlQi1OfYqS05Jo7RZiHDRkHbtLJ2/3bK1h0O66ZtXLWCHCW2BOSLRy33773PgYl1/xsNEMcB4QrzJCUdduKlJMgoShmpJ9pxJJECHdRi9Q15Sgg0klG1/fhgVaa0A+FLq7gSP09kaBAyl7g6c4Aqbac9obif149Vv65k1AexYpwPF7kxwyqEA6jgE0qCFaspwnCgupbIW4jgbDSgWV0CPb0y7OkcpSzT3Mn13a2cAnGSINdsA8OgQ3OQAEUQQmUAQb34BEMwLPxYDwZL8bruDVlTGa2wR8Y7z/NZ5fv</latexit>

H =
PL

j=1 Hj

<latexit sha1_base64="21iy4Y9xdn9QpJ9oXm5sdlv+BYU="></latexit>

↵ :=
X

j1,...,jp+1

��[Hjp+1 , [ · · · , [Hj2 , Hj1 ] · · · ]]
��.

Therefore                          gates suffice to simulate H for time t with constant accuracy.
<latexit sha1_base64="GFqcQidJZVYs8rGbvBY55Xlb9Cw=">AAACE3icbVDLSgMxFM3Ud32NunQTLELrop0RqS4FQVwIKtgHdGrJpGkbmsmE5I5Qhv6DG3/FjQtF3Lpx59+Y1i609UDgcM653NwTKsENeN6Xk5mbX1hcWl7Jrq6tb2y6W9tVEyeasgqNRazrITFMcMkqwEGwutKMRKFgtbB/NvJr90wbHstbGCjWjEhX8g6nBKzUcg+ugpB3Rf4SA84HRKgewVAKmDJcxLJwl/olNRxFdKHl5ryiNwaeJf6E5NAE1y33M2jHNImYBCqIMQ3fU9BMiQZOBRtmg8QwRWifdFnDUkkiZprp+KYh3rdKG3dibZ8EPFZ/T6QkMmYQhTYZEeiZaW8k/uc1EuicNFMuVQJM0p9FnURgiPGoINzmmlEQA0sI1dz+FdMe0YSCrTFrS/CnT54l1cOiXy6Wb45yp+eTOpbRLtpDeeSjY3SKLtA1qiCKHtATekGvzqPz7Lw57z/RjDOZ2UF/4Hx8A8+FnOo=</latexit>

O
�
Lt(↵t/✏)1/p

�



Linear-time simulation

No fast-forwarding theorem: Simulating Hamiltonian dynamics for time t requires         gates.⌦(t)

Construct a sparse Hamiltonian that encodes the parity:

x1 = 0 x2 = 0 x3 = 1 x5 = 1 x6 = 1x4 = 0 x7 = 0

[Berry, Ahokas, Cleve, Sanders 05]

Simulation for time               can be used to determine the parity (choosing weights to ensure 
perfect transfer), so a general-purpose simulation method must use        gates.⌦(t)

<latexit sha1_base64="LBycjhm1R1imHILrvxTPIHkMTh8=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoMQL2FXgnoRAoJ4M4J5QLKE2clsMmR2dp3pFULIT3jxoIhXf8ebf+PkcdDEgoaiqpvuriCRwqDrfjuZldW19Y3sZm5re2d3L79/UDdxqhmvsVjGuhlQw6VQvIYCJW8mmtMokLwRDK4nfuOJayNi9YDDhPsR7SkRCkbRSk0kV+SuqE47+YJbcqcgy8SbkwLMUe3kv9rdmKURV8gkNabluQn6I6pRMMnHuXZqeELZgPZ4y1JFI2780fTeMTmxSpeEsbalkEzV3xMjGhkzjALbGVHsm0VvIv7ntVIML/2RUEmKXLHZojCVBGMyeZ50heYM5dASyrSwtxLWp5oytBHlbAje4svLpH5W8s5L5ftyoXIzjyMLR3AMRfDgAipwC1WoAQMJz/AKb86j8+K8Ox+z1owznzmEP3A+fwBE4Y7W</latexit>

t = O(n)

[Beals, Buhrman, Cleve, Mosca, de Wolf 98; Farhi, Goldstone, Gutmann, Sipser 98]

Proof is based on the hardness of computing parity: given a black box for the bits of a string 
                 , computing                       requires         quantum queries.

<latexit sha1_base64="bZdACYHbyMl7bAXCbLlHHfkaaWU=">AAAB+HicbVBNS8NAEJ3Ur1o/WvXoZbEIHqQkUtRjQRCPFewHNLFstpt26WYTdjdiDfklXjwo4tWf4s1/47bNQVsfDDzem2Fmnh9zprRtf1uFldW19Y3iZmlre2e3XNnbb6sokYS2SMQj2fWxopwJ2tJMc9qNJcWhz2nHH19N/c4DlYpF4k5PYuqFeChYwAjWRupXyo/IZQK5qX3quNm9Uap2zZ4BLRMnJ1XI0exXvtxBRJKQCk04Vqrn2LH2Uiw1I5xmJTdRNMZkjIe0Z6jAIVVeOjs8Q8dGGaAgkqaERjP190SKQ6UmoW86Q6xHatGbiv95vUQHl17KRJxoKsh8UZBwpCM0TQENmKRE84khmEhmbkVkhCUm2mRVMiE4iy8vk/ZZzTmv1W/r1cZ1HkcRDuEITsCBC2jADTShBQQSeIZXeLOerBfr3fqYtxasfOYA/sD6/AFVnJJC</latexit>

x 2 {0, 1}n <latexit sha1_base64="1GYMsBbl8/qoljyWibYK26jnij4=">AAACBXicbVDLSsNAFJ34rPVVdamLwSK4KokUdVkQxGUF+4AmhMlk0g6dZMLMjbSUbtz4K25cKOLWf3Dn3zhtI2jrgQtnzrmXufcEqeAabPvLWlpeWV1bL2wUN7e2d3ZLe/tNLTNFWYNKIVU7IJoJnrAGcBCsnSpG4kCwVtC/mvite6Y0l8kdDFPmxaSb8IhTAkbyS0cD38GuTEWmsUtDCfrnNfCNXbYr9hR4kTg5KaMcdb/06YaSZjFLgAqidcexU/BGRAGngo2LbqZZSmifdFnH0ITETHuj6RVjfGKUEEdSmUoAT9XfEyMSaz2MA9MZE+jpeW8i/ud1MoguvRFP0gxYQmcfRZnAIPEkEhxyxSiIoSGEKm52xbRHFKFggiuaEJz5kxdJ86zinFeqt9Vy7TqPo4AO0TE6RQ66QDV0g+qogSh6QE/oBb1aj9az9Wa9z1qXrHzmAP2B9fEN3gyYNA==</latexit>

x1 � · · ·� xn
<latexit sha1_base64="iWhgEMFRGXy+fS0kDL7ahqRvc/A=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYhDiJexKUI8BQbwZwTwkWcLspDcZMjO7zMwKIeQrvHhQxKuf482/cZLsQRMLGoqqbrq7woQzbTzv21lZXVvf2Mxt5bd3dvf2CweHDR2nimKdxjxWrZBo5Exi3TDDsZUoJCLk2AyH11O/+YRKs1g+mFGCgSB9ySJGibHSY+dOYJ+U5Fm3UPTK3gzuMvEzUoQMtW7hq9OLaSpQGsqJ1m3fS0wwJsowynGS76QaE0KHpI9tSyURqIPx7OCJe2qVnhvFypY07kz9PTEmQuuRCG2nIGagF72p+J/XTk10FYyZTFKDks4XRSl3TexOv3d7TCE1fGQJoYrZW106IIpQYzPK2xD8xZeXSeO87F+UK/eVYvUmiyMHx3ACJfDhEqpwCzWoAwUBz/AKb45yXpx352PeuuJkM0fwB87nD/s7j+U=</latexit>

⌦(n)

Applying phase estimation to a quantum walk constructed from H gives an O(t) simulation.
[Childs10; Berry, Childs 12]



High-precision simulation

Can we improve the dependence on ²?

Quantum walk simulation: O(1/
p
✏) Product formulas (2kth order): O(52k✏�2k)

Lower bound (based on the unbounded-error query complexity of parity): ⌦
� log(1/✏)
log log(1/✏)

�

x1 = 0 x2 = 0 x3 = 1 x5 = 1 x6 = 1x4 = 0 x7 = 0

[Berry, Childs, Cleve, Kothari, Somma 14 & 15]

Directly implement the truncated Taylor series of                  , cost
<latexit sha1_base64="PAYrUwX9X9pCFKDsQurshrlPgnI=">AAAB8XicbVBNS8NAEJ34WetX1aOXYBHqwZKIVI8FQXqsYD+wDWWznbRLN5uwuxFL6L/w4kERr/4bb/4bt20O2vpg4PHeDDPz/JgzpR3n21pZXVvf2Mxt5bd3dvf2CweHTRUlkmKDRjySbZ8o5ExgQzPNsR1LJKHPseWPbqZ+6xGlYpG41+MYvZAMBAsYJdpID118ikvnrKbPeoWiU3ZmsJeJm5EiZKj3Cl/dfkSTEIWmnCjVcZ1YeymRmlGOk3w3URgTOiID7BgqSIjKS2cXT+xTo/TtIJKmhLZn6u+JlIRKjUPfdIZED9WiNxX/8zqJDq69lIk40SjofFGQcFtH9vR9u88kUs3HhhAqmbnVpkMiCdUmpLwJwV18eZk0L8pupVy5uyxWb7M4cnAMJ1ACF66gCjWoQwMoCHiGV3izlPVivVsf89YVK5s5gj+wPn8AkPyQOQ==</latexit>

exp(�iHt)
<latexit sha1_base64="4LFApf/m/tWx12p2r8rcSkeAN+s=">AAACJnicbVDLSgMxFM34rPVVdekmWIR2U2dEqhuhIIg7K9gHdErJpJk2NJMMyR2hDP0aN/6KGxcVEXd+iuljoa0HAodz7uHmniAW3IDrfjkrq2vrG5uZrez2zu7efu7gsG5UoimrUSWUbgbEMMElqwEHwZqxZiQKBGsEg5uJ33hi2nAlH2EYs3ZEepKHnBKwUid3fe8HvCcKgH0INaGpL1SvAGc+iw0XShZHU2VJnaR0sZPLuyV3CrxMvDnJozmqndzY7yqaREwCFcSYlufG0E6JBk4FG2X9xLCY0AHpsZalkkTMtNPpmSN8apUuDpW2TwKeqr8TKYmMGUaBnYwI9M2iNxH/81oJhFftlMs4ASbpbFGYCAwKTzrDXa4ZBTG0hFDN7V8x7RPbFthms7YEb/HkZVI/L3nlUvnhIl+5ndeRQcfoBBWQhy5RBd2hKqohip7RKxqjd+fFeXM+nM/Z6IozzxyhP3C+fwDloqYU</latexit>

O
�
t

log(t/✏)
log log(t/✏)

�
Improved quantum algorithm:

LCU Lemma: Implement                       with complexity
<latexit sha1_base64="D7rP+Kpdowsp9BLd2b2tFlWYaLc=">AAACCXicbVDLSgNBEJz1GeMr6tHLYBA8hV2R6EUICOIxgnlAdllmJ51kktkHM71iCLl68Ve8eFDEq3/gzb9xkuxBEwuaLqq6mekKEik02va3tbS8srq2ntvIb25t7+wW9vbrOk4VhxqPZayaAdMgRQQ1FCihmShgYSChEQyuJn7jHpQWcXSHwwS8kHUj0RGcoZH8Aq3RS+oiPKDGoQRXp6Hfp24AyEyv+32/ULRL9hR0kTgZKZIMVb/w5bZjnoYQIZdM65ZjJ+iNmELBJYzzbqohYXzAutAyNGIhaG80vWRMj43Spp1YmYqQTtXfGyMWaj0MAzMZMuzpeW8i/ue1UuxceCMRJSlCxGcPdVJJMaaTWGhbKOAoh4YwroT5K+U9phhHE17ehODMn7xI6qclp1wq354VK9dZHDlySI7ICXHIOamQG1IlNcLJI3kmr+TNerJerHfrYza6ZGU7B+QPrM8fqr2ZuA==</latexit>

U =
P

j �jVj
<latexit sha1_base64="IUZV9tsij2oMU4J8sJRZaF3olj4=">AAACBnicbVDLSgNBEJyN7/ha9SjCYBDiJeyKRI8BQbypYEwgG5bZSSeZZPbBTK8Ykpy8+CtePCji1W/w5t84iTloYkFDUdVNd1eQSKHRcb6szNz8wuLS8kp2dW19Y9Pe2r7Vcao4lHksY1UNmAYpIiijQAnVRAELAwmVoHs28it3oLSIoxvsJVAPWSsSTcEZGsm39y7zHsI9auxJ8HQa+h068AJA5ncGh76dcwrOGHSWuBOSIxNc+fan14h5GkKEXDKta66TYL3PFAouYZj1Ug0J413WgpqhEQtB1/vjN4b0wCgN2oyVqQjpWP090Weh1r0wMJ0hw7ae9kbif14txeZpvS+iJEWI+M+iZiopxnSUCW0IBRxlzxDGlTC3Ut5minE0yWVNCO70y7Pk9qjgFgvF6+Nc6XwSxzLZJfskT1xyQkrkglyRMuHkgTyRF/JqPVrP1pv1/tOasSYzO+QPrI9vbvqZIQ==</latexit>

O(
P

j |�j |)



Optimal tradeoff between t and ²

Combining known lower bounds on the complexity of simulation as a function of t and ² gives

⌦
⇣
t+

log 1
✏

log log 1
✏

⌘
O

⇣
t

log t
✏

log log t
✏

⌘
vs. upper bound of

An alternative method for implementing a linear combination of unitary operations, quantum 
signal processing, gives an optimal tradeoff. [Low, Chuang 16, 17]

Main idea: Encode the eigenvalues of H in a two-dimensional subspace; use a carefully-chosen 
sequence of single-qubit rotations to manipulate those eigenvalues.

Quantum signal processing (and more general quantum singular value transformation) gives a 
powerful framework for designing other quantum algorithms [Gilyén, Su, Low, Wiebe 19].



Lattice Hamiltonians

We’ve focused on the complexity as a function of t (evolution time) and ² (allowed error).
What about the dependence on system size?

Consider n spins with nearest-neighbor interactions on a grid of fixed dimension. To simulate 
evolution for constant time, previous methods (LCU, QSP, high-order PF with standard analysis) 
use O(n2) gates, with circuit depth (execution time with parallel gates) O(n).

Execution time should not have to be extensive!

• Lieb-Robinson bound limits the speed of propagation
• Simulate small regions with negative-time evolutions to 
correct the boundaries

3

an operator h(t) is said to be piecewise slowly varying if every ↵j(t) is piecewise slowly varying

with respect to a time slicing independent of j.

II. ALGORITHM AND ANALYSIS
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𝑙
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𝑒𝑖𝑡𝐻𝑍

𝑒−𝑖𝑡𝐻𝐵

FIG. 1. Decomposition of time evolution operator for time t = O(1). The time is going upwards. Each

block ⇤ represents the forward time evolution, e�itH⇤ , if the arrow is upward, and backward time evolution,

e+itH⇤ , if the arrow is downward. Here, H⇤ is the sum of local terms in the Hamiltonian supported within

the block. The overlap has size `. (a) shows a one-dimensional setting, but a generalization to higher D

dimensions is readily achieved by regarding each block as a (D � 1)-dimensional hyperplane so that the

problem reduces to lower dimensions. (b) shows a two-dimensional setting. The approximation error from the

depicted decomposition is ✏ = O(e�µ`LD/`) where L is the linear system size, ` is the width of the overlap

between blocks, and µ > 0 is a constant that depends only on the locality of the Hamiltonian. One can use

any algorithm to further decompose the resulting “small” unitaries on O(log(L/✏)) qubits into elementary

gates. To achieve gate count that is linear (up to logarithmic factors) in spacetime volume, the algorithm for

simulating the blocks needs to be polynomial in the block size and polylogarithmic in accuracy.

Theorem 1. Let H =
P

X✓⇤ hX(t) be a time-dependent Hamiltonian on a lattice ⇤ of n qubits,

embedded in the Euclidean metric space RD
. Assume that every unit ball contains O(1) qubits,

hX = 0 if diam(X) > 1. Also assume that every local term hX(t) is e�ciently computable (e.g.,

analytic), piecewise slowly varying on time domain [0, T ], and khX(t)k  1 and for any X and t.

Then, there exists a quantum algorithm that can approximate the real-time evolution of H for time

T to accuracy ✏ using O(Tn polylog(Tn/✏)) 2-qubit local gates, and has depth O(T polylog(Tn/✏)).

The algorithm is depicted in Figure 1. Before showing why this algorithm works, we provide a

high-level overview of the algorithm and the structure of the proof. Since a time evolution unitary

Can give a simulation with          gates,         depth 
(nearly optimal!) [Haah, Hastings, Kothari, Low 18]

Õ(n)
<latexit sha1_base64="C2A+Ju1KTt04LN4FEOyci4+I4bg=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQL2W3CnosCOLNCvYDtkvJZrNtaDZZklmhlP4MLx4U8eqv8ea/MW33oK0PBh7vzTAzL0wFN+C6305hbX1jc6u4XdrZ3ds/KB8etY3KNGUtqoTS3ZAYJrhkLeAgWDfVjCShYJ1wdDPzO09MG67kI4xTFiRkIHnMKQEr+T3gImL4virP++WKW3PnwKvEy0kF5Wj2y1+9SNEsYRKoIMb4nptCMCEaOBVsWuplhqWEjsiA+ZZKkjATTOYnT/GZVSIcK21LAp6rvycmJDFmnIS2MyEwNMveTPzP8zOIr4MJl2kGTNLFojgTGBSe/Y8jrhkFMbaEUM3trZgOiSYUbEolG4K3/PIqaddr3kWt/nBZadzmcRTRCTpFVeShK9RAd6iJWogihZ7RK3pzwHlx3p2PRWvByWeO0R84nz8xWpCM</latexit>

Õ(1)
<latexit sha1_base64="rdUUNl3adh4r9KLedgJ4iXQWmw8=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQL2W3CnosCOLNCvYDtkvJZrNtaDZZklmhlP4MLx4U8eqv8ea/MW33oK0PBh7vzTAzL0wFN+C6305hbX1jc6u4XdrZ3ds/KB8etY3KNGUtqoTS3ZAYJrhkLeAgWDfVjCShYJ1wdDPzO09MG67kI4xTFiRkIHnMKQEr+T3gImL4vuqd98sVt+bOgVeJl5MKytHsl796kaJZwiRQQYzxPTeFYEI0cCrYtNTLDEsJHZEB8y2VJGEmmMxPnuIzq0Q4VtqWBDxXf09MSGLMOAltZ0JgaJa9mfif52cQXwcTLtMMmKSLRXEmMCg8+x9HXDMKYmwJoZrbWzEdEk0o2JRKNgRv+eVV0q7XvIta/eGy0rjN4yiiE3SKqshDV6iB7lATtRBFCj2jV/TmgPPivDsfi9aCk88coz9wPn8A1JqQTw==</latexit>

Commutator bounds on high-order product formulas give nearly the same scaling.
[Childs, Su, Tran, Wiebe, Zhu 19]



State of the art

We have algorithms with optimal performance as a function of

evolution time t:

allowed error ²:

system size n:

<latexit sha1_base64="HQdgELQZlrup2emvGxEacm2wbSk=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJeyKRI8BQTxGyEuSJcxOJsmQ2dllplcIS77CiwdFvPo53vwbJ8keNLGgoajqprsriKUw6Lrfztr6xubWdm4nv7u3f3BYODpumijRjDdYJCPdDqjhUijeQIGSt2PNaRhI3grGtzO/9cS1EZGq4yTmfkiHSgwEo2ilx259xJGW8KJXKLpldw6ySryMFCFDrVf46vYjloRcIZPUmI7nxuinVKNgkk/z3cTwmLIxHfKOpYqG3Pjp/OApObdKnwwibUshmau/J1IaGjMJA9sZUhyZZW8m/ud1Ehzc+KlQcYJcscWiQSIJRmT2PekLzRnKiSWUaWFvJWxENWVoM8rbELzll1dJ87LsVcqVh6ti9S6LIwencAYl8OAaqnAPNWgAgxCe4RXeHO28OO/Ox6J1zclmTuAPnM8fGPmP+g==</latexit>

⇥(t)
<latexit sha1_base64="k2GFLhXjION3OxYKRHEbb64mIWw=">AAACNHicbVDLSgMxFM34rPVVdekmWIS6qTMi1WVBEMFNhbYKnVIy6Z1pMJMMSUYow3yUGz/EjQguFHHrN5hOu/B1IHA45x5u7gkSzrRx3Wdnbn5hcWm5tFJeXVvf2KxsbXe1TBWFDpVcqpuAaOBMQMcww+EmUUDigMN1cHs28a/vQGkmRduME+jHJBIsZJQYKw0ql357BIb4AYsiXsN+qAjNfC6jWublh5kPiWZcivwgL9R/HVyk1cGgUnXrbgH8l3gzUkUztAaVR38oaRqDMJQTrXuem5h+RpRhlENe9lMNCaG3JIKepYLEoPtZcXSO960yxKFU9gmDC/V7IiOx1uM4sJMxMSP925uI/3m91ISn/YyJJDUg6HRRmHJsJJ40iIdMATV8bAmhitm/Yjoitjdjey7bErzfJ/8l3aO616g3ro6rzfNZHSW0i/ZQDXnoBDXRBWqhDqLoHj2hV/TmPDgvzrvzMR2dc2aZHfQDzucXieisAw==</latexit>

⇥

✓
log(1/✏)

log log(1/✏)

◆

Furthermore, we can achieve the optimal tradeoff between t and ²:
<latexit sha1_base64="K7pOO9rR6Jovrb+AsPpEjSqZ/6U="></latexit>

⇥

✓
t+

log(1/✏)

log log(1/✏)

◆

<latexit sha1_base64="Zd1Q19mBdOWTb+GE9ta4bx6PLfs=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoJViEeimJSPVYEMRjhX5BE8pmO22XbjZhdyLU0l/ixYMiXv0p3vw3btsctPXBwOO9GWbmhYngGl3328ptbG5t7+R3C3v7B4dF++i4peNUMWiyWMSqE1INgktoIkcBnUQBjUIB7XB8O/fbj6A0j2UDJwkEER1KPuCMopF6dtFHLvrgN0aAtCwvenbJrbgLOOvEy0iJZKj37C+/H7M0AolMUK27nptgMKUKORMwK/iphoSyMR1C11BJI9DBdHH4zDk3St8ZxMqURGeh/p6Y0kjrSRSazojiSK96c/E/r5vi4CaYcpmkCJItFw1S4WDszFNw+lwBQzExhDLFza0OG1FFGZqsCiYEb/XlddK6rHjVSvXhqlS7y+LIk1NyRsrEI9ekRu5JnTQJIyl5Jq/kzXqyXqx362PZmrOymRPyB9bnDzBaks8=</latexit>

⇥̃(n)



Can we do better?

Of course we can! 
Improve performance in practice,
change the problem specification,

⋮

Of course not! 
We already have optimal algorithms.



Random inputs

Worst-case input states could be atypical. Can we give a more efficient simulation with extra 
information about the input state?

[Zhao, Zhou, Shaw, Li, Childs 22]

Recall that for a pth-order formula, the worst-case error is                 whereO(↵tp+1)

<latexit sha1_base64="lcA6OMnLhGIctyAl67u0eyp7p5g=">AAAB+nicbVBNS8NAEN34WetXqkcvi0WoCCWRgnorCOLNCvYD2lgm2027dLMJuxulxP4ULx4U8eov8ea/cdvmoK0PBh7vzTAzz485U9pxvq2l5ZXVtfXcRn5za3tn1y7sNVSUSELrJOKRbPmgKGeC1jXTnLZiSSH0OW36w8uJ33ygUrFI3OlRTL0Q+oIFjIA2Utcu3JQ6wOMBYH2fxifu+LhrF52yMwVeJG5GiihDrWt/dXoRSUIqNOGgVNt1Yu2lIDUjnI7znUTRGMgQ+rRtqICQKi+dnj7GR0bp4SCSpoTGU/X3RAqhUqPQN50h6IGa9ybif1470cG5lzIRJ5oKMlsUJBzrCE9ywD0mKdF8ZAgQycytmAxAAtEmrbwJwZ1/eZE0TstupXxxWylWr7I4cugAHaISctEZqqJrVEN1RNAjekav6M16sl6sd+tj1rpkZTP76A+szx/WkpMd</latexit>

<latexit sha1_base64="21iy4Y9xdn9QpJ9oXm5sdlv+BYU="></latexit>

↵ :=
X

j1,...,jp+1

��[Hjp+1 , [ · · · , [Hj2 , Hj1 ] · · · ]]
��.

We can give a tighter bound if the input state is chosen at random from some distribution.  
For a 1-design ensemble on a d-dimensional system, the average error is                   where

<latexit sha1_base64="6N2GBd+54+Bjm3fJdjG6FRNtSxQ=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBEqQklEqsuCUNxZwT6gjWEynbRDJ5NhZiKEUH/FjQtF3Poh7vwbp20W2nrgwuGce7n3nkAwqrTjfFsrq2vrG5uFreL2zu7evn1w2FZxIjFp4ZjFshsgRRjlpKWpZqQrJEFRwEgnGF9P/c4jkYrG/F6ngngRGnIaUoy0kXy7dFvpIyZGyG9A/ZCJM3dy6ttlp+rMAJeJm5MyyNH07a/+IMZJRLjGDCnVcx2hvQxJTTEjk2I/UUQgPEZD0jOUo4goL5sdP4EnRhnAMJamuIYz9fdEhiKl0igwnRHSI7XoTcX/vF6iwysvo1wkmnA8XxQmDOoYTpOAAyoJ1iw1BGFJza0Qj5BEWJu8iiYEd/HlZdI+r7q1au3uolxv5HEUwBE4BhXggktQBzegCVoAgxQ8g1fwZj1ZL9a79TFvXbHymRL4A+vzByack9U=</latexit>

O(↵F t
p+1)

<latexit sha1_base64="YcC2A3lKyF+mSb4FOJvkZIWnB8c="></latexit>

↵F :=
1p
d

X

j1,...,jp+1

��[Hjp+1 , [ · · · , [Hj2 , Hj1 ] · · · ]]
��
F
.

This is no worse, but can sometimes give much better performance (for the same algorithm!).



Are random inputs practical?

Can we identify specific, typical features that make simulation faster?

The random-input analysis suggests that product-formula simulation typically performs much 
better than the worst case.

The setting is somewhat flexible (only requires a 1-design input distribution), but it does require 
the input to be drawn from some well-behaved distribution.

In applications, we may not have a nice distribution, or care about a particular input state.



State-dependent error bound

The leading-order contribution to the error only depends on the marginals of the state 
corresponding to the leading-order error terms of the product formula approximation.

More generally, there is a contribution from the spectral norm of the product formula error, but 
it is small if the marginals are close to maximally mixed.

If the marginals are maximally mixed, then the error is given by the Frobenius norm of the 
product formula error (as for a random input state).

Leading-order PF error:
<latexit sha1_base64="sAYmOtJ2044x1HQkpekUsAZgF4g="></latexit>

U � U =
P

j Ej + · · ·
← product formula

← local terms

← higher-order terms

← ideal evolution

<latexit sha1_base64="JV60sYl3jKy5W9D6mEGpKwPCuP4="></latexit>

k(U � U ) | ik2 ⇡
P

j,j0 h |E
†
jEj0 | i

⇡
P

j,j0 tr

✓
Ê†

jEj0(⇢j,j0 � I/dj,j0)
◆
+

P
j,j0 tr

⇣
E†

jEj0

⌘
/2n

/ P
j,j0 kE

†
jEj0k tr |⇢j,j0 � I/dj,j0 |+ kEk2F

Simulation error:
<latexit sha1_base64="JV60sYl3jKy5W9D6mEGpKwPCuP4="></latexit>

k(U � U ) | ik2 ⇡
P

j,j0 h |E
†
jEj0 | i

⇡
P

j,j0 tr

✓
Ê†

jEj0(⇢j,j0 � I/dj,j0)
◆
+

P
j,j0 tr

⇣
E†

jEj0

⌘
/2n

/ P
j,j0 kE

†
jEj0k tr |⇢j,j0 � I/dj,j0 |+ kEk2F

<latexit sha1_base64="JV60sYl3jKy5W9D6mEGpKwPCuP4="></latexit>

k(U � U ) | ik2 ⇡
P

j,j0 h |E
†
jEj0 | i

⇡
P

j,j0 tr

✓
Ê†

jEj0(⇢j,j0 � I/dj,j0)
◆
+

P
j,j0 tr

⇣
E†

jEj0

⌘
/2n

/ P
j,j0 kE

†
jEj0k tr |⇢j,j0 � I/dj,j0 |+ kEk2F

← restricted to j,j 
0



Entanglement accelerates quantum simulation

To simulate evolution for long times, divide into short segments such that the total error is 
small.

<latexit sha1_base64="y2Y4odo5SvaHQNhcCsAvFfa5+/c="></latexit>

Theorem. For a given pure quantum state | i and quantum evolution U = e�iHt with
pth-order Trotter approximation U ,

k(U � U ) | ik = O

0

@tp+1

sX

j,j0

kE†
j
Ej0k tr |⇢j,j0 � I/d⇢j,j0 |+ tp+1

kEkF

1

A .

where Ej are the leading-order local error terms in the Trotter approximation, E =
P

j
Ej,

and ⇢j,j0 is the reduced state of | i on the support of E†
j
Ej0 .

Highly entangled states have marginals that are close to maximally mixed. (Could recast the 
bound in terms of entropies of the marginals.) 



Improvement over worst-case simulation

Consider simulating an n-site nearest-neighbor lattice Hamiltonian in constant dimensions with 
a pth-order product formula.

This analysis sets strictly better parameters for the same algorithm.

Worst case: 
<latexit sha1_base64="288RT+/w/fhcGbJCaQKdGJmNjKQ="></latexit>

↵ :=
X

j1,...,jp+1

��[Hjp+1 , [ · · · , [Hj2 , Hj1 ] · · · ]]
�� = O(n)

Average case: 
<latexit sha1_base64="iW083fFZSpKGOKn2mnCwhHVOsJM="></latexit>

↵F :=
1p
d

X

j1,...,jp+1

��[Hjp+1 , [ · · · , [Hj2 , Hj1 ] · · · ]]
��
F
= O(

p
n)

Number of Trotter steps to evolve for time t with error at most ²:
<latexit sha1_base64="2V0b9XvJfmJqvMr3tvNg+b5lbzw=">AAACAXicbVBNS8NAEN3Ur1q/ol4EL4tFaC9tIlI9FgTxZgXbCm0sm+22XbrZhN2JUEK9+Fe8eFDEq//Cm//GbZuDtj4YeLw3w8w8PxJcg+N8W5ml5ZXVtex6bmNza3vH3t1r6DBWlNVpKEJ15xPNBJesDhwEu4sUI4EvWNMfXkz85gNTmofyFkYR8wLSl7zHKQEjdeyD6wLggoRym0Wai1AW7xO3HI2LHTvvlJwp8CJxU5JHKWod+6vdDWkcMAlUEK1brhOBlxAFnAo2zrVjzSJCh6TPWoZKEjDtJdMPxvjYKF3cC5UpCXiq/p5ISKD1KPBNZ0BgoOe9ifif14qhd+4lXEYxMElni3qxwBDiSRy4yxWjIEaGEKq4uRXTAVGEggktZ0Jw519eJI2TklspVW5O89XLNI4sOkRHqIBcdIaq6ArVUB1R9Iie0St6s56sF+vd+pi1Zqx0Zh/9gfX5A5b2lbw=</latexit>

O(t(nt/✏)1/p)

Number of Trotter steps to evolve for time t with error at most ²:
<latexit sha1_base64="jb/6cyx+24dFFhf/SHxhMD2hPCY=">AAACB3icbVDLSgNBEJyNrxhfUY+CDAYhuSS7ItFjQBBvRjAPSNYwO5lNhszOrjO9Qlhy8+KvePGgiFd/wZt/4+Rx0MSChqKqm+4uLxJcg21/W6ml5ZXVtfR6ZmNza3snu7tX12GsKKvRUISq6RHNBJesBhwEa0aKkcATrOENLsZ+44EpzUN5C8OIuQHpSe5zSsBInezhdR5wvq3vFWAJpTaLNBehLNwlTikaFTrZnF20J8CLxJmRHJqh2sl+tbshjQMmgQqidcuxI3ATooBTwUaZdqxZROiA9FjLUEkCpt1k8scIHxuli/1QmZKAJ+rviYQEWg8Dz3QGBPp63huL/3mtGPxzN+EyioFJOl3kxwJDiMeh4C5XjIIYGkKo4uZWTPtEEQomuowJwZl/eZHUT4pOuVi+Oc1VLmdxpNEBOkJ55KAzVEFXqIpqiKJH9Ixe0Zv1ZL1Y79bHtDVlzWb20R9Ynz8hRJg+</latexit>

O(t(
p
nt/✏)1/p)



Example
<latexit sha1_base64="iUc+RMSOfctzvgaLW71Fvgf3bls="></latexit>

H = hx

NX

j=1

Xj + hy

NX

j=1

Yj + J

N�1X

j=1

XjXj+1Ising model with mixed fields:
<latexit sha1_base64="uuNzH1/vQlRVDEVEyGnZW2tPM9Y=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRC9CQBBPEtE8IFnC7GSSDJmdXWZ6hbDkE7x4UMSrX+TNv3GS7EETCxqKqm66u4JYCoOu++3kVlbX1jfym4Wt7Z3dveL+QcNEiWa8ziIZ6VZADZdC8ToKlLwVa07DQPJmMLqe+s0nro2I1COOY+6HdKBEXzCKVnrAq7tuseSW3RnIMvEyUoIMtW7xq9OLWBJyhUxSY9qeG6OfUo2CST4pdBLDY8pGdMDblioacuOns1Mn5MQqPdKPtC2FZKb+nkhpaMw4DGxnSHFoFr2p+J/XTrB/6adCxQlyxeaL+okkGJHp36QnNGcox5ZQpoW9lbAh1ZShTadgQ/AWX14mjbOyVylX7s9L1ZssjjwcwTGcggcXUIVbqEEdGAzgGV7hzZHOi/PufMxbc042cwh/4Hz+AAKojaY=</latexit>

t = N
<latexit sha1_base64="GQj6pzpXo/xL/KlXy3TOFwizE7o=">AAAB+3icbVBNS8NAEN34WetXrEcvi0XwYklEqxehIIjHCvYD2lg220m7dLMJuxuxhPwVLx4U8eof8ea/cdvmoK0PBh7vzTAzz485U9pxvq2l5ZXVtfXCRnFza3tn194rNVWUSAoNGvFItn2igDMBDc00h3YsgYQ+h5Y/up74rUeQikXiXo9j8EIyECxglGgj9exSF2LFeCTwFXadh/TkPOvZZafiTIEXiZuTMspR79lf3X5EkxCEppwo1XGdWHspkZpRDlmxmyiICR2RAXQMFSQE5aXT2zN8ZJQ+DiJpSmg8VX9PpCRUahz6pjMkeqjmvYn4n9dJdHDppUzEiQZBZ4uChGMd4UkQuM8kUM3HhhAqmbkV0yGRhGoTV9GE4M6/vEiapxW3WqnenZVrN3kcBXSADtExctEFqqFbVEcNRNETekav6M3KrBfr3fqYtS5Z+cw++gPr8wdR+5Na</latexit>

✏ = 10�5

<latexit sha1_base64="Pi2TG5rcVFPoB6Nmbg0+4sUsLWY="></latexit>

PF2, typical (hx = 0.8090, hy = 0.9045, J = 1)
<latexit sha1_base64="90E2VyiU+iJdCZ9dXh/tOUaGPBk="></latexit>

PF2, atypical (hx = 0, hy = 0.9045, J = 1)

Theory prediction: worst case            ; average case               .
<latexit sha1_base64="EKM+QhaU2ijibu7FOgBYGtZ5Cvg=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXspukeqxIIgnrWA/oF1LNk3b2GyyJFmhLP0PXjwo4tX/481/Y9ruQVsfDDzem2FmXhBxpo3rfjuZldW19Y3sZm5re2d3L79/0NAyVoTWieRStQKsKWeC1g0znLYiRXEYcNoMRpdTv/lElWZS3JtxRP0QDwTrM4KNlRq3xZuH8mk3X3BL7gxomXgpKUCKWjf/1elJEodUGMKx1m3PjYyfYGUY4XSS68SaRpiM8IC2LRU4pNpPZtdO0IlVeqgvlS1h0Ez9PZHgUOtxGNjOEJuhXvSm4n9eOzb9Cz9hIooNFWS+qB9zZCSavo56TFFi+NgSTBSztyIyxAoTYwPK2RC8xZeXSaNc8iqlyt1ZoXqVxpGFIziGInhwDlW4hhrUgcAjPMMrvDnSeXHenY95a8ZJZw7hD5zPHzTPjkM=</latexit>

O(N2)
<latexit sha1_base64="RQ03406Sn/pdYVZCXKzi/otzxd4=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBahXkIi2nosCOJJK9gPSGPZbLft0k027E6EEvozvHhQxKu/xpv/xm2bg7Y+GHi8N8PMvCAWXIPjfFu5ldW19Y38ZmFre2d3r7h/0NQyUZQ1qBRStQOimeARawAHwdqxYiQMBGsFo6up33piSnMZPcA4Zn5IBhHvc0rASN5d+fYxde3qxeS0Wyw5tjMDXiZuRkooQ71b/Or0JE1CFgEVRGvPdWLwU6KAU8EmhU6iWUzoiAyYZ2hEQqb9dHbyBJ8YpYf7UpmKAM/U3xMpCbUeh4HpDAkM9aI3Ff/zvAT6l37KozgBFtH5on4iMEg8/R/3uGIUxNgQQhU3t2I6JIpQMCkVTAju4svLpHlmuxW7cn9eql1nceTRETpGZeSiKqqhG1RHDUSRRM/oFb1ZYL1Y79bHvDVnZTOH6A+szx9ZEpAG</latexit>

O(N1.75)



Adaptive algorithm

Typical Hamiltonians rapidly produce entangled states, even when the state is initially 
unentangled.

How can we tell that this is the case, and see how entangled the state has become, so that 
simulation for longer times can be more efficient?

Periodically measure the state, using shadow tomography to estimate the entanglement of its 
marginals. Depending on the parameters, this can be advantageous even though we have to 
restart the simulation when measuring a state.

Can also consider more sophisticated strategies with multiple intermediate measurements.

Example: Consider first-order simulation of an n-site lattice Hamiltonian that makes the 
marginals highly mixed in constant time. Worst-case simulation:              .  With           
measurements after constant evolution time, cost is                         .

<latexit sha1_base64="zT65c1pNKIjPLf80d/dM8L+hJVQ=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDiJeyGED0GBPFmBPPAvJidTJIhs7PLTK8QQv7CiwdFvPo33vwbJ8keNLGgoajqprvLj6Qw6Lrfztr6xubWdmonvbu3f3CYOTqumTDWjFdZKEPd8KnhUiheRYGSNyLNaeBLXvdH1zO//sS1EaF6wHHE2wEdKNEXjKKVHu9yqlMk2ClcdDNZN+/OQVaJl5AsJKh0M1+tXsjigCtkkhrT9NwI2xOqUTDJp+lWbHhE2YgOeNNSRQNu2pP5xVNybpUe6YfalkIyV39PTGhgzDjwbWdAcWiWvZn4n9eMsX/VnggVxcgVWyzqx5JgSGbvk57QnKEcW0KZFvZWwoZUU4Y2pLQNwVt+eZXUCnmvlC/dF7PlmySOFJzCGeTAg0sowy1UoAoMFDzDK7w5xnlx3p2PReuak8ycwB84nz+/0Y+x</latexit>

O(n4
t
2)

<latexit sha1_base64="uJ/KxZbbBXbvLNBw0cwmfjODsek=">AAAB7XicbVBNSwMxEJ31s9avqkcvwSLUS9ktUj0WBPFmBfsB7VqyabaNzSZLkhXK0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmBTFn2rjut7Oyura+sZnbym/v7O7tFw4Om1omitAGkVyqdoA15UzQhmGG03asKI4CTlvB6Grqt56o0kyKezOOqR/hgWAhI9hYqXlbEg+Vs16h6JbdGdAy8TJShAz1XuGr25ckiagwhGOtO54bGz/FyjDC6STfTTSNMRnhAe1YKnBEtZ/Orp2gU6v0USiVLWHQTP09keJI63EU2M4Im6Fe9Kbif14nMeGlnzIRJ4YKMl8UJhwZiaavoz5TlBg+tgQTxeytiAyxwsTYgPI2BG/x5WXSrJS9arl6d16sXWdx5OAYTqAEHlxADW6gDg0g8AjP8ApvjnRenHfnY9664mQzR/AHzucPZa+OYw==</latexit>

O(n2)
<latexit sha1_base64="v8qakWWn+tqokF6X7CbnPGHW2jM=">AAAB/3icbVDJSgNBEO2JW4zbqODFS2MQIkKYiTF6DAjizQhmgWz0dDpJk56eobtGCGMO/ooXD4p49Te8+Td2loMmPih4vFdFVT0vFFyD43xbiaXlldW15HpqY3Nre8fe3avoIFKUlWkgAlXziGaCS1YGDoLVQsWI7wlW9QZXY7/6wJTmgbyHYciaPulJ3uWUgJHa9sFtRrbyGPAplq34LHs+wtDKnbTttJN1JsCLxJ2RNJqh1La/Gp2ARj6TQAXRuu46ITRjooBTwUapRqRZSOiA9FjdUEl8ppvx5P4RPjZKB3cDZUoCnqi/J2Liaz30PdPpE+jreW8s/ufVI+heNmMuwwiYpNNF3UhgCPA4DNzhilEQQ0MIVdzcimmfKELBRJYyIbjzLy+SSi7rFrKFu3y6eD2LI4kO0RHKIBddoCK6QSVURhQ9omf0it6sJ+vFerc+pq0Jazazj/7A+vwBOtiTsw==</latexit>

O(n4
t+ n

3.5
t
2)



Conclusions

• Simulation with product formulas performs better if the state is entangled. 
(If the state is weakly entangled, we can give an efficient classical simulation!)

• Achieves the improved performance of average-case simulation under a more natural 
assumption.

• No change to the algorithm; just a better analysis of its parameters.

• If necessary, entanglement can be estimated adaptively with reasonable overhead.

• Find explicit, readily computable error bounds with tight constant factors.

• Explore the extent of the improvement for practical simulations.

• Are there similar improvements for other quantum evolutions, e.g., algorithms that implement 
imaginary time evolution?

• Under what other conditions can simulation bounds be improved?

Future directions


