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Main idea

Quantum simulation algorithms can be 
more efficient when the state being 

simulated is entangled—exactly the case 
where classical simulation is hard!



Quantum simulation

Quantum simulation provided the original application of quantum computers…

… and remains their most compelling application, since it is
• relevant to many practical problems (chemistry, materials, high-energy physics, etc.) and
• close to the native behavior of quantum devices.

But quantum simulation remains challenging to implement. Qubit counts for classically hard 
instances are modest, but gate counts and circuit depths seem daunting.

We should try to to reduce resource requirements as much as possible…

… while retaining strong theoretical guarantees about quality of simulation.



The Hamiltonian simulation problem

Input:

| (0)i

Goal: Understand the cost of simulation as a function of t, ², and parameters of H.

<latexit sha1_base64="k7xZanbCOoGXp02/MxCYTPcjQD8="></latexit>

max
| (0)i

k| (t)i � | simik = ke�iHt � Usimk
simulated unitary operation

Standard measure of error: worst-case     distance
<latexit sha1_base64="0C5uDlqA8hkuhYTaqQ+cDxwrnmU=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4Kkkp6rEgiMcK9gPaUDbbSbt2kw27G6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSATXxnW/nbX1jc2t7cJOcXdv/+CwdHTc0jJVDJtMCqk6AdUoeIxNw43ATqKQRoHAdjC+mfntJ1Say/jBTBL0IzqMecgZNVZq9VCIfrVfKrsVdw6ySryclCFHo1/66g0kSyOMDRNU667nJsbPqDKcCZwWe6nGhLIxHWLX0phGqP1sfu2UnFtlQEKpbMWGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmPk9RgzBaLwlQQI8nsdTLgCpkRE0soU9zeStiIKsqMDahoQ/CWX14lrWrFu6zU7mvl+m0eRwFO4QwuwIMrqMMdNKAJDB7hGV7hzZHOi/PufCxa15x85gT+wPn8ATrCju0=</latexit>

`2

simulation output state

<latexit sha1_base64="k7xZanbCOoGXp02/MxCYTPcjQD8="></latexit>

max
| (0)i

k| (t)i � | simik = ke�iHt � Usimk

Hamiltonian H 
Evolution time t 
Allowed error ² 
Unknown initial state

Output: Final state
<latexit sha1_base64="PQxtcje4TSCMmHT1TerON26ZE94=">AAACE3icbVDLSgNBEJz1bXytevQyGAQVDLsi0YsgCJJjBKOBbAyzk04cMju7zPQKYc0/ePFXvHhQxKsXb/6Nk4eg0YKGoqqb7q4wkcKg5306E5NT0zOzc/O5hcWl5RV3de3SxKnmUOGxjHU1ZAakUFBBgRKqiQYWhRKuws5p37+6BW1ErC6wm0A9Ym0lWoIztFLD3b0LEiO2cSfQTLUl0GMK19meKGGPDi3v22q4ea/gDUD/En9E8mSEcsP9CJoxTyNQyCUzpuZ7CdYzplFwCb1ckBpIGO+wNtQsVSwCU88GP/XollWatBVrWwrpQP05kbHImG4U2s6I4Y0Z9/rif14txdZRPRMqSREUHy5qpZJiTPsB0abQwFF2LWFcC3sr5TdMM442xpwNwR9/+S+53C/4xULx/CB/cjaKY45skE2yTXxySE5IiZRJhXByTx7JM3lxHpwn59V5G7ZOOKOZdfILzvsXYg+dQA==</latexit>

|ω(t)→ = e→iHt|ω(0)→



Product formula simulation

[Lloyd 96]

Combine individual simulations with the Lie product formula.  E.g., with two terms:

lim
r!1

�
e�iAt/re�iBt/r

�r
= e�i(A+B)t

<latexit sha1_base64="B/hDyJfl01jBZMCe+aNOdse6VQc="></latexit>

e
�i(A+B)t = 1� i(A+B)t� 1

2 (A
2 +AB +BA+B

2)t2 +O(t3)

To ensure error at most ², take                              
<latexit sha1_base64="968IPKI404dRWeFUaeyjDj/Swzo=">AAAB/HicbVDLSgMxFM3UV62v0S7dBItQN3WmFHUjFARxZwX7gHYsmTTThmaSIckIw1B/xY0LRdz6Ie78G9N2Ftp64MLhnHu59x4/YlRpx/m2ciura+sb+c3C1vbO7p69f9BSIpaYNLFgQnZ8pAijnDQ11Yx0IklQ6DPS9sdXU7/9SKSigt/rJCJeiIacBhQjbaS+XZTwEt6W9UP1tEciRZngJ3275FScGeAycTNSAhkaffurNxA4DgnXmCGluq4TaS9FUlPMyKTQixWJEB6jIekaylFIlJfOjp/AY6MMYCCkKa7hTP09kaJQqST0TWeI9EgtelPxP68b6+DCSymPYk04ni8KYga1gNMk4IBKgjVLDEFYUnMrxCMkEdYmr4IJwV18eZm0qhX3rFK7q5Xq11kceXAIjkAZuOAc1MENaIAmwCABz+AVvFlP1ov1bn3MW3NWNlMEf2B9/gC085OO</latexit>

r = O(t2/✏)

Suppose we want to simulate

<latexit sha1_base64="waPM/4qF2vnNQIW06VAFUTTYZks=">AAAB/XicbVDLSgMxFM34rPU1PnZugkVwVWakqJtCQZAuXFSwD2jHIZNm2rRJZkgyQh2Kv+LGhSJu/Q93/o1pOwttPXDhcM693HtPEDOqtON8W0vLK6tr67mN/ObW9s6uvbffUFEiManjiEWyFSBFGBWkrqlmpBVLgnjASDMYXk385gORikbiTo9i4nHUEzSkGGkj+fZhFZZhRyXcTwdld3x/A6v+wLcLTtGZAi4SNyMFkKHm21+dboQTToTGDCnVdp1YeymSmmJGxvlOokiM8BD1SNtQgThRXjq9fgxPjNKFYSRNCQ2n6u+JFHGlRjwwnRzpvpr3JuJ/XjvR4aWXUhEnmgg8WxQmDOoITqKAXSoJ1mxkCMKSmlsh7iOJsDaB5U0I7vzLi6RxVnTPi6XbUqFyncWRA0fgGJwCF1yACqiCGqgDDB7BM3gFb9aT9WK9Wx+z1iUrmzkAf2B9/gCBT5QA</latexit>

H =
LX

j=1

Hj

<latexit sha1_base64="rg48Zabv2QMvWu/WKuXqflSSPxM="></latexit>

e
�iAt

e
�iBt = (1� iAt� 1

2A
2
t
2 +O(t3))(1� iBt� 1

2B
2
t
2 +O(t3))

= 1� i(A+B)t� 1
2 (A

2 +AB +B
2)t2 +O(t3)

<latexit sha1_base64="mYox1HrbK0V8LYPRuDMcJht1c7s=">AAACEnicbZDLSgMxFIYz9VbrrerSTbAILcUyU4q6EdoK4s4K9gK9kUnTNjRzITkjlKHP4MZXceNCEbeu3Pk2ptMutPWHwJf/nENyftsXXIFpfhuxldW19Y34ZmJre2d3L7l/UFNeICmrUk94smETxQR3WRU4CNbwJSOOLVjdHl1N6/UHJhX33HsY+6ztkIHL+5wS0FY3mWGd8JSXYIIjKGu4nGG6lC1n9DWLb9PQyWe6yZSZMyPhZbDmkEJzVbrJr1bPo4HDXKCCKNW0TB/aIZHAqWCTRCtQzCd0RAasqdElDlPtMFppgk+008N9T+rjAo7c3xMhcZQaO7budAgM1WJtav5XawbQv2iH3PUDYC6dPdQPBAYPT/PBPS4ZBTHWQKjk+q+YDokkFHSKCR2CtbjyMtTyOessV7grpIrX8zji6AgdozSy0DkqohtUQVVE0SN6Rq/ozXgyXox342PWGjPmM4foj4zPH3YMms8=</latexit>

e
�iAt

e
�iBt = e

�i(A+B)t +O(t2)Therefore
�
e
�iAt/r

e
�iBt/r

�r
= e

�i(A+B)t +O(t2/r), so

<latexit sha1_base64="mjgTXTJMEXrTeexaHMpsOAKw+VE="></latexit>

e
�iAt

e
�iBt = (1� iAt� 1

2A
2
t
2 +O(t3))(1� iBt� 1

2B
2
t
2 +O(t3))

= 1� i(A+B)t� 1
2 (A

2 + 2AB +B
2)t2 +O(t3)



Higher-order product formulas

To get a better approximation, use higher-order formulas.

E.g., second order:
<latexit sha1_base64="5adsbI7C9fwqJz1kQ0Mo8cYyf/M="></latexit>

S2(t) := e
�iAt/2

e
�iBt

e
�iAt/2 = e

�i(A+B)t +O(t3)

Can construct expansions to arbitrarily high order [Suzuki 92]:
<latexit sha1_base64="FmZLlOd6GPA9oaNBR2bQN5bWyEY="></latexit>

S2k(t) := S2k�2(pkt)
2S2k�2(qkt)S2k�2(pkt)

2let

Using the order-2k expansion for an L-term Hamiltonian, the number of exponentials required 
for an approximation with error at most ² is at most [Berry, Ahokas, Cleve, Sanders 07]

<latexit sha1_base64="PpB1a0yz4shvqkOKGOfc9uoHRkk="></latexit>

52kL2ht
�
Lht
✏

�1/2k <latexit sha1_base64="vAbpaydEw4FE1zGAQH8+lcyfNKU=">AAACGXicbVDLSgMxFM34rPU16k43wSK4KjNS1GVBkC4r2Ad0ypBJ0zZtJpkmGbG0Bf/DvVv9BXfi1pV/4GeYaWdhWw8EDufcV04QMaq043xbK6tr6xubma3s9s7u3r59cFhVIpaYVLBgQtYDpAijnFQ01YzUI0lQGDBSC/o3iV97IFJRwe/1MCLNEHU4bVOMtJF8+7gLvWQKJ4MB9EL06PegNy75PW/s2zkn70wBl4mbkhxIUfbtH68lcBwSrjFDSjVcJ9LNEZKaYkYmWS9WJEK4jzqkYShHIVHN0fQPE3hmlBZsC2ke13Cq/u0YoVCpYRiYyhDprlr0EvE/rxHr9nVzRHkUa8LxbFE7ZlALmAQCW1QSrNnQEIQlNbdC3EUSYW1im9uSzNZCMDUx0biLQSyT6kXevcwX7gq54m0aUgacgFNwDlxwBYqgBMqgAjB4Ai/gFbxZz9a79WF9zkpXrLTnCMzB+voFE9GhOg==</latexit>

h := max
j

kHjk

<latexit sha1_base64="2zTUaNI9tUhD6fK6cGOaPfeXL8I=">AAACD3icbVDJSgNBEO2JW4xb1KOXxqAkBMNMCOpFiArizYhmgWz0dDpJk56F7hohDPMHXvwVLx4U8erVm39jZzlo4oOCx3tVVNWzfcEVmOa3EVtYXFpeia8m1tY3NreS2zsV5QWSsjL1hCdrNlFMcJeVgYNgNV8y4tiCVe3B5civPjCpuOfew9BnTYf0XN7llICW2snDu3aYH0RpyOAzzFrhEU+fZy8yEOEsvklDS5tZK8q0kykzZ46B54k1JSk0Ramd/Gp0PBo4zAUqiFJ1y/ShGRIJnAoWJRqBYj6hA9JjdU1d4jDVDMf/RPhAKx3c9aQuF/BY/T0REkepoWPrTodAX816I/E/rx5A97QZctcPgLl0sqgbCAweHoWDO1wyCmKoCaGS61sx7RNJKOgIEzoEa/bleVLJ56zjXOG2kCpeTeOIoz20j9LIQieoiK5RCZURRY/oGb2iN+PJeDHejY9Ja8yYzuyiPzA+fwCyQ5lP</latexit>

S2k(t) = e
�i(A+B)t +O(t2k+1)

Then you can find numbers     and     (as functions of k) so that<latexit sha1_base64="aWs+ZvJRST0fKOkYzSDROMPRdeM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCIB4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++4lrI2L1iJOE+xEdKhEKRtFKD0l/3C9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw2s/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbQuqt5ltXZfq9Rv8ziKcAKncA4eXEEd7qABTWAwhGd4hTdHOi/Ou/OxaC04+cwx/IHz+QNbio3f</latexit>pk
<latexit sha1_base64="UiwLmXxa/w4Zg5zTRxZg059zXoE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GNBEI8V7Qe0oWy2m3bpZhN3J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLK6tr6RnGztLW9s7tX3j9omjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpG11O/9cS1EbF6wHHC/YgOlAgFo2il+8feqFeuuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophld+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb2L6vndeaV2k8dRhCM4hlPw4BJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx9dEI3g</latexit>qk



Improved error analysis

Numerics suggest that product formula error bounds based on Taylor series expansion can be 
very loose in practice.

[Childs, Su 19]

Example (first order):

e�iBte�iAt � e�i(A+B)t =

Z t

0
d⌧1

Z ⌧1

0
d⌧2 e

�i(A+B)(t�⌧1)ei(⌧2�⌧1)B [A,B]e�i⌧2Be�i⌧1A

<latexit sha1_base64="nvtTuutJJxrRHMM4YUvWcceIl54="></latexit>

Alternative: local error analysis provides convenient integral representations of the error 
 [Descombes, Thalhammer 10]

Therefore
<latexit sha1_base64="yA+quNm5hxlKHDPd1Tw6c+rYey8=">AAACInicbVDLSgMxFM34rPVVdekmWARFLTMiPnZtBXGpYFVopyWT3rahmQfJHaGM/RY3/oobF4q6EvwYM20XWj0Q7sm555Lc40VSaLTtT2ticmp6ZjYzl51fWFxazq2sXuswVhwqPJShuvWYBikCqKBACbeRAuZ7Em687mnav7kDpUUYXGEvAtdn7UC0BGdopEbupHZPoZ7siTL2B7WEfbo3lLZKO+VtczWWmoS0VEu7ZTclWN9v5PJ2wR6A/iXOiOTJCBeN3HutGfLYhwC5ZFpXHTtCN2EKBZfQz9ZiDRHjXdaGqqEB80G7yWDFPt00SpO2QmVOgHSg/pxImK91z/eM02fY0eO9VPyvV42xdewmIohihIAPH2rFkmJI07xoUyjgKHuGMK6E+SvlHaYYR5Nq1oTgjK/8l1zvF5zDwsHlQb54NoojQ9bJBtkiDjkiRXJOLkiFcPJAnsgLebUerWfrzfoYWies0cwa+QXr6xtJrKEI</latexit>

ke�iBte�iAt � e�i(A+B)tk  k[A,B]kt2

Advantages:
• no explicit sum over higher-order terms
• commutator scaling
• can offer much better performance, both asymptotically and in practice



A theory of Trotter error

[Childs, Su, Tran, Wiebe, Zhu 21; QIP 2020]

Local error analysis can be generalized to give tight bounds on the error of arbitrary-order 
product formula approximations with any number of terms.

This gives much tighter rigorous analysis of product formulation simulations (among other 
applications).

O(↵tp+1)

<latexit sha1_base64="lcA6OMnLhGIctyAl67u0eyp7p5g=">AAAB+nicbVBNS8NAEN34WetXqkcvi0WoCCWRgnorCOLNCvYD2lgm2027dLMJuxulxP4ULx4U8eov8ea/cdvmoK0PBh7vzTAzz485U9pxvq2l5ZXVtfXcRn5za3tn1y7sNVSUSELrJOKRbPmgKGeC1jXTnLZiSSH0OW36w8uJ33ygUrFI3OlRTL0Q+oIFjIA2Utcu3JQ6wOMBYH2fxifu+LhrF52yMwVeJG5GiihDrWt/dXoRSUIqNOGgVNt1Yu2lIDUjnI7znUTRGMgQ+rRtqICQKi+dnj7GR0bp4SCSpoTGU/X3RAqhUqPQN50h6IGa9ybif1470cG5lzIRJ5oKMlsUJBzrCE9ywD0mKdF8ZAgQycytmAxAAtEmrbwJwZ1/eZE0TstupXxxWylWr7I4cugAHaISctEZqqJrVEN1RNAjekav6M16sl6sd+tj1rpkZTP76A+szx/WkpMd</latexit>

Theorem.  A pth-order product formula approximates the evolution of 
with additive error                 where

<latexit sha1_base64="yG3poPqxLjm/waoR5Wvdlb2lz5M=">AAAB/XicbVDLSsNAFJ3UV62v+NiJMFgEVyVRUTeFgiBduKhgH9DGMJlO2mknkzAzEWoo/oobFxVxJbjxK9y59E+cPhbaeuDC4Zx7ufceL2JUKsv6MlJz8wuLS+nlzMrq2vqGublVkWEsMCnjkIWi5iFJGOWkrKhipBYJggKPkarXvRj61TsiJA35jepFxAlQi1OfYqS05Jo7RZiHDRkHbtLJ2/3bK1h0O66ZtXLWCHCW2BOSLRy33773PgYl1/xsNEMcB4QrzJCUdduKlJMgoShmpJ9pxJJECHdRi9Q15Sgg0klG1/fhgVaa0A+FLq7gSP09kaBAyl7g6c4Aqbac9obif149Vv65k1AexYpwPF7kxwyqEA6jgE0qCFaspwnCgupbIW4jgbDSgWV0CPb0y7OkcpSzT3Mn13a2cAnGSINdsA8OgQ3OQAEUQQmUAQb34BEMwLPxYDwZL8bruDVlTGa2wR8Y7z/NZ5fv</latexit>

H =
PL

j=1 Hj

<latexit sha1_base64="21iy4Y9xdn9QpJ9oXm5sdlv+BYU="></latexit>

↵ :=
X

j1,...,jp+1

��[Hjp+1 , [ · · · , [Hj2 , Hj1 ] · · · ]]
��.

Therefore                          gates suffice to simulate H for time t with error at most ².
<latexit sha1_base64="GFqcQidJZVYs8rGbvBY55Xlb9Cw=">AAACE3icbVDLSgMxFM3Ud32NunQTLELrop0RqS4FQVwIKtgHdGrJpGkbmsmE5I5Qhv6DG3/FjQtF3Lpx59+Y1i609UDgcM653NwTKsENeN6Xk5mbX1hcWl7Jrq6tb2y6W9tVEyeasgqNRazrITFMcMkqwEGwutKMRKFgtbB/NvJr90wbHstbGCjWjEhX8g6nBKzUcg+ugpB3Rf4SA84HRKgewVAKmDJcxLJwl/olNRxFdKHl5ryiNwaeJf6E5NAE1y33M2jHNImYBCqIMQ3fU9BMiQZOBRtmg8QwRWifdFnDUkkiZprp+KYh3rdKG3dibZ8EPFZ/T6QkMmYQhTYZEeiZaW8k/uc1EuicNFMuVQJM0p9FnURgiPGoINzmmlEQA0sI1dz+FdMe0YSCrTFrS/CnT54l1cOiXy6Wb45yp+eTOpbRLtpDeeSjY3SKLtA1qiCKHtATekGvzqPz7Lw57z/RjDOZ2UF/4Hx8A8+FnOo=</latexit>

O
�
Lt(↵t/✏)1/p

�

Other methods (e.g., quantum signal processing) are better asymptotically, but product formulas 
are simple, require no ancilla qubits, and may perform better for modest-size problems.



Random inputs

Worst-case input states could be atypical. Can we give a more efficient simulation with extra 
information about the input state?

[Zhao, Zhou, Shaw, Li, Childs 22; QIP 2022]

Recall that for a pth-order formula, the worst-case error is                 whereO(↵tp+1)

<latexit sha1_base64="lcA6OMnLhGIctyAl67u0eyp7p5g=">AAAB+nicbVBNS8NAEN34WetXqkcvi0WoCCWRgnorCOLNCvYD2lgm2027dLMJuxulxP4ULx4U8eov8ea/cdvmoK0PBh7vzTAzz485U9pxvq2l5ZXVtfXcRn5za3tn1y7sNVSUSELrJOKRbPmgKGeC1jXTnLZiSSH0OW36w8uJ33ygUrFI3OlRTL0Q+oIFjIA2Utcu3JQ6wOMBYH2fxifu+LhrF52yMwVeJG5GiihDrWt/dXoRSUIqNOGgVNt1Yu2lIDUjnI7znUTRGMgQ+rRtqICQKi+dnj7GR0bp4SCSpoTGU/X3RAqhUqPQN50h6IGa9ybif1470cG5lzIRJ5oKMlsUJBzrCE9ywD0mKdF8ZAgQycytmAxAAtEmrbwJwZ1/eZE0TstupXxxWylWr7I4cugAHaISctEZqqJrVEN1RNAjekav6M16sl6sd+tj1rpkZTP76A+szx/WkpMd</latexit>

<latexit sha1_base64="21iy4Y9xdn9QpJ9oXm5sdlv+BYU="></latexit>

↵ :=
X

j1,...,jp+1

��[Hjp+1 , [ · · · , [Hj2 , Hj1 ] · · · ]]
��.

We can give a tighter bound if the input state is chosen at random from some distribution.  
For a 1-design ensemble on a d-dimensional system, the average error is                   where

<latexit sha1_base64="6N2GBd+54+Bjm3fJdjG6FRNtSxQ=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBEqQklEqsuCUNxZwT6gjWEynbRDJ5NhZiKEUH/FjQtF3Poh7vwbp20W2nrgwuGce7n3nkAwqrTjfFsrq2vrG5uFreL2zu7evn1w2FZxIjFp4ZjFshsgRRjlpKWpZqQrJEFRwEgnGF9P/c4jkYrG/F6ngngRGnIaUoy0kXy7dFvpIyZGyG9A/ZCJM3dy6ttlp+rMAJeJm5MyyNH07a/+IMZJRLjGDCnVcx2hvQxJTTEjk2I/UUQgPEZD0jOUo4goL5sdP4EnRhnAMJamuIYz9fdEhiKl0igwnRHSI7XoTcX/vF6iwysvo1wkmnA8XxQmDOoYTpOAAyoJ1iw1BGFJza0Qj5BEWJu8iiYEd/HlZdI+r7q1au3uolxv5HEUwBE4BhXggktQBzegCVoAgxQ8g1fwZj1ZL9a79TFvXbHymRL4A+vzByack9U=</latexit>

O(↵F t
p+1)

<latexit sha1_base64="YcC2A3lKyF+mSb4FOJvkZIWnB8c="></latexit>

↵F :=
1p
d

X

j1,...,jp+1

��[Hjp+1 , [ · · · , [Hj2 , Hj1 ] · · · ]]
��
F
.

This is no worse, but can sometimes give much better performance (for the same algorithm!).



Are random inputs practical?

Can we identify specific, typical features that make simulation faster?

The random-input analysis suggests that product-formula simulation typically performs much 
better than the worst case.

The setting is somewhat flexible (only requires a 1-design input distribution), but it does require 
the input to be drawn from some well-behaved distribution.

In applications, we may not have a nice distribution, or may care about a particular input state.



State-dependent error bound

The leading-order contribution to the error only depends on the marginals of the state 
corresponding to the leading-order error terms of the product formula approximation.

More generally, there is a contribution from the spectral norm of the product formula error, but 
it is small if the marginals are close to maximally mixed.

If the marginals are maximally mixed, then the error is given by the Frobenius norm of the 
product formula error (as for a random input state).

Leading-order PF error:
<latexit sha1_base64="sAYmOtJ2044x1HQkpekUsAZgF4g="></latexit>

U � U =
P

j Ej + · · ·
← product formula

← local terms

← higher-order terms

← ideal evolution

<latexit sha1_base64="JV60sYl3jKy5W9D6mEGpKwPCuP4="></latexit>
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Simulation error:
<latexit sha1_base64="JV60sYl3jKy5W9D6mEGpKwPCuP4="></latexit>
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<latexit sha1_base64="JV60sYl3jKy5W9D6mEGpKwPCuP4="></latexit>
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Entanglement accelerates quantum simulation

To simulate evolution for long times, divide into short segments such that the total error is 
small.

Highly entangled states have marginals that are close to maximally mixed. (Could recast the 
bound in terms of entropies of the marginals.) 

<latexit sha1_base64="58CcBpn+JDg8mokY/fkyzCJx05U="></latexit>

Theorem. For a given pure quantum state |ω→ and quantum evolution U = e→iHt with
pth-order product formula approximation U ,

↑(U ↓ U ) |ω→↑ = O




√∑

j,j→

↑E†
j
Ej→↑ tr |εj,j→ ↓ I/dωj,j→ | t

p+1 + ↑E↑F t
p+1 + ϑp+2t

p+2



 .

where Ej are the leading-order local error terms in the Trotter approximation, E =
∑

j
Ej,

εj,j→ is the reduced state of |ω→ on the support of E†
j
Ej→ , and ϑp+2 is the next-leading-order

spectral-norm commutator sum.



Improvement over worst-case simulation

Consider simulating an n-site nearest-neighbor lattice Hamiltonian in constant dimensions with 
a pth-order product formula.

This analysis sets strictly better parameters for the same algorithm.

Worst case: 
<latexit sha1_base64="288RT+/w/fhcGbJCaQKdGJmNjKQ="></latexit>

↵ :=
X

j1,...,jp+1

��[Hjp+1 , [ · · · , [Hj2 , Hj1 ] · · · ]]
�� = O(n)

Average case: 
<latexit sha1_base64="iW083fFZSpKGOKn2mnCwhHVOsJM="></latexit>

↵F :=
1p
d

X

j1,...,jp+1

��[Hjp+1 , [ · · · , [Hj2 , Hj1 ] · · · ]]
��
F
= O(

p
n)

Number of Trotter steps to evolve for time t with error at most ²:
<latexit sha1_base64="2V0b9XvJfmJqvMr3tvNg+b5lbzw=">AAACAXicbVBNS8NAEN3Ur1q/ol4EL4tFaC9tIlI9FgTxZgXbCm0sm+22XbrZhN2JUEK9+Fe8eFDEq//Cm//GbZuDtj4YeLw3w8w8PxJcg+N8W5ml5ZXVtex6bmNza3vH3t1r6DBWlNVpKEJ15xPNBJesDhwEu4sUI4EvWNMfXkz85gNTmofyFkYR8wLSl7zHKQEjdeyD6wLggoRym0Wai1AW7xO3HI2LHTvvlJwp8CJxU5JHKWod+6vdDWkcMAlUEK1brhOBlxAFnAo2zrVjzSJCh6TPWoZKEjDtJdMPxvjYKF3cC5UpCXiq/p5ISKD1KPBNZ0BgoOe9ifif14qhd+4lXEYxMElni3qxwBDiSRy4yxWjIEaGEKq4uRXTAVGEggktZ0Jw519eJI2TklspVW5O89XLNI4sOkRHqIBcdIaq6ArVUB1R9Iie0St6s56sF+vd+pi1Zqx0Zh/9gfX5A5b2lbw=</latexit>

O(t(nt/✏)1/p)

Number of Trotter steps to evolve for time t with error at most ²:
<latexit sha1_base64="jb/6cyx+24dFFhf/SHxhMD2hPCY=">AAACB3icbVDLSgNBEJyNrxhfUY+CDAYhuSS7ItFjQBBvRjAPSNYwO5lNhszOrjO9Qlhy8+KvePGgiFd/wZt/4+Rx0MSChqKqm+4uLxJcg21/W6ml5ZXVtfR6ZmNza3snu7tX12GsKKvRUISq6RHNBJesBhwEa0aKkcATrOENLsZ+44EpzUN5C8OIuQHpSe5zSsBInezhdR5wvq3vFWAJpTaLNBehLNwlTikaFTrZnF20J8CLxJmRHJqh2sl+tbshjQMmgQqidcuxI3ATooBTwUaZdqxZROiA9FjLUEkCpt1k8scIHxuli/1QmZKAJ+rviYQEWg8Dz3QGBPp63huL/3mtGPxzN+EyioFJOl3kxwJDiMeh4C5XjIIYGkKo4uZWTPtEEQomuowJwZl/eZHUT4pOuVi+Oc1VLmdxpNEBOkJ55KAzVEFXqIpqiKJH9Ixe0Zv1ZL1Y79bHtDVlzWb20R9Ynz8hRJg+</latexit>

O(t(
p
nt/✏)1/p)



Example
<latexit sha1_base64="iUc+RMSOfctzvgaLW71Fvgf3bls="></latexit>

H = hx

NX

j=1

Xj + hy

NX

j=1

Yj + J

N�1X

j=1

XjXj+1Ising model with mixed fields:
<latexit sha1_base64="uuNzH1/vQlRVDEVEyGnZW2tPM9Y=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRC9CQBBPEtE8IFnC7GSSDJmdXWZ6hbDkE7x4UMSrX+TNv3GS7EETCxqKqm66u4JYCoOu++3kVlbX1jfym4Wt7Z3dveL+QcNEiWa8ziIZ6VZADZdC8ToKlLwVa07DQPJmMLqe+s0nro2I1COOY+6HdKBEXzCKVnrAq7tuseSW3RnIMvEyUoIMtW7xq9OLWBJyhUxSY9qeG6OfUo2CST4pdBLDY8pGdMDblioacuOns1Mn5MQqPdKPtC2FZKb+nkhpaMw4DGxnSHFoFr2p+J/XTrB/6adCxQlyxeaL+okkGJHp36QnNGcox5ZQpoW9lbAh1ZShTadgQ/AWX14mjbOyVylX7s9L1ZssjjwcwTGcggcXUIVbqEEdGAzgGV7hzZHOi/PufMxbc042cwh/4Hz+AAKojaY=</latexit>

t = N
<latexit sha1_base64="GQj6pzpXo/xL/KlXy3TOFwizE7o=">AAAB+3icbVBNS8NAEN34WetXrEcvi0XwYklEqxehIIjHCvYD2lg220m7dLMJuxuxhPwVLx4U8eof8ea/cdvmoK0PBh7vzTAzz485U9pxvq2l5ZXVtfXCRnFza3tn194rNVWUSAoNGvFItn2igDMBDc00h3YsgYQ+h5Y/up74rUeQikXiXo9j8EIyECxglGgj9exSF2LFeCTwFXadh/TkPOvZZafiTIEXiZuTMspR79lf3X5EkxCEppwo1XGdWHspkZpRDlmxmyiICR2RAXQMFSQE5aXT2zN8ZJQ+DiJpSmg8VX9PpCRUahz6pjMkeqjmvYn4n9dJdHDppUzEiQZBZ4uChGMd4UkQuM8kUM3HhhAqmbkV0yGRhGoTV9GE4M6/vEiapxW3WqnenZVrN3kcBXSADtExctEFqqFbVEcNRNETekav6M3KrBfr3fqYtS5Z+cw++gPr8wdR+5Na</latexit>

✏ = 10�5

<latexit sha1_base64="Pi2TG5rcVFPoB6Nmbg0+4sUsLWY="></latexit>

PF2, typical (hx = 0.8090, hy = 0.9045, J = 1)
<latexit sha1_base64="90E2VyiU+iJdCZ9dXh/tOUaGPBk="></latexit>

PF2, atypical (hx = 0, hy = 0.9045, J = 1)

Theory prediction: worst case            ; average case               .
<latexit sha1_base64="EKM+QhaU2ijibu7FOgBYGtZ5Cvg=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXspukeqxIIgnrWA/oF1LNk3b2GyyJFmhLP0PXjwo4tX/481/Y9ruQVsfDDzem2FmXhBxpo3rfjuZldW19Y3sZm5re2d3L79/0NAyVoTWieRStQKsKWeC1g0znLYiRXEYcNoMRpdTv/lElWZS3JtxRP0QDwTrM4KNlRq3xZuH8mk3X3BL7gxomXgpKUCKWjf/1elJEodUGMKx1m3PjYyfYGUY4XSS68SaRpiM8IC2LRU4pNpPZtdO0IlVeqgvlS1h0Ez9PZHgUOtxGNjOEJuhXvSm4n9eOzb9Cz9hIooNFWS+qB9zZCSavo56TFFi+NgSTBSztyIyxAoTYwPK2RC8xZeXSaNc8iqlyt1ZoXqVxpGFIziGInhwDlW4hhrUgcAjPMMrvDnSeXHenY95a8ZJZw7hD5zPHzTPjkM=</latexit>

O(N2)
<latexit sha1_base64="RQ03406Sn/pdYVZCXKzi/otzxd4=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBahXkIi2nosCOJJK9gPSGPZbLft0k027E6EEvozvHhQxKu/xpv/xm2bg7Y+GHi8N8PMvCAWXIPjfFu5ldW19Y38ZmFre2d3r7h/0NQyUZQ1qBRStQOimeARawAHwdqxYiQMBGsFo6up33piSnMZPcA4Zn5IBhHvc0rASN5d+fYxde3qxeS0Wyw5tjMDXiZuRkooQ71b/Or0JE1CFgEVRGvPdWLwU6KAU8EmhU6iWUzoiAyYZ2hEQqb9dHbyBJ8YpYf7UpmKAM/U3xMpCbUeh4HpDAkM9aI3Ff/zvAT6l37KozgBFtH5on4iMEg8/R/3uGIUxNgQQhU3t2I6JIpQMCkVTAju4svLpHlmuxW7cn9eql1nceTRETpGZeSiKqqhG1RHDUSRRM/oFb1ZYL1Y79bHvDVnZTOH6A+szx9ZEpAG</latexit>

O(N1.75)



Adaptive algorithm

Typical Hamiltonians rapidly produce entangled states, even when the state is initially 
unentangled.

How can we tell that this is the case, and see how entangled the state has become, so that 
simulation for longer times can be more efficient?

Periodically measure the state, using shadow tomography to estimate the entanglement of its 
marginals. Depending on the parameters, this can be advantageous even though we have to 
restart the simulation when measuring a state.

Can also consider more sophisticated strategies with multiple intermediate measurements.

Example: Consider first-order simulation of an n-site lattice Hamiltonian that makes the 
marginals highly mixed in constant time. Worst-case simulation:              .  With           
measurements after constant evolution time, cost is                         .

<latexit sha1_base64="zT65c1pNKIjPLf80d/dM8L+hJVQ=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDiJeyGED0GBPFmBPPAvJidTJIhs7PLTK8QQv7CiwdFvPo33vwbJ8keNLGgoajqprvLj6Qw6Lrfztr6xubWdmonvbu3f3CYOTqumTDWjFdZKEPd8KnhUiheRYGSNyLNaeBLXvdH1zO//sS1EaF6wHHE2wEdKNEXjKKVHu9yqlMk2ClcdDNZN+/OQVaJl5AsJKh0M1+tXsjigCtkkhrT9NwI2xOqUTDJp+lWbHhE2YgOeNNSRQNu2pP5xVNybpUe6YfalkIyV39PTGhgzDjwbWdAcWiWvZn4n9eMsX/VnggVxcgVWyzqx5JgSGbvk57QnKEcW0KZFvZWwoZUU4Y2pLQNwVt+eZXUCnmvlC/dF7PlmySOFJzCGeTAg0sowy1UoAoMFDzDK7w5xnlx3p2PReuak8ycwB84nz+/0Y+x</latexit>

O(n4
t
2)

<latexit sha1_base64="uJ/KxZbbBXbvLNBw0cwmfjODsek=">AAAB7XicbVBNSwMxEJ31s9avqkcvwSLUS9ktUj0WBPFmBfsB7VqyabaNzSZLkhXK0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmBTFn2rjut7Oyura+sZnbym/v7O7tFw4Om1omitAGkVyqdoA15UzQhmGG03asKI4CTlvB6Grqt56o0kyKezOOqR/hgWAhI9hYqXlbEg+Vs16h6JbdGdAy8TJShAz1XuGr25ckiagwhGOtO54bGz/FyjDC6STfTTSNMRnhAe1YKnBEtZ/Orp2gU6v0USiVLWHQTP09keJI63EU2M4Im6Fe9Kbif14nMeGlnzIRJ4YKMl8UJhwZiaavoz5TlBg+tgQTxeytiAyxwsTYgPI2BG/x5WXSrJS9arl6d16sXWdx5OAYTqAEHlxADW6gDg0g8AjP8ApvjnRenHfnY9664mQzR/AHzucPZa+OYw==</latexit>

O(n2)
<latexit sha1_base64="v8qakWWn+tqokF6X7CbnPGHW2jM=">AAAB/3icbVDJSgNBEO2JW4zbqODFS2MQIkKYiTF6DAjizQhmgWz0dDpJk56eobtGCGMO/ooXD4p49Te8+Td2loMmPih4vFdFVT0vFFyD43xbiaXlldW15HpqY3Nre8fe3avoIFKUlWkgAlXziGaCS1YGDoLVQsWI7wlW9QZXY7/6wJTmgbyHYciaPulJ3uWUgJHa9sFtRrbyGPAplq34LHs+wtDKnbTttJN1JsCLxJ2RNJqh1La/Gp2ARj6TQAXRuu46ITRjooBTwUapRqRZSOiA9FjdUEl8ppvx5P4RPjZKB3cDZUoCnqi/J2Liaz30PdPpE+jreW8s/ufVI+heNmMuwwiYpNNF3UhgCPA4DNzhilEQQ0MIVdzcimmfKELBRJYyIbjzLy+SSi7rFrKFu3y6eD2LI4kO0RHKIBddoCK6QSVURhQ9omf0it6sJ+vFerc+pq0Jazazj/7A+vwBOtiTsw==</latexit>

O(n4
t+ n

3.5
t
2)



Conclusions

• Simulation with product formulas performs better if the state is entangled. 
(If the state isn’t entangled, we can give an efficient classical simulation!)

• Achieves the improved performance of average-case simulation under a more natural 
assumption.

• No change to the algorithm; just a better analysis of its parameters.

• If necessary, entanglement can be estimated adaptively with reasonable overhead.

• Find explicit, readily computable error bounds with tight constant factors.

• Explore the extent of the improvement for practical simulations.

• Are there similar improvements for other quantum evolutions, e.g., algorithms that implement 
imaginary time evolution?

• Under what other conditions can simulation bounds be improved?

Future directions


