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“… nature isn’t classical, dammit, and if you 
want to make a simulation of nature, you’d 
better make it quantum mechanical, and by 
golly it’s a wonderful problem, because it 
doesn’t look so easy.”

Richard Feynman
Simulating physics with computers (1981)

This talk:  Algorithms for simulating quantum 
dynamics on digital, fault-tolerant quantum computers.
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Implementing quantum algorithms
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Simulation as a theoretical tool

Quantum simulation algorithms provide 
convenient descriptions of the time 
evolution operator. 

Can we use them as theoretical tools to 
reason about physics?
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The propagation of information in nonrelativistic quantum systems obeys a speed limit known as a Lieb-
Robinson bound. We derive a new Lieb-Robinson bound for systems with interactions that decay with
distance r as a power law, 1=rα. The bound implies an effective light cone tighter than all previous bounds.
Our approach is based on a technique for approximating the time evolution of a system, which was first
introduced as part of a quantum simulation algorithm by Haah et al., FOCS'18. To bound the error of the
approximation, we use a known Lieb-Robinson bound that is weaker than the bound we establish. This
result brings the analysis full circle, suggesting a deep connection between Lieb-Robinson bounds and
digital quantum simulation. In addition to the new Lieb-Robinson bound, our analysis also gives an error
bound for the Haah et al. quantum simulation algorithm when used to simulate power-law decaying
interactions. In particular, we show that the gate count of the algorithm scales with the system size better
than existing algorithms when α > 3D (where D is the number of dimensions).

DOI: 10.1103/PhysRevX.9.031006 Subject Areas: Atomic and Molecular Physics,
Condensed Matter Physics,
Quantum Information

I. INTRODUCTION

Lieb-Robinson bounds limit the rate at which informa-
tion can propagate in systems that obey the laws of
nonrelativistic quantum mechanics [1–10]. These bounds
have found a plethora of applications [11–22], including
recent results on entanglement area laws [23–25], the
classical complexity of sampling bosons [26], and even
a quantum algorithm for digital quantum simulation [27].
Lieb and Robinson’s original proof applies only to short-

range interactions, i.e., those that act over a finite range or
decay at least exponentially in space. However, interactions
in many physical systems, such as trapped ions [28,29],
Rydberg atoms [30], ultracold atoms and molecules
[31,32], nitrogen-vacancy centers [33], and superconduct-
ing circuits [34], can decay with distance r as a power
law (1=rα) and, hence, lie outside the scope of the original

Lieb-Robinson bound. Thus, understanding the fundamen-
tal limit on the speed of information propagation in these
systems holds serious physical implications, including for
the applications mentioned above. Despite many efforts in
recent years [4–7], a tight Lieb-Robinson bound for such
long-range interactions remains elusive.
In this paper, we derive a new Lieb-Robinson bound for

systems with power-law decaying interactions in D dimen-
sions. While our bound is not known to be tight, it has four
main benefits compared to the best previous bound for such
systems [6]. (i) It is tighter, resulting in the best effective
light cone to date [Eq. (17)]. (ii) The bound applies at
all times, and not just asymptotically in the large-time
limit. (iii) The framework behind the proof is conceptually
simpler, with an easy-to-understand interpretation based on
physical intuition. (iv) Our approach is potentially appli-
cable to studying a wider variety of quantities, including
connected correlators [35,36] and higher-order correlators
(for instance, the out-of-time-ordered correlator [37,38] and
the full measurement statistics of boson sampling [26,39]),
as we discuss in Sec. VI.
In contrast to the previous long-range Lieb-Robinson

bounds [4–7], which all relied on the so-called Hastings-
Koma series [4], our approach is based on a generalization
of the framework Haah et al. (HHKL) [27] introduced as a
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Example: Lieb-Robinson bounds 
from quantum simulation algorithms



Quantum dynamics

The dynamics of a quantum system are determined by its Hamiltonian H, a Hermitian operator 
whose spectrum describes the energy levels of the system.

i
d

dt
| (t)i = H| (t)i | (t)i = e�iHt| (0)i)For time-independent H:

For time-dependent H(t):
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The Hamiltonian simulation problem

Problem: Given a description of the Hamiltonian H, an evolution time t, and an unknown initial 
state          , produce the final state          (to within some prescribed error tolerance ²).| (0)i | (t)i

Also important for applications but not covered in this talk: state preparation, measurement, 
representing fermions/bosons using qubits

Alternatives: state-dependent, subspace-dependent, or average-case bounds; diamond norm or 
other distance measures

Goal: Understand the cost of simulation as a function of t, ², and parameters of H.
(cost could be circuit size, circuit depth, queries, …)

<latexit sha1_base64="k7xZanbCOoGXp02/MxCYTPcjQD8="></latexit>

max
| (0)i

k| (t)i � | simik = ke�iHt � Usimk
simulated unitary operation

Standard measure of error: worst-case     distance
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e�iHt| (0)i simulation output state
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max
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k| (t)i � | simik = ke�iHt � Usimk



Local Hamiltonians

To make this problem well defined, we must indicate how the Hamiltonian is specified.

One natural model: k-local Hamiltonians

We say H is k-local if it has the form
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H =
PL

j=1 Hj where each      acts on k qubits
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Hj

Advantages:
• Physics is local, so many natural Hamiltonians are k-local
• For k = O(log n), any k-local Hamiltonian has an efficient explicit description (at most    

terms, each acting on a space of dimension    )
• Provides a decomposition that is useful in simulation algorithms
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Sparse Hamiltonians

H =

We can simulate sparse Hamiltonians that are row-
computable: in any given row, the location of the jth 
nonzero entry and its value can be computed efficiently 
(locations and values provided by black boxes)

We say H is d-sparse if it has at most d nonzero entries per row

Advantages:
• Generalizes local Hamiltonians (a k-local Hamiltonian with L terms is d-sparse with d = 2k L)
• Can still be efficiently simulated
• Describes other Hamiltonians with sparse connectivity graphs (quantum walks, some 

chemistry simulations, …)
• Black-box description facilitates query lower bounds



Complexity



How hard is quantum simulation?

A classical computer cannot even represent the state efficiently, so surely general simulation is 
classically hard.

But a quantum computer cannot produce a complete description of the state. How can we 
make a fair comparison?

Then a quantum computer can efficiently sample from the output distribution.

How hard is this for a classical computer?

Suppose we provide succinct descriptions of
• the initial state (say, as a small-depth quantum circuit acting on the     state),
• the Hamiltonian (say, as a k-local operator), and
• a final measurement (say, measurements of the individual qubits in some basis).
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Quantum simulation is BQP-hard

Any quantum circuit can be efficiently implemented by the dynamics of a local Hamiltonian.
[Feynman 85]

Advancing the clock from          to j corresponds to applying the gate
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j � 1
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e�iHk| i ⌦ |0i = U | i ⌦ |ki

If we represent the clock state     in unary, then we can implement                with a 2-qubit 
operation, so if the circuit consists of 2-qubit gates, H is 4-local.

<latexit sha1_base64="PPZR9Hlp8beuFgLWCaZyHsxZINg=">AAACBnicbVC7SgNBFJ2NrxhfUUubxSBYhV0JahkQxDKCeUiyhNnJTTJmHsvMrBDW9Pa2+gt2Yutv+Ad+hrPJFibxwMDhnPuaE0aMauN5305uZXVtfSO/Wdja3tndK+4fNLSMFYE6kUyqVog1MCqgbqhh0IoUYB4yaIajq9RvPoLSVIo7M44g4HggaJ8SbKx0//TQUVgMGHSLJa/sTeEuEz8jJZSh1i3+dHqSxByEIQxr3fa9yAQJVoYSBpNCJ9YQYTLCA2hbKjAHHSTTgyfuiVV6bl8q+4Rxp+rfjgRzrcc8tJUcm6Fe9FLxP68dm/5lkFARxQYEmS3qx8w10k1/7/aoAmLY2BJMFLW3umSIFSbGZjS3JZ1tpGR6YqPxF4NYJo2zsn9ertxWStXrLKQ8OkLH6BT56AJV0Q2qoToiiKMX9IrenGfn3flwPmelOSfrOURzcL5+ASp5mmg=</latexit>

|ji
<latexit sha1_base64="3sQMjMpxda5Qe2DVYV9MVR1zts8=">AAACFHicbVDLSgMxFM34rPU1Kq7cBIvgxjIjRV0WBHFZwT6gM5RMmmnTZpIhyQhl2t9w71Z/wZ24de8f+Blm2lnY1gMhh3PuixPEjCrtON/Wyura+sZmYau4vbO7t28fHDaUSCQmdSyYkK0AKcIoJ3VNNSOtWBIUBYw0g+Ft5jefiFRU8Ec9iokfoR6nIcVIG6ljH48HnkS8x4jHph8cXLjjjl1yys4UcJm4OSmBHLWO/eN1BU4iwjVmSKm268TaT5HUFDMyKXqJIjHCQ9QjbUM5iojy0+n5E3hmlC4MhTSPazhV/3akKFJqFAWmMkK6rxa9TPzPayc6vPFTyuNEE45ni8KEQS1glgXsUkmwZiNDEJbU3ApxH0mEtUlsbks2WwvB1MRE4y4GsUwal2X3qlx5qJSqd3lIBXACTsE5cME1qIJ7UAN1gEEKXsAreLOerXfrw/qcla5Yec8RmIP19QtiJ59E</latexit>

|jihj � 1|

Given a circuit                          , append a “clock” register and define
<latexit sha1_base64="zwar14rATwQtRO18Dtg9R/EjiG0=">AAAB/3icbZDLSsNAFIYn9VbrLSq46WawCK5KUkTdCAVBu6xg2kIbwmQyaYdOMmFmIpS0C1/CB3DThVLc+hrufBunl4W2/nDg4z/nMGd+P2FUKsv6NnJr6xubW/ntws7u3v6BeXjUkDwVmDiYMy5aPpKE0Zg4iipGWokgKPIZafr922m/+USEpDx+VIOEuBHqxjSkGClteeaJA2+g4/VhhwVcSY0VXbZnlqyyNRNcBXsBpWrx/mU4GdfqnvnVCThOIxIrzJCUbdtKlJshoShmZFTopJIkCPdRl7Q1xigi0s1m94/gmXYCGHKhK1Zw5v7eyFAk5SDy9WSEVE8u96bmf712qsJrN6NxkioS4/lDYcqg4nAaBgyoIFixgQaEBdW3QtxDAmGlIyvoEOzlL69Co1K2L8sXD3apegfmyoMiOAXnwAZXoApqoA4cgMEQvII38G48G2NjYnzMR3PGYucY/JHx+QN2PpeA</latexit>

U = Uk . . . U2U1
<latexit sha1_base64="cYt1l6fXy8HiKXGUnFHvA7jERvg=">AAACJHicbVDLSgMxFM3UV62vUZdugqXgqsxIUTdCQZAuK9gHdOqQSdM2bSaZJhmhDP0C/8O9W/0Fd+LCjWs/w0zbhW09EDicc185QcSo0o7zZWXW1jc2t7LbuZ3dvf0D+/CorkQsMalhwYRsBkgRRjmpaaoZaUaSoDBgpBEMb1K/8UikooLf63FE2iHqcdqlGGkj+XahAr10CiejEfRUHPrJ4NqdPAyhh1jUR/4AVvyBb+edojMFXCXunOTBHFXf/vE6Asch4RozpFTLdSLdTpDUFDMyyXmxIhHCQ9QjLUM5ColqJ9PvTGDBKB3YFdI8ruFU/duRoFCpcRiYyhDpvlr2UvE/rxXr7lU7oTyKNeF4tqgbM6gFTLOBHSoJ1mxsCMKSmlsh7iOJsDYJLmxJZ2shmJqYaNzlIFZJ/bzoXhRLd6V8+XYeUhacgFNwBlxwCcqgAqqgBjB4Ai/gFbxZz9a79WF9zkoz1rznGCzA+v4FIGOlYQ==</latexit>

H :=
kX

j=1

↵jHj where
<latexit sha1_base64="hWI8A1vhWH4Wd8lIXe8d7G7/2Kg="></latexit>

Hj := Uj ⌦ |jihj � 1|+ U
†
j ⌦ |j � 1ihj|



No fast forwarding

No fast-forwarding theorem: Simulating Hamiltonian dynamics for time t requires         gates.⌦(t)

[Berry, Ahokas, Cleve, Sanders 05]

Construct a sparse Hamiltonian that encodes the parity:

x1 = 0 x2 = 0 x3 = 1 x5 = 1 x6 = 1x4 = 0 x7 = 0

Simulation for time               can be used to determine the parity (again, choosing weights to 
ensure perfect transfer), so a general-purpose simulation method must use        gates.⌦(t)

<latexit sha1_base64="LBycjhm1R1imHILrvxTPIHkMTh8=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoMQL2FXgnoRAoJ4M4J5QLKE2clsMmR2dp3pFULIT3jxoIhXf8ebf+PkcdDEgoaiqpvuriCRwqDrfjuZldW19Y3sZm5re2d3L79/UDdxqhmvsVjGuhlQw6VQvIYCJW8mmtMokLwRDK4nfuOJayNi9YDDhPsR7SkRCkbRSk0kV+SuqE47+YJbcqcgy8SbkwLMUe3kv9rdmKURV8gkNabluQn6I6pRMMnHuXZqeELZgPZ4y1JFI2780fTeMTmxSpeEsbalkEzV3xMjGhkzjALbGVHsm0VvIv7ntVIML/2RUEmKXLHZojCVBGMyeZ50heYM5dASyrSwtxLWp5oytBHlbAje4svLpH5W8s5L5ftyoXIzjyMLR3AMRfDgAipwC1WoAQMJz/AKb86j8+K8Ox+z1owznzmEP3A+fwBE4Y7W</latexit>

t = O(n)

[Beals, Buhrman, Cleve, Mosca, de Wolf 98; Farhi, Goldstone, Gutmann, Sipser 98]

Proof is based on the hardness of computing parity: given a black box for the bits of a string 
                 , computing                       requires         quantum queries.

<latexit sha1_base64="bZdACYHbyMl7bAXCbLlHHfkaaWU=">AAAB+HicbVBNS8NAEJ3Ur1o/WvXoZbEIHqQkUtRjQRCPFewHNLFstpt26WYTdjdiDfklXjwo4tWf4s1/47bNQVsfDDzem2Fmnh9zprRtf1uFldW19Y3iZmlre2e3XNnbb6sokYS2SMQj2fWxopwJ2tJMc9qNJcWhz2nHH19N/c4DlYpF4k5PYuqFeChYwAjWRupXyo/IZQK5qX3quNm9Uap2zZ4BLRMnJ1XI0exXvtxBRJKQCk04Vqrn2LH2Uiw1I5xmJTdRNMZkjIe0Z6jAIVVeOjs8Q8dGGaAgkqaERjP190SKQ6UmoW86Q6xHatGbiv95vUQHl17KRJxoKsh8UZBwpCM0TQENmKRE84khmEhmbkVkhCUm2mRVMiE4iy8vk/ZZzTmv1W/r1cZ1HkcRDuEITsCBC2jADTShBQQSeIZXeLOerBfr3fqYtxasfOYA/sD6/AFVnJJC</latexit>

x 2 {0, 1}n <latexit sha1_base64="1GYMsBbl8/qoljyWibYK26jnij4=">AAACBXicbVDLSsNAFJ34rPVVdamLwSK4KokUdVkQxGUF+4AmhMlk0g6dZMLMjbSUbtz4K25cKOLWf3Dn3zhtI2jrgQtnzrmXufcEqeAabPvLWlpeWV1bL2wUN7e2d3ZLe/tNLTNFWYNKIVU7IJoJnrAGcBCsnSpG4kCwVtC/mvite6Y0l8kdDFPmxaSb8IhTAkbyS0cD38GuTEWmsUtDCfrnNfCNXbYr9hR4kTg5KaMcdb/06YaSZjFLgAqidcexU/BGRAGngo2LbqZZSmifdFnH0ITETHuj6RVjfGKUEEdSmUoAT9XfEyMSaz2MA9MZE+jpeW8i/ud1MoguvRFP0gxYQmcfRZnAIPEkEhxyxSiIoSGEKm52xbRHFKFggiuaEJz5kxdJ86zinFeqt9Vy7TqPo4AO0TE6RQ66QDV0g+qogSh6QE/oBb1aj9az9Wa9z1qXrHzmAP2B9fEN3gyYNA==</latexit>

x1 � · · ·� xn
<latexit sha1_base64="iWhgEMFRGXy+fS0kDL7ahqRvc/A=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYhDiJexKUI8BQbwZwTwkWcLspDcZMjO7zMwKIeQrvHhQxKuf482/cZLsQRMLGoqqbrq7woQzbTzv21lZXVvf2Mxt5bd3dvf2CweHDR2nimKdxjxWrZBo5Exi3TDDsZUoJCLk2AyH11O/+YRKs1g+mFGCgSB9ySJGibHSY+dOYJ+U5Fm3UPTK3gzuMvEzUoQMtW7hq9OLaSpQGsqJ1m3fS0wwJsowynGS76QaE0KHpI9tSyURqIPx7OCJe2qVnhvFypY07kz9PTEmQuuRCG2nIGagF72p+J/XTk10FYyZTFKDks4XRSl3TexOv3d7TCE1fGQJoYrZW106IIpQYzPK2xD8xZeXSeO87F+UK/eVYvUmiyMHx3ACJfDhEqpwCzWoAwUBz/AKb45yXpx352PeuuJkM0fwB87nD/s7j+U=</latexit>

⌦(n)



Product formulas



Product formula simulation

[Lloyd 96]

Combine individual simulations with the Lie product formula.  E.g., with two terms:

lim
r!1

�
e�iAt/re�iBt/r

�r
= e�i(A+B)t

<latexit sha1_base64="B/hDyJfl01jBZMCe+aNOdse6VQc="></latexit>

e
�i(A+B)t = 1� i(A+B)t� 1

2 (A
2 +AB +BA+B

2)t2 +O(t3)

To ensure error at most ², take                              
<latexit sha1_base64="968IPKI404dRWeFUaeyjDj/Swzo=">AAAB/HicbVDLSgMxFM3UV62v0S7dBItQN3WmFHUjFARxZwX7gHYsmTTThmaSIckIw1B/xY0LRdz6Ie78G9N2Ftp64MLhnHu59x4/YlRpx/m2ciura+sb+c3C1vbO7p69f9BSIpaYNLFgQnZ8pAijnDQ11Yx0IklQ6DPS9sdXU7/9SKSigt/rJCJeiIacBhQjbaS+XZTwEt6W9UP1tEciRZngJ3275FScGeAycTNSAhkaffurNxA4DgnXmCGluq4TaS9FUlPMyKTQixWJEB6jIekaylFIlJfOjp/AY6MMYCCkKa7hTP09kaJQqST0TWeI9EgtelPxP68b6+DCSymPYk04ni8KYga1gNMk4IBKgjVLDEFYUnMrxCMkEdYmr4IJwV18eZm0qhX3rFK7q5Xq11kceXAIjkAZuOAc1MENaIAmwCABz+AVvFlP1ov1bn3MW3NWNlMEf2B9/gC085OO</latexit>

r = O(t2/✏)

Suppose we want to simulate

<latexit sha1_base64="waPM/4qF2vnNQIW06VAFUTTYZks=">AAAB/XicbVDLSgMxFM34rPU1PnZugkVwVWakqJtCQZAuXFSwD2jHIZNm2rRJZkgyQh2Kv+LGhSJu/Q93/o1pOwttPXDhcM693HtPEDOqtON8W0vLK6tr67mN/ObW9s6uvbffUFEiManjiEWyFSBFGBWkrqlmpBVLgnjASDMYXk385gORikbiTo9i4nHUEzSkGGkj+fZhFZZhRyXcTwdld3x/A6v+wLcLTtGZAi4SNyMFkKHm21+dboQTToTGDCnVdp1YeymSmmJGxvlOokiM8BD1SNtQgThRXjq9fgxPjNKFYSRNCQ2n6u+JFHGlRjwwnRzpvpr3JuJ/XjvR4aWXUhEnmgg8WxQmDOoITqKAXSoJ1mxkCMKSmlsh7iOJsDaB5U0I7vzLi6RxVnTPi6XbUqFyncWRA0fgGJwCF1yACqiCGqgDDB7BM3gFb9aT9WK9Wx+z1iUrmzkAf2B9/gCBT5QA</latexit>

H =
LX

j=1

Hj

<latexit sha1_base64="rg48Zabv2QMvWu/WKuXqflSSPxM="></latexit>

e
�iAt

e
�iBt = (1� iAt� 1

2A
2
t
2 +O(t3))(1� iBt� 1

2B
2
t
2 +O(t3))

= 1� i(A+B)t� 1
2 (A

2 +AB +B
2)t2 +O(t3)

<latexit sha1_base64="mYox1HrbK0V8LYPRuDMcJht1c7s=">AAACEnicbZDLSgMxFIYz9VbrrerSTbAILcUyU4q6EdoK4s4K9gK9kUnTNjRzITkjlKHP4MZXceNCEbeu3Pk2ptMutPWHwJf/nENyftsXXIFpfhuxldW19Y34ZmJre2d3L7l/UFNeICmrUk94smETxQR3WRU4CNbwJSOOLVjdHl1N6/UHJhX33HsY+6ztkIHL+5wS0FY3mWGd8JSXYIIjKGu4nGG6lC1n9DWLb9PQyWe6yZSZMyPhZbDmkEJzVbrJr1bPo4HDXKCCKNW0TB/aIZHAqWCTRCtQzCd0RAasqdElDlPtMFppgk+008N9T+rjAo7c3xMhcZQaO7budAgM1WJtav5XawbQv2iH3PUDYC6dPdQPBAYPT/PBPS4ZBTHWQKjk+q+YDokkFHSKCR2CtbjyMtTyOessV7grpIrX8zji6AgdozSy0DkqohtUQVVE0SN6Rq/ozXgyXox342PWGjPmM4foj4zPH3YMms8=</latexit>

e
�iAt

e
�iBt = e

�i(A+B)t +O(t2)Therefore
�
e
�iAt/r

e
�iBt/r

�r
= e

�i(A+B)t +O(t2/r), so

<latexit sha1_base64="mjgTXTJMEXrTeexaHMpsOAKw+VE="></latexit>

e
�iAt

e
�iBt = (1� iAt� 1

2A
2
t
2 +O(t3))(1� iBt� 1

2B
2
t
2 +O(t3))

= 1� i(A+B)t� 1
2 (A

2 + 2AB +B
2)t2 +O(t3)



Higher-order product formulas

To get a better approximation, use higher-order formulas.

[Childs 04; Berry, Ahokas, Cleve, Sanders 07]

E.g., second order:
<latexit sha1_base64="5adsbI7C9fwqJz1kQ0Mo8cYyf/M="></latexit>

S2(t) := e
�iAt/2

e
�iBt

e
�iAt/2 = e

�i(A+B)t +O(t3)

Can construct expansions to arbitrarily high order [Suzuki 92]:
<latexit sha1_base64="FmZLlOd6GPA9oaNBR2bQN5bWyEY="></latexit>

S2k(t) := S2k�2(pkt)
2S2k�2(qkt)S2k�2(pkt)

2let

Using the order-2k expansion for an L-term Hamiltonian, the number of exponentials required 
for an approximation with error at most ² is at most [Berry, Ahokas, Cleve, Sanders 07]

<latexit sha1_base64="PpB1a0yz4shvqkOKGOfc9uoHRkk="></latexit>

52kL2ht
�
Lht
✏

�1/2k <latexit sha1_base64="vAbpaydEw4FE1zGAQH8+lcyfNKU=">AAACGXicbVDLSgMxFM34rPU16k43wSK4KjNS1GVBkC4r2Ad0ypBJ0zZtJpkmGbG0Bf/DvVv9BXfi1pV/4GeYaWdhWw8EDufcV04QMaq043xbK6tr6xubma3s9s7u3r59cFhVIpaYVLBgQtYDpAijnFQ01YzUI0lQGDBSC/o3iV97IFJRwe/1MCLNEHU4bVOMtJF8+7gLvWQKJ4MB9EL06PegNy75PW/s2zkn70wBl4mbkhxIUfbtH68lcBwSrjFDSjVcJ9LNEZKaYkYmWS9WJEK4jzqkYShHIVHN0fQPE3hmlBZsC2ke13Cq/u0YoVCpYRiYyhDprlr0EvE/rxHr9nVzRHkUa8LxbFE7ZlALmAQCW1QSrNnQEIQlNbdC3EUSYW1im9uSzNZCMDUx0biLQSyT6kXevcwX7gq54m0aUgacgFNwDlxwBYqgBMqgAjB4Ai/gFbxZz9a79WF9zkpXrLTnCMzB+voFE9GhOg==</latexit>

h := max
j

kHjk

<latexit sha1_base64="2zTUaNI9tUhD6fK6cGOaPfeXL8I=">AAACD3icbVDJSgNBEO2JW4xb1KOXxqAkBMNMCOpFiArizYhmgWz0dDpJk56F7hohDPMHXvwVLx4U8erVm39jZzlo4oOCx3tVVNWzfcEVmOa3EVtYXFpeia8m1tY3NreS2zsV5QWSsjL1hCdrNlFMcJeVgYNgNV8y4tiCVe3B5civPjCpuOfew9BnTYf0XN7llICW2snDu3aYH0RpyOAzzFrhEU+fZy8yEOEsvklDS5tZK8q0kykzZ46B54k1JSk0Ramd/Gp0PBo4zAUqiFJ1y/ShGRIJnAoWJRqBYj6hA9JjdU1d4jDVDMf/RPhAKx3c9aQuF/BY/T0REkepoWPrTodAX816I/E/rx5A97QZctcPgLl0sqgbCAweHoWDO1wyCmKoCaGS61sx7RNJKOgIEzoEa/bleVLJ56zjXOG2kCpeTeOIoz20j9LIQieoiK5RCZURRY/oGb2iN+PJeDHejY9Ja8yYzuyiPzA+fwCyQ5lP</latexit>

S2k(t) = e
�i(A+B)t +O(t2k+1)

Then you can find numbers     and     (as functions of k) so that<latexit sha1_base64="aWs+ZvJRST0fKOkYzSDROMPRdeM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCIB4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++4lrI2L1iJOE+xEdKhEKRtFKD0l/3C9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw2s/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbQuqt5ltXZfq9Rv8ziKcAKncA4eXEEd7qABTWAwhGd4hTdHOi/Ou/OxaC04+cwx/IHz+QNbio3f</latexit>pk
<latexit sha1_base64="UiwLmXxa/w4Zg5zTRxZg059zXoE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GNBEI8V7Qe0oWy2m3bpZhN3J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLK6tr6RnGztLW9s7tX3j9omjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpG11O/9cS1EbF6wHHC/YgOlAgFo2il+8feqFeuuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophld+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb2L6vndeaV2k8dRhCM4hlPw4BJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx9dEI3g</latexit>qk



Improved error analysis

Numerics suggest that product formula error bounds based on Taylor series expansion can be 
very loose in practice.

[Childs, Su 19]

Example (first order):

e�iBte�iAt � e�i(A+B)t =

Z t

0
d⌧1

Z ⌧1

0
d⌧2 e

�i(A+B)(t�⌧1)ei(⌧2�⌧1)B [A,B]e�i⌧2Be�i⌧1A

<latexit sha1_base64="nvtTuutJJxrRHMM4YUvWcceIl54="></latexit>

Alternative: local error analysis provides convenient integral representations of the error 
 [Descombes, Thalhammer 10]

Therefore
<latexit sha1_base64="yA+quNm5hxlKHDPd1Tw6c+rYey8=">AAACInicbVDLSgMxFM34rPVVdekmWARFLTMiPnZtBXGpYFVopyWT3rahmQfJHaGM/RY3/oobF4q6EvwYM20XWj0Q7sm555Lc40VSaLTtT2ticmp6ZjYzl51fWFxazq2sXuswVhwqPJShuvWYBikCqKBACbeRAuZ7Em687mnav7kDpUUYXGEvAtdn7UC0BGdopEbupHZPoZ7siTL2B7WEfbo3lLZKO+VtczWWmoS0VEu7ZTclWN9v5PJ2wR6A/iXOiOTJCBeN3HutGfLYhwC5ZFpXHTtCN2EKBZfQz9ZiDRHjXdaGqqEB80G7yWDFPt00SpO2QmVOgHSg/pxImK91z/eM02fY0eO9VPyvV42xdewmIohihIAPH2rFkmJI07xoUyjgKHuGMK6E+SvlHaYYR5Nq1oTgjK/8l1zvF5zDwsHlQb54NoojQ9bJBtkiDjkiRXJOLkiFcPJAnsgLebUerWfrzfoYWies0cwa+QXr6xtJrKEI</latexit>

ke�iBte�iAt � e�i(A+B)tk  k[A,B]kt2

Advantages:
• no explicit sum over higher-order terms
• commutator scaling
• can offer much better performance, both asymptotically and in practice (more on this later)



A theory of Trotter error

[Childs, Su, Tran, Wiebe, Zhu 19]

Local error analysis can be generalized to give tight bounds on the error of product formula 
approximations depending on commutators of any number of terms.

This gives much tighter rigorous analysis of product formulation simulations, among other 
applications.

O(↵tp+1)

<latexit sha1_base64="lcA6OMnLhGIctyAl67u0eyp7p5g=">AAAB+nicbVBNS8NAEN34WetXqkcvi0WoCCWRgnorCOLNCvYD2lgm2027dLMJuxulxP4ULx4U8eov8ea/cdvmoK0PBh7vzTAzz485U9pxvq2l5ZXVtfXcRn5za3tn1y7sNVSUSELrJOKRbPmgKGeC1jXTnLZiSSH0OW36w8uJ33ygUrFI3OlRTL0Q+oIFjIA2Utcu3JQ6wOMBYH2fxifu+LhrF52yMwVeJG5GiihDrWt/dXoRSUIqNOGgVNt1Yu2lIDUjnI7znUTRGMgQ+rRtqICQKi+dnj7GR0bp4SCSpoTGU/X3RAqhUqPQN50h6IGa9ybif1470cG5lzIRJ5oKMlsUJBzrCE9ywD0mKdF8ZAgQycytmAxAAtEmrbwJwZ1/eZE0TstupXxxWylWr7I4cugAHaISctEZqqJrVEN1RNAjekav6M16sl6sd+tj1rpkZTP76A+szx/WkpMd</latexit>

Theorem.  A pth-order product formula approximates the evolution of 
with additive error                 where

<latexit sha1_base64="yG3poPqxLjm/waoR5Wvdlb2lz5M=">AAAB/XicbVDLSsNAFJ3UV62v+NiJMFgEVyVRUTeFgiBduKhgH9DGMJlO2mknkzAzEWoo/oobFxVxJbjxK9y59E+cPhbaeuDC4Zx7ufceL2JUKsv6MlJz8wuLS+nlzMrq2vqGublVkWEsMCnjkIWi5iFJGOWkrKhipBYJggKPkarXvRj61TsiJA35jepFxAlQi1OfYqS05Jo7RZiHDRkHbtLJ2/3bK1h0O66ZtXLWCHCW2BOSLRy33773PgYl1/xsNEMcB4QrzJCUdduKlJMgoShmpJ9pxJJECHdRi9Q15Sgg0klG1/fhgVaa0A+FLq7gSP09kaBAyl7g6c4Aqbac9obif149Vv65k1AexYpwPF7kxwyqEA6jgE0qCFaspwnCgupbIW4jgbDSgWV0CPb0y7OkcpSzT3Mn13a2cAnGSINdsA8OgQ3OQAEUQQmUAQb34BEMwLPxYDwZL8bruDVlTGa2wR8Y7z/NZ5fv</latexit>

H =
PL

j=1 Hj

<latexit sha1_base64="21iy4Y9xdn9QpJ9oXm5sdlv+BYU="></latexit>

↵ :=
X

j1,...,jp+1

��[Hjp+1 , [ · · · , [Hj2 , Hj1 ] · · · ]]
��.

Therefore                          gates suffice to simulate H for time t with constant accuracy.
<latexit sha1_base64="dSo1j1DX9pVKXNuEV4/7u5bOKPQ=">AAACBHicbZDLSgMxFIYz9VbrbdRlN8EiVIQ6I0VdFgRxIVjBXqAdSybNtKGZTEgyQhm6cOOruHGhiFsfwp1vY6adhVYPhHz8/zkk5/cFo0o7zpeVW1hcWl7JrxbW1jc2t+ztnaaKYolJA0cskm0fKcIoJw1NNSNtIQkKfUZa/ug89Vv3RCoa8Vs9FsQL0YDTgGKkjdSzi9flK9hFTAzRXeIeiQnU5j5M6aBnl5yKMy34F9wMSiCres/+7PYjHIeEa8yQUh3XEdpLkNQUMzIpdGNFBMIjNCAdgxyFRHnJdIkJ3DdKHwaRNIdrOFV/TiQoVGoc+qYzRHqo5r1U/M/rxDo48xLKRawJx7OHgphBHcE0EdinkmDNxgYQltT8FeIhkghrk1vBhODOr/wXmscV96RSvamWahdZHHlQBHugDFxwCmrgEtRBA2DwAJ7AC3i1Hq1n6816n7XmrGxmF/wq6+MbA2mWcA==</latexit>

O(L↵1/p
t
1+1/p)



Post-Trotter methods



Linear-time simulation

Con: Mismatch between continuous-time dynamics and the discrete-time circuit model.

Can we give an algorithm with complexity precisely O(t)?

Complexity of 2kth-order product formula simulation is                       (superlinear in t).O(52kt1+1/2k)

Pro: Systems simulate their own dynamics in real time!



Hamiltonian simulation by discrete-time quantum walk

[Childs10; Berry, Childs 12]

Spectral theorem: Each eigenvalue ¸ of H 
corresponds to two eigenvalues
of the walk operator (with eigenvectors 
closely related to those of H).

±e±i arcsin�

Quantum walk corresponding to H

span{| ji}Nj=1Alternately reflect about                       , where

| ji := |ji ⌦
✓
⌫

NX

k=1

q
H

⇤
jk|ki+ ⌫j |N + 1i

◆

and swap the two registers.

,

Simulation by phase estimation

|�i 7! |�i| ^arcsin�i

7! e�i�t|�i| ^arcsin�i
7! e�i�t|�i

(phase estimation)

(inverse phase est)

If H is sparse, this walk is easy to implement. Theorem:               steps of this walk suffice 
to simulate H for time t with error at most ².

O(t/
p
✏)



High-precision simulation?

Can we improve the dependence on ²?

Many approximate computations can be done with complexity poly(log(1/²)):

•computing numerical constants (e.g., ¼)  
•boosting a bounded-error subroutine
•Solovay-Kitaev circuit synthesis
•and more…

Quantum walk simulation: O(1/
p
✏)

Can we do better?

Product formulas (2kth order): O(52k✏�2k)

Lower bound (based on the unbounded-error query complexity of parity): ⌦
� log(1/✏)
log log(1/✏)

�

x1 = 0 x2 = 0 x3 = 1 x5 = 1 x6 = 1x4 = 0 x7 = 0



Hamiltonian simulation by linear combinations of unitaries

[Berry, Childs, Cleve, Kothari, Somma 14 & 15]

e
�iHt =

1X

k=0

(�iHt)k

k!

⇡
KX

k=0

(�iHt)k

k!

Write                         with      unitary.H =
P

` ↵`H` H`

LCU Lemma: Given the ability to perform 
unitaries Vj with unit complexity, one can 
perform the operation                       with 
complexity                  .  Furthermore, if U is 
(nearly) unitary then this implementation can 
be made (nearly) deterministic.

U =
P

j �jVj

O(
P

j |�j |)

Main idea: Directly implement the series

Then

is a linear combination of unitaries.

KX

k=0

X

`1,...,`k

(�it)k

k! ↵`1 · · ·↵`kH`1 · · ·H`k

Query complexity: O
�
t

log(t/✏)
log log(t/✏)

�

Main ideas:

• Boost the amplitude for success by oblivious 
amplitude amplification

|0i| i 7! sin ✓|0iU | i+ cos ✓|�i
• Implement U with some amplitude:



Partially implementing U

[Berry, Childs, Cleve, Kothari, Somma 14 & 15]

Given

Let                                  where
<latexit sha1_base64="YwV5LnWADiAo2P3iKgZ0e07cWXA="></latexit>

W := B† select(V )B
<latexit sha1_base64="3CAc7YYRNvMzoT5O+f7hIcV4cjw="></latexit>

select(V ) :=
P

j |jihj|⌦ Vj

<latexit sha1_base64="lvNgluAeKMa084Ksv1jgVjbrq3w="></latexit>

U =
P

j �jVj

, where
<latexit sha1_base64="ACLifaLwsl12C5hXO8tp15lOk6c="></latexit>

s :=
P

j |�j |Let B be an operation that maps      to
<latexit sha1_base64="2CeLUV8HmZZrkE/ZQ2vQnpID0to=">AAACNnicbZDLSgMxFIYzXmu9tbrUxWARXJUZKepCSkEQlxXsBTqlZNLTNjSXIckoZewruNVH8VXcuBO3PoKZtovaeiDw83/nkHP+MGJUG8/7cFZW19Y3NjNb2e2d3b39XP6grmWsCNSIZFI1Q6yBUQE1Qw2DZqQA85BBIxzepLzxCEpTKR7MKII2x31Be5Rgk1rPXlDu5Ape0ZuUuyz8mSigWVU7eec46EoScxCGMKx1y/ci006wMpQwGGeDWEOEyRD3oWWlwBx0O5ksO3ZPrdN1e1LZJ4w7cecnEsy1HvHQdnJsBnqRpea/LHWMlEwvLGB6V+2Eiig2IMj0/17MXCPdNBC3SxUQw0ZWYKKoPcElA6wwMTa2bCDgiUjOsegmwfU4CRgW/cmNCuZR2SI1RTZPfzG9ZVE/L/oXxdJ9qVC5nSWbQUfoBJ0hH12iCrpDVVRDBA3QC3pFb8678+l8Od/T1hVnNnOI/pTz8wsn9qyr</latexit>

|0i
<latexit sha1_base64="Nn5lVCgXmD332xibaOwfluYewlo="></latexit>

1p
s

P
j

p
�j |ji

Then
<latexit sha1_base64="2Gs0H1qqlik7d790fRmWs418boQ="></latexit>

(h0|⌦ I)W (|0i ⌦ | i) = 1p
s
(h0|⌦ I)B† select(V )

X

j

p
�j |ji| i

=
1p
s
(h0|⌦ I)B†

X

j

p
�j |jiVj | i

=
1

s

X

j

�jVj | i =
1

s
U | i.

<latexit sha1_base64="2Gs0H1qqlik7d790fRmWs418boQ="></latexit>

(h0|⌦ I)W (|0i ⌦ | i) = 1p
s
(h0|⌦ I)B† select(V )

X

j

p
�j |ji| i

=
1p
s
(h0|⌦ I)B†

X

j

p
�j |jiVj | i

=
1

s

X

j

�jVj | i =
1

s
U | i.

<latexit sha1_base64="2Gs0H1qqlik7d790fRmWs418boQ="></latexit>

(h0|⌦ I)W (|0i ⌦ | i) = 1p
s
(h0|⌦ I)B† select(V )

X

j

p
�j |ji| i

=
1p
s
(h0|⌦ I)B†

X

j

p
�j |jiVj | i

=
1

s

X

j

�jVj | i =
1

s
U | i.

so

<latexit sha1_base64="jpnp9D6lVzVYilXkgO2IQkpaTTk="></latexit>

W |0i| i = 1

s
|0i ⌦ U | i+

r
1� 1

s2
|�i for some state

<latexit sha1_base64="nfTX8xl5NF2bHocsJRqQpZWzqhw=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCIB4r2A9oQtlsJ+3SzSbsboRS+ze8eFDEq3/Gm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fCopZNMMWyyRCSqE1KNgktsGm4EdlKFNA4FtsPRzcxvP6LSPJEPZpxiENOB5BFn1FjJf/IbQ+4rKgcCe+WKW3XnIKvEy0kFcjR65S+/n7AsRmmYoFp3PTc1wYQqw5nAacnPNKaUjegAu5ZKGqMOJvObp+TMKn0SJcqWNGSu/p6Y0FjrcRzazpiaoV72ZuJ/Xjcz0XUw4TLNDEq2WBRlgpiEzAIgfa6QGTG2hDLF7a2EDamizNiYSjYEb/nlVdK6qHqX1dp9rVK/zeMowgmcwjl4cAV1uIMGNIFBCs/wCm9O5rw4787HorXg5DPH8AfO5w8tuZHN</latexit>

|�i



Obvious amplitude amplification

[Berry, Childs, Cleve, Kothari, Somma 14 & 15]

We would like to boost the amplitude of the         piece.
This is like amplitude amplification, but with an unknown initial state.

Define                  and 
<latexit sha1_base64="Yus7BKngoT95kWqngNFmBd2QDu0="></latexit>

P := |0ih0|
<latexit sha1_base64="tjhBvGXEDzHArZYbpS8CuhyjWho="></latexit>

R := (I � 2P )⌦ I

For s = 2, the amplitude is boosted from 1/2 to 1, as in 1-out-of-4 search.

since U is approximately unitary

<latexit sha1_base64="2aNTwgEVcGlW07PjTbZ+k2Vw61A="></latexit>

(h0|⌦ I)WRW †RW (|0i ⌦ I)

= (h0|⌦ I)
�
WW †W � 2WW †PW � 2WPW †W + 4WPW †PW

�
(|0i ⌦ I)

= (h0|⌦ I)
�
�3W + 4WPW †PW

�
(|0i ⌦ I)

= �3

s
U +

4

s3
UU†U

⇡ �
✓
3

s
� 4

s3

◆
U

<latexit sha1_base64="PGpVNXgt6a31iSsvr2ppXC+yUa0=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS1GNBEI8VTFtoQ9lsJ+3SzSbubgol9nd48aCIV3+MN/+N2zYHbX0w8Hhvhpl5QcKZ0o7zbRXW1jc2t4rbpZ3dvf2D8uFRU8WppOjRmMeyHRCFnAn0NNMc24lEEgUcW8HoZua3xigVi8WDniToR2QgWMgo0UbyvaduolhXEjHg2CtXnKozh71K3JxUIEejV/7q9mOaRig05USpjusk2s+I1IxynJa6qcKE0BEZYMdQQSJUfjY/emqfGaVvh7E0JbQ9V39PZCRSahIFpjMieqiWvZn4n9dJdXjtZ0wkqUZBF4vClNs6tmcJ2H0mkWo+MYRQycytNh0SSag2OZVMCO7yy6ukeVF1L6u1+1qlfpvHUYQTOIVzcOEK6nAHDfCAwiM8wyu8WWPrxXq3PhatBSufOYY/sD5/ABo2klc=</latexit>

U | i

Then
<latexit sha1_base64="2aNTwgEVcGlW07PjTbZ+k2Vw61A="></latexit>

(h0|⌦ I)WRW †RW (|0i ⌦ I)

= (h0|⌦ I)
�
WW †W � 2WW †PW � 2WPW †W + 4WPW †PW

�
(|0i ⌦ I)

= (h0|⌦ I)
�
�3W + 4WPW †PW

�
(|0i ⌦ I)

= �3

s
U +

4

s3
UU†U

⇡ �
✓
3

s
� 4

s3

◆
U

<latexit sha1_base64="2aNTwgEVcGlW07PjTbZ+k2Vw61A="></latexit>

(h0|⌦ I)WRW †RW (|0i ⌦ I)

= (h0|⌦ I)
�
WW †W � 2WW †PW � 2WPW †W + 4WPW †PW

�
(|0i ⌦ I)

= (h0|⌦ I)
�
�3W + 4WPW †PW

�
(|0i ⌦ I)

= �3

s
U +

4

s3
UU†U

⇡ �
✓
3

s
� 4

s3

◆
U

<latexit sha1_base64="2aNTwgEVcGlW07PjTbZ+k2Vw61A="></latexit>

(h0|⌦ I)WRW †RW (|0i ⌦ I)

= (h0|⌦ I)
�
WW †W � 2WW †PW � 2WPW †W + 4WPW †PW

�
(|0i ⌦ I)

= (h0|⌦ I)
�
�3W + 4WPW †PW

�
(|0i ⌦ I)

= �3

s
U +

4

s3
UU†U

⇡ �
✓
3

s
� 4

s3

◆
U

<latexit sha1_base64="2aNTwgEVcGlW07PjTbZ+k2Vw61A="></latexit>

(h0|⌦ I)WRW †RW (|0i ⌦ I)

= (h0|⌦ I)
�
WW †W � 2WW †PW � 2WPW †W + 4WPW †PW

�
(|0i ⌦ I)

= (h0|⌦ I)
�
�3W + 4WPW †PW

�
(|0i ⌦ I)

= �3

s
U +

4

s3
UU†U

⇡ �
✓
3

s
� 4

s3

◆
U



Tradeoff between t and ²

Combining known lower bounds on the complexity of simulation as a function of t and ² gives

⌦
⇣
t+

log 1
✏

log log 1
✏

⌘
O

⇣
t

log t
✏

log log t
✏

⌘
vs. upper bound of

An alternative method for implementing a linear combination of unitary operations, quantum 
signal processing, gives an optimal tradeoff. [Low, Chuang 16, 17]

Main idea: Encode the eigenvalues of H in a two-dimensional subspace; use a carefully-chosen 
sequence of single-qubit rotations to manipulate those eigenvalues.

Computing the rotation angles is challenging, but can be done efficiently (classically) [Haah 18]. 
Recent approaches are faster [Dong, Meng, Whaley, Lin 20; Chao, Ding, Gilyén, Huang, Szegedy 20; Ying 22].

Quantum signal processing (and more general quantum singular value transformation) gives a 
powerful framework for designing other quantum algorithms [Gilyén, Su, Low, Wiebe 19].



Block encoding

Example:  In the LCU approach,                                   is a block encoding of U/s.
<latexit sha1_base64="YwV5LnWADiAo2P3iKgZ0e07cWXA="></latexit>

W := B† select(V )B

We say U is a block encoding of a matrix A if

where      denotes the first computational basis state of an ancilla register.
<latexit sha1_base64="e+7/0MKUMjOXgjxLdYGIUwguruM=">AAACP3icbVDLSsNAFJ3Ud31Wl7oIFsFVSaSoC5GCIC4VbBVMKJPpTR06jzgzUUrMd7jVT/Ez/AJ34tadk7aL2npg4HDOvcy5J0oY1cbzPpzSzOzc/MLiUnl5ZXVtfaOy2dIyVQSaRDKpbiOsgVEBTUMNg9tEAeYRg5uod1b4N4+gNJXi2vQTCDnuChpTgo2VwueAY3MfxZmXB6ftjapX8wZwp4k/IlU0wmW74uwEHUlSDsIQhrW+873EhBlWhhIGeTlINSSY9HAX7iwVmIMOs0Hq3N2zSseNpbJPGHegjm9kmGvd55GdLELqSa8Q//UKxUjJ9EQAEx+HGRVJakCQ4f9xylwj3aIZt0MVEMP6lmCiqD3BJfdYYWJsf+VAwBORnGPRyYKTPAsYFt3BjQrGrVNrqaFl+/Qn25smrYOaf1irX9WrjfNRs4toG+2ifeSjI9RAF+gSNRFBD+gFvaI35935dL6c7+FoyRntbKE/cH5+AWiAsMs=</latexit>

|0i

<latexit sha1_base64="sQQOxDAlv9DL0JTwF7/p3MuYals="></latexit>

U =

✓
A ·
· ·

◆
= |0ih0|⌦A+ · · · (requires             )

<latexit sha1_base64="hUhGKEsIUXL9dU9/xfKLPLZRwX0=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIvgqexKUY8VQTxWsB+wu5RsOtuGZpMlyQql7c/w4kERr/4ab/4b03YP2vpg4PHeDDPzopQzbVz32ymsrW9sbhW3Szu7e/sH5cOjlpaZotCkkkvViYgGzgQ0DTMcOqkCkkQc2tHwdua3n0BpJsWjGaUQJqQvWMwoMVbyg8lNMMEBB+x1yxW36s6BV4mXkwrK0eiWv4KepFkCwlBOtPY9NzXhmCjDKIdpKcg0pIQOSR98SwVJQIfj+clTfGaVHo6lsiUMnqu/J8Yk0XqURLYzIWagl72Z+J/nZya+DsdMpJkBQReL4oxjI/Hsf9xjCqjhI0sIVczeiumAKEKNTalkQ/CWX14lrYuqd1mtPdQq9bs8jiI6QafoHHnoCtXRPWqgJqJIomf0it4c47w4787HorXg5DPH6A+czx8eiJCE</latexit>

kAk  1

Can directly give an efficient block encoding of a sparse matrix A. If
<latexit sha1_base64="C7g7c+3LBJ5HmeN3VM3PU3IWwDM="></latexit>

R : |0i|0i|ii 7! |0i 1p
d

NX

k=1

p
A⇤

ik|ii|ki+ |1i|ii|µii

C : |0i|0i|ji 7! |0i 1p
d

NX

`=1

p
A`j |`i|ji+ |2i|ji|⌫ji

then         is a block encoding of A/d.
<latexit sha1_base64="UJrHFTNE5UwupFvctxSN5DgJIRw=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRbBU9kVUY+FgnisYj+gXUs2m21Ds8maZIWy9E948aCIV/+ON/+NabsHbX0w8Hhvhpl5QcKZNq777RRWVtfWN4qbpa3tnd298v5BS8tUEdokkkvVCbCmnAnaNMxw2kkUxXHAaTsY1ad++4kqzaS4N+OE+jEeCBYxgo2VOncPvRAPUL1frrhVdwa0TLycVCBHo1/+6oWSpDEVhnCsdddzE+NnWBlGOJ2UeqmmCSYjPKBdSwWOqfaz2b0TdGKVEEVS2RIGzdTfExmOtR7Hge2MsRnqRW8q/ud1UxNd+RkTSWqoIPNFUcqRkWj6PAqZosTwsSWYKGZvRWSIFSbGRlSyIXiLLy+T1lnVu6ie355Xatd5HEU4gmM4BQ8uoQY30IAmEODwDK/w5jw6L8678zFvLTj5zCH8gfP5AzP3j3I=</latexit>

R†C



Quantum signal processing

Problem: Given a block encoding of A, produce a block encoding of f(A).

Block encoding of a scalar, A = x:

<latexit sha1_base64="Zg9Iottgq6rQRomZKNB1qboLPOw="></latexit>

W (x) :=

✓
x i

p
1� x2

i
p
1� x2 x

◆
= ei arccos(x)�x .

<latexit sha1_base64="9FEpOqlEiCNoSQbtvoczHlkyMVg="></latexit>

W�(x) := ei�0�zW (x)ei�1�zW (x) · · ·W (x)ei�k�zConsider the gate sequence

[Low, Yoder, Chuang 16; Gilyén, Su, Low, Wiebe 19]

What functions of W can we realize by some choice of                           ?
<latexit sha1_base64="S0JlL+dvXoZzbxx90WXzxpycfqY=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBEqlJJIUTdCQRCXFewDmhAmk0kzdDIJMxOhlK7c+CtuXCji1m9w5984TbPQ1gMXzpxzL3Pv8VNGpbKsb2NpeWV1bb20Ud7c2t7ZNff2OzLJBCZtnLBE9HwkCaOctBVVjPRSQVDsM9L1h9dTv/tAhKQJv1ejlLgxGnAaUoyUljzzyGlFFF7BqpNG1LNqDgsSJWv5a3jqmRWrbuWAi8QuSAUUaHnmlxMkOIsJV5ghKfu2lSp3jISimJFJ2ckkSREeogHpa8pRTKQ7zs+YwBOtBDBMhC6uYK7+nhijWMpR7OvOGKlIzntT8T+vn6nw0h1TnmaKcDz7KMwYVAmcZgIDKghWbKQJwoLqXSGOkEBY6eTKOgR7/uRF0jmr2+f1xl2j0rwp4iiBQ3AMqsAGF6AJbkELtAEGj+AZvII348l4Md6Nj1nrklHMHIA/MD5/APgil5I=</latexit>

� = (�0, . . . ,�k)
<latexit sha1_base64="WvFePnn9SgeOonSyevtKL58TGqs="></latexit>

Lemma. There exists � 2 Rk+1 such that

W�(x) =

✓
f(x) ig(x)

p
1� x2

ig⇤(x)
p
1� x2 f⇤(x)

◆

if and only if f, g 2 C[x] satisfy
(i) deg(f)  k and deg(g)  k � 1,
(ii) f has parity k mod 2 and g has parity k � 1 mod 2, and
(iii) 8x 2 [�1, 1], |f(x)|2 + (1� x2)|g(x)|2 = 1.



Qubitization

To perform QSP on a high-dimensional block encoding, we can map it to a qubit by qubitization.

Let U be a block encoding of A, so                               where
<latexit sha1_base64="kLx5HYZo/CxqAbyG3MB4oU6TSeY="></latexit>

⇧U⇧ = |0ih0|⌦A
<latexit sha1_base64="idcZOxoOrjelXBYQ5dzR7val4aY="></latexit>

⇧ := |0ih0|⌦ I

Let                            where         is an eigenvector of A
<latexit sha1_base64="opl5e9LiZIRxS81QAhy6QTPHJMk="></latexit>

|�i := |0i ⌦ | �i
<latexit sha1_base64="pKtjgOTufnn+Ffm3zKyX2z7nkDY="></latexit>

| �i

Thus we can perform QSP on A by a sequence
<latexit sha1_base64="QG8Y4XEmF3X4JDElBFZ8IXMadpw="></latexit>

ei✓1(2⇧�1)U†ei✓2(2⇧�1)Uei✓3(2⇧�1)U†ei✓4(2⇧�1)U · · · ei✓k�1(2⇧�1)U†ei✓k(2⇧�1)U

to realize any function of A satisfying the conditions of the previous lemma.

[Low, Chuang 19]

<latexit sha1_base64="xYkOqv6e6y9LIw3VkTgB7d8zaiU="></latexit>

U ⇠=
M

�

✓
�

p
1� �2

p
1� �2 ��

◆
Then U maps                                       to                                     , with 

<latexit sha1_base64="huB6898rvEBnmpDQ58JdzrSWG1U="></latexit>

span{|�i, (I �⇧)U†|�i}
<latexit sha1_base64="9N5CUnH8HwmaO2z12XklOPZhcqo="></latexit>

span{|�i, (I �⇧)U |�i}



Hamiltonian simulation by quantum signal processing

Jacobi-Anger formula:

<latexit sha1_base64="hqy4SnqyotjwUiKGKIDKwl3ETG4="></latexit>

eitx = J0(t) + 2
1X

k=1

ikJk(t)Tk(x)

<latexit sha1_base64="UCWTgWcHo2JSPPGgL4zVHir737o="></latexit>

⇡ J0(t) + 2
KX

k=1

ikJk(t)Tk(x)

Task: Given a block encoding of H, produce a block encoding of
<latexit sha1_base64="cKrIfL911bZzGi2UxWO7MzkPGSw=">AAACOnicbZDLSgNBEEV74ivGty51MRgEN4YZCepCJCCISwWjASeGnk4ladKPobtGCUN+wq1+ij/i1p249QPsPBaaWNBwuaeKrrpxIrjFIHj3cjOzc/ML+cXC0vLK6tr6xuat1alhUGVaaFOLqQXBFVSRo4BaYoDKWMBd3D0f8LtHMJZrdYO9BOqSthVvcUbRWTV4yA74JfYb68WgFAzLnxbhWBTJuK4aG95O1NQslaCQCWrtfRgkWM+oQc4E9AtRaiGhrEvbcO+kohJsPRsu3Pf3nNP0W9q4p9Afur8nMiqt7cnYdUqKHTvJBua/bOCg1sJOLICtk3rGVZIiKDb6v5UKH7U/CMVvcgMMRc8Jygx3J/isQw1l6KIrRAqemJaSqmYWnfazSFDVHt5o4Dc6c8iMkMsznExvWtwelsKjUvm6XKxcjJPNk22yS/ZJSI5JhVySK1IljAjyTF7Iq/fmfXif3teoNeeNZ7bIn/K+fwD8Da6a</latexit>

e�iHt

Approximation is within   if we take<latexit sha1_base64="/+5By5ArdNVbfrRqYzbET8y0whg=">AAACOnicbZDLSsNAFIYnXmu9tbrURbAIrkoiRV2IFARxWcFeoAllMj1th84lzEyUEvoSbvVRfBG37sStD+C0zaK2Hhj4+b9zmHP+KGZUG8/7cFZW19Y3NnNb+e2d3b39QvGgoWWiCNSJZFK1IqyBUQF1Qw2DVqwA84hBMxreTnjzCZSmUjyaUQwhx31Be5RgY61WALGmTIpOoeSVvWm5y8LPRAllVesUneOgK0nCQRjCsNZt34tNmGJlKGEwzgeJhhiTIe5D20qBOegwnS48dk+t03V7UtknjDt15ydSzLUe8ch2cmwGepFNzH/ZxDFSMr2wgOldhSkVcWJAkNn/vYS5RrqTUNwuVUAMG1mBiaL2BJcMsMLE2OjygYBnIjnHopsG1+M0YFj0pzcqmEc3FqkZsnn6i+kti8Z52b8oVx4qpepdlmwOHaETdIZ8dImq6B7VUB0RxNALekVvzrvz6Xw537PWFSebOUR/yvn5BYEyruM=</latexit>✏

<latexit sha1_base64="46tDUlAYp/dd+puM/72KBeUm3Q8="></latexit>

K = O

✓
t+

ln(1/✏)

ln(e+ ln(1/✏)/t)

◆

This query complexity achieves the optimal tradeoff between t and   !<latexit sha1_base64="/+5By5ArdNVbfrRqYzbET8y0whg=">AAACOnicbZDLSsNAFIYnXmu9tbrURbAIrkoiRV2IFARxWcFeoAllMj1th84lzEyUEvoSbvVRfBG37sStD+C0zaK2Hhj4+b9zmHP+KGZUG8/7cFZW19Y3NnNb+e2d3b39QvGgoWWiCNSJZFK1IqyBUQF1Qw2DVqwA84hBMxreTnjzCZSmUjyaUQwhx31Be5RgY61WALGmTIpOoeSVvWm5y8LPRAllVesUneOgK0nCQRjCsNZt34tNmGJlKGEwzgeJhhiTIe5D20qBOegwnS48dk+t03V7UtknjDt15ydSzLUe8ch2cmwGepFNzH/ZxDFSMr2wgOldhSkVcWJAkNn/vYS5RrqTUNwuVUAMG1mBiaL2BJcMsMLE2OjygYBnIjnHopsG1+M0YFj0pzcqmEc3FqkZsnn6i+kti8Z52b8oVx4qpepdlmwOHaETdIZ8dImq6B7VUB0RxNALekVvzrvz6Xw537PWFSebOUR/yvn5BYEyruM=</latexit>✏

For technical reasons, QSP can only give a block encoding of              , but we can use oblivious 
amplitude amplification to boost this close to

<latexit sha1_base64="uLu9uWNiZbO0HpNvO66sykgowZU=">AAACPHicbZDLSgNBEEV7fMb4jC51MRgEN8aZIOpCRBDEZQRjRCdKT6eSNOnH0F2jhCF/4VY/xf9w707curbzWGi0oOFyTxVddeNEcItB8OZNTE5Nz8zm5vLzC4tLyyuF1SurU8OgyrTQ5jqmFgRXUEWOAq4TA1TGAmpx57TPaw9gLNfqErsJ1CVtKd7kjKKzbuAu2+Hn2Nst368Ug1IwKP+vCEeiSEZVuS94G1FDs1SCQiaotbdhkGA9owY5E9DLR6mFhLIObcGtk4pKsPVssHLP33JOw29q455Cf+D+nMiotLYrY9cpKbbtOOub/7K+g1oLO7YANg/rGVdJiqDY8P9mKnzUfj8Wv8ENMBRdJygz3J3gszY1lKELLx8peGRaSqoaWXTUyyJBVWtwo4Gf6NghM0Quz3A8vb/iqlwK90t7F3vFk7NRsjmyTjbJNgnJATkh56RCqoQRRZ7IM3nxXr1378P7HLZOeKOZNfKrvK9v/FCvDw==</latexit>

e�iHt/2
<latexit sha1_base64="cKrIfL911bZzGi2UxWO7MzkPGSw=">AAACOnicbZDLSgNBEEV74ivGty51MRgEN4YZCepCJCCISwWjASeGnk4ladKPobtGCUN+wq1+ij/i1p249QPsPBaaWNBwuaeKrrpxIrjFIHj3cjOzc/ML+cXC0vLK6tr6xuat1alhUGVaaFOLqQXBFVSRo4BaYoDKWMBd3D0f8LtHMJZrdYO9BOqSthVvcUbRWTV4yA74JfYb68WgFAzLnxbhWBTJuK4aG95O1NQslaCQCWrtfRgkWM+oQc4E9AtRaiGhrEvbcO+kohJsPRsu3Pf3nNP0W9q4p9Afur8nMiqt7cnYdUqKHTvJBua/bOCg1sJOLICtk3rGVZIiKDb6v5UKH7U/CMVvcgMMRc8Jygx3J/isQw1l6KIrRAqemJaSqmYWnfazSFDVHt5o4Dc6c8iMkMsznExvWtwelsKjUvm6XKxcjJPNk22yS/ZJSI5JhVySK1IljAjyTF7Iq/fmfXif3teoNeeNZ7bIn/K+fwD8Da6a</latexit>

e�iHt

[Low, Chuang 17]



Special topics



Lattice Hamiltonians

We’ve focused on the complexity as a function of t (evolution time) and ² (precision).
What about the dependence on system size?

Consider n spins with nearest-neighbor interactions on a grid of fixed dimension. To simulate 
for constant time, previous methods (LCU, QSP, high-order PF with standard analysis) give:
• total number of gates: O(n2)
• circuit depth (execution time with parallel gates): O(n)

Execution time should not have to be extensive!

• Lieb-Robinson bound limits the speed of propagation
• Simulate small regions with negative-time evolutions to 
correct the boundaries

3

an operator h(t) is said to be piecewise slowly varying if every ↵j(t) is piecewise slowly varying

with respect to a time slicing independent of j.

II. ALGORITHM AND ANALYSIS

𝑒−𝑖𝑡𝐻

𝑒−𝑖𝑡𝐻𝐴

𝑒𝑖𝑡𝐻𝑌

𝑒−𝑖𝑡𝐻𝑌∪𝐵

≈

a)

⇓ ⇓

⇑

⇑

⇓

⇑

⇓

⇑⇑

b)

⇑

⇓ ⇓

⇑

⇑

⇓

⇑

⇑

⇓

site index

𝑒−𝑖𝑡𝐻𝐴

𝑒𝑖𝑡𝐻𝑌

𝑒−𝑖𝑡𝐻𝑌∪𝑍

𝑙

≈

𝑒𝑖𝑡𝐻𝑍

𝑒−𝑖𝑡𝐻𝐵

FIG. 1. Decomposition of time evolution operator for time t = O(1). The time is going upwards. Each

block ⇤ represents the forward time evolution, e�itH⇤ , if the arrow is upward, and backward time evolution,

e+itH⇤ , if the arrow is downward. Here, H⇤ is the sum of local terms in the Hamiltonian supported within

the block. The overlap has size `. (a) shows a one-dimensional setting, but a generalization to higher D

dimensions is readily achieved by regarding each block as a (D � 1)-dimensional hyperplane so that the

problem reduces to lower dimensions. (b) shows a two-dimensional setting. The approximation error from the

depicted decomposition is ✏ = O(e�µ`LD/`) where L is the linear system size, ` is the width of the overlap

between blocks, and µ > 0 is a constant that depends only on the locality of the Hamiltonian. One can use

any algorithm to further decompose the resulting “small” unitaries on O(log(L/✏)) qubits into elementary

gates. To achieve gate count that is linear (up to logarithmic factors) in spacetime volume, the algorithm for

simulating the blocks needs to be polynomial in the block size and polylogarithmic in accuracy.

Theorem 1. Let H =
P

X✓⇤ hX(t) be a time-dependent Hamiltonian on a lattice ⇤ of n qubits,

embedded in the Euclidean metric space RD
. Assume that every unit ball contains O(1) qubits,

hX = 0 if diam(X) > 1. Also assume that every local term hX(t) is e�ciently computable (e.g.,

analytic), piecewise slowly varying on time domain [0, T ], and khX(t)k  1 and for any X and t.

Then, there exists a quantum algorithm that can approximate the real-time evolution of H for time

T to accuracy ✏ using O(Tn polylog(Tn/✏)) 2-qubit local gates, and has depth O(T polylog(Tn/✏)).

The algorithm is depicted in Figure 1. Before showing why this algorithm works, we provide a

high-level overview of the algorithm and the structure of the proof. Since a time evolution unitary

Can give a simulation with          gates,         depth 
(optimal!) [Haah, Hastings, Kothari, Low 18]

Õ(n)
<latexit sha1_base64="C2A+Ju1KTt04LN4FEOyci4+I4bg=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQL2W3CnosCOLNCvYDtkvJZrNtaDZZklmhlP4MLx4U8eqv8ea/MW33oK0PBh7vzTAzL0wFN+C6305hbX1jc6u4XdrZ3ds/KB8etY3KNGUtqoTS3ZAYJrhkLeAgWDfVjCShYJ1wdDPzO09MG67kI4xTFiRkIHnMKQEr+T3gImL4virP++WKW3PnwKvEy0kF5Wj2y1+9SNEsYRKoIMb4nptCMCEaOBVsWuplhqWEjsiA+ZZKkjATTOYnT/GZVSIcK21LAp6rvycmJDFmnIS2MyEwNMveTPzP8zOIr4MJl2kGTNLFojgTGBSe/Y8jrhkFMbaEUM3trZgOiSYUbEolG4K3/PIqaddr3kWt/nBZadzmcRTRCTpFVeShK9RAd6iJWogihZ7RK3pzwHlx3p2PRWvByWeO0R84nz8xWpCM</latexit>

Õ(1)
<latexit sha1_base64="rdUUNl3adh4r9KLedgJ4iXQWmw8=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQL2W3CnosCOLNCvYDtkvJZrNtaDZZklmhlP4MLx4U8eqv8ea/MW33oK0PBh7vzTAzL0wFN+C6305hbX1jc6u4XdrZ3ds/KB8etY3KNGUtqoTS3ZAYJrhkLeAgWDfVjCShYJ1wdDPzO09MG67kI4xTFiRkIHnMKQEr+T3gImL4vuqd98sVt+bOgVeJl5MKytHsl796kaJZwiRQQYzxPTeFYEI0cCrYtNTLDEsJHZEB8y2VJGEmmMxPnuIzq0Q4VtqWBDxXf09MSGLMOAltZ0JgaJa9mfif52cQXwcTLtMMmKSLRXEmMCg8+x9HXDMKYmwJoZrbWzEdEk0o2JRKNgRv+eVV0q7XvIta/eGy0rjN4yiiE3SKqshDV6iB7lATtRBFCj2jV/TmgPPivDsfi9aCk88coz9wPn8A1JqQTw==</latexit>



Product formula simulation of lattice Hamiltonians

Using standard error bounds for product formulas, simulation cost is 
<latexit sha1_base64="kTBlmIRFwQCtVkEfdw8lA+ak7G8="></latexit>

O

⇣
52kL2

ht
�
Lht
✏

�1/2k⌘

For an n-site lattice Hamiltonian of fixed dimension, L = O(n), giving cost at least quadratic in n

For constant p, we have                 since for any fixed    , there are O(1) nonzero nested 
commutators

<latexit sha1_base64="TQiBtXVgMGTV/xwCJznKtIoSzoQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GNBEI8V7Qe0oWy2m3btZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLK6tr6RnGztLW9s7tX3j9omjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpG11O/9cS1EbF6wHHC/YgOlAgFo2il+8ee1ytX3Ko7A1kmXk4qkKPeK391+zFLI66QSWpMx3MT9DOqUTDJJ6VuanhC2YgOeMdSRSNu/Gx26oScWKVPwljbUkhm6u+JjEbGjKPAdkYUh2bRm4r/eZ0Uwys/EypJkSs2XxSmkmBMpn+TvtCcoRxbQpkW9lbChlRThjadkg3BW3x5mTTPqt5F9fzuvFK7yeMowhEcwyl4cAk1uIU6NIDBAJ7hFd4c6bw4787HvLXg5DOH8AfO5w/6b42f</latexit>

j1
<latexit sha1_base64="GyJOFt5dn9xKqVED5gxXKK6sRdY=">AAAB8nicbVBNSwMxEJ31s9avqkcvwSLUS9mVol6EgiDerGA/YLuUbJptQ7PJkmSFsvRnePGgiFd/jTf/jWm7B219MPB4b4aZeWHCmTau++2srK6tb2wWtorbO7t7+6WDw5aWqSK0SSSXqhNiTTkTtGmY4bSTKIrjkNN2OLqZ+u0nqjST4tGMExrEeCBYxAg2VvK7mCdDfH1fEWe9UtmtujOgZeLlpAw5Gr3SV7cvSRpTYQjHWvuem5ggw8owwumk2E01TTAZ4QH1LRU4pjrIZidP0KlV+iiSypYwaKb+nshwrPU4Dm1njM1QL3pT8T/PT010FWRMJKmhgswXRSlHRqLp/6jPFCWGjy3BRDF7KyJDrDAxNqWiDcFbfHmZtM6r3kW19lAr12/zOApwDCdQAQ8uoQ530IAmEJDwDK/w5hjnxXl3PuatK04+cwR/4Hz+AEy/kKI=</latexit>

↵ = O(n)

This gives cost                     , nearly matching the HHKL complexity for large p
<latexit sha1_base64="absLT2qaeRdTCnx3J60bgUHL+BU=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEILUJNpKjHgiDerGA/oI1ls922SzebsLsRaugv8eJBEa/+FG/+G7dtDtr6YODx3gwz8/yIM6Ud59vKrKyurW9kN3Nb2zu7eXtvv6HCWBJaJyEPZcvHinImaF0zzWkrkhQHPqdNf3Q19ZuPVCoWins9jqgX4IFgfUawNlLXzt8Wi0KXHhL3xD2NJqWuXXDKzgxombgpKUCKWtf+6vRCEgdUaMKxUm3XibSXYKkZ4XSS68SKRpiM8IC2DRU4oMpLZodP0LFReqgfSlNCo5n6eyLBgVLjwDedAdZDtehNxf+8dqz7l17CRBRrKsh8UT/mSIdomgLqMUmJ5mNDMJHM3IrIEEtMtMkqZ0JwF19eJo2zsntertxVCtXrNI4sHMIRFMGFC6jCDdSgDgRieIZXeLOerBfr3fqYt2asdOYA/sD6/AFgnpGj</latexit>

O((nt)1+1/p)

Using improved analysis with commutator scaling, cost for an order-p formula is
<latexit sha1_base64="dSo1j1DX9pVKXNuEV4/7u5bOKPQ=">AAACBHicbZDLSgMxFIYz9VbrbdRlN8EiVIQ6I0VdFgRxIVjBXqAdSybNtKGZTEgyQhm6cOOruHGhiFsfwp1vY6adhVYPhHz8/zkk5/cFo0o7zpeVW1hcWl7JrxbW1jc2t+ztnaaKYolJA0cskm0fKcIoJw1NNSNtIQkKfUZa/ug89Vv3RCoa8Vs9FsQL0YDTgGKkjdSzi9flK9hFTAzRXeIeiQnU5j5M6aBnl5yKMy34F9wMSiCres/+7PYjHIeEa8yQUh3XEdpLkNQUMzIpdGNFBMIjNCAdgxyFRHnJdIkJ3DdKHwaRNIdrOFV/TiQoVGoc+qYzRHqo5r1U/M/rxDo48xLKRawJx7OHgphBHcE0EdinkmDNxgYQltT8FeIhkghrk1vBhODOr/wXmscV96RSvamWahdZHHlQBHugDFxwCmrgEtRBA2DwAJ7AC3i1Hq1n6816n7XmrGxmF/wq6+MbA2mWcA==</latexit>

O(L↵1/p
t
1+1/p)

<latexit sha1_base64="21iy4Y9xdn9QpJ9oXm5sdlv+BYU="></latexit>

↵ :=
X

j1,...,jp+1

��[Hjp+1 , [ · · · , [Hj2 , Hj1 ] · · · ]]
��.,



Interaction picture simulation

[Low, Wiebe 18]

Suppose we want to simulate H = A + B where A is much larger than B, but easy to simulate

Simulating time-dependent Hamiltonians is more complicated that the time-independent case…

Product formula simulation will pay a cost that scales with
<latexit sha1_base64="jolfSfBsBqrbsSAAc+Un91NpSXg=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9mVoh4rgnisYD+gu5Rsmm1Ds9mQZIWy7Y/w4kERr/4eb/4b03YP2vpg4PHeDDPzQsmZNq777RTW1jc2t4rbpZ3dvf2D8uFRSyepIrRJEp6oTog15UzQpmGG045UFMchp+1wdDvz209UaZaIRzOWNIjxQLCIEWys1PYn6Ab5k1654lbdOdAq8XJSgRyNXvnL7yckjakwhGOtu54rTZBhZRjhdFryU00lJiM8oF1LBY6pDrL5uVN0ZpU+ihJlSxg0V39PZDjWehyHtjPGZqiXvZn4n9dNTXQdZEzI1FBBFouilCOToNnvqM8UJYaPLcFEMXsrIkOsMDE2oZINwVt+eZW0LqreZbX2UKvU7/I4inACp3AOHlxBHe6hAU0gMIJneIU3RzovzrvzsWgtOPnMMfyB8/kDauSO/g==</latexit>

kAk

<latexit sha1_base64="L8PHs1mGWI8Muf8wKudOYCyJxuM="></latexit>

i
d

dt
| I(t)i = �A| I(t)i+ e

iAt
H| (t)i

= e
iAt

Be
�iAt| I(t)i

so            evolves according to the interaction picture Hamiltonian
<latexit sha1_base64="jDrZ/5XhTPqyq8E9V7Rkl2yySE0=">AAACI3icbZC7SgNBFIZnvcZ71NJmMApaGHYlqGVUkNhFMFFIYpidnJghszObmbNCWPICvoe9rb6CndhY2PsY7sYURj0w8PGf6/x+KIVF1313JianpmdmM3PzC4tLyyvZ1bWq1ZHhUOFaanPtMwtSKKigQAnXoQEW+BKu/O5pmr+6A2OFVpfYD6ERsFsl2oIzTKRmdqvUPN/BXVpPRyno9SiFm1gc44CepLSXYjObc/PuMOhf8EaQI6MoN7Of9ZbmUQAKuWTW1jw3xEbMDAouYTBfjyyEjHfZLdQSVCwA24iHvxnQ7URp0bY2yVNIh+rPjpgF1vYDP6kMGHbs71wq/perRdg+asRChRGC4t+L2pGkqGlqDW0JAxxlPwHGjUhupbzDDOOYGDi2JZ2NWkubWuP9NuIvVPfz3kG+cFHIFc9GJmXIBtkkO8Qjh6RISqRMKoSTe/JInsiz8+C8OK/O23fphDPqWSdj4Xx8AeWtpCA=</latexit>

HI(t) := e
iAt

Be
�iAt<latexit sha1_base64="+xsyS0YQ3ZpG1imNP67gQCSYLys=">AAACEXicbVDNSkJBGJ1rf2Z/N1u2GZLANnJvSLUUgqidQZqgInPHUQfnzlxmvhuJ+RTt29YrtIu2PUFv0GM0V+8itQMfHM75/jhBJLgBz/t2Miura+sb2c3c1vbO7p67n68bFWvKalQJpRsBMUxwyWrAQbBGpBkJA8Hug+Fl4t8/MG24kncwilg7JH3Je5wSsFLHzeOnVmR456YIJy1NZF+wjlvwSt4UeJn4KSmgFNWO+9PqKhqHTAIVxJim70XQHhMNnAo2ybViwyJCh6TPmpZKEjLTHk9/n+Bjq3RxT2lbEvBU/TsxJqExozCwnSGBgVn0EvE/rxlD76I95jKKgUk6O9SLBQaFkyBwl2tGQYwsIVRz+yumA6IJBRvX3JVkNyglzMRG4y8GsUzqpyX/rFS+LRcqV2lIWXSIjlAR+egcVdA1qqIaougRvaBX9OY8O+/Oh/M5a8046cwBmoPz9QuSxp2+</latexit>

| I(t)i

Transform to interaction picture:
<latexit sha1_base64="moBiVhuC50WIZKBiM8PoyAFJQOc=">AAACNHicbVDLSgMxFM34flt16SZYBN2UGfG1VATRXQWrQqeWTHpbQzPJmNwRytgv8T/cu9UvENyJ4MpvMNMWfB4IHM4995ETJVJY9P1nb2h4ZHRsfGJyanpmdm6+sLB4ZnVqOFS4ltpcRMyCFAoqKFDCRWKAxZGE86h9kNfPb8BYodUpdhKoxaylRFNwhk6qF7Zuw8SK+vEaroeGqZYEGuZTFVxfU7jMBN2n2KU915enXij6Jb8H+pcEA1IkA5TrhfewoXkag0IumbXVwE+wljGDgkvoToWphYTxNmtB1VHFYrC1rPe9Ll11SoM2tXFPIe2p3zsyFlvbiSPnjBle2d+1XPyvVk2xuVvLhEpSBMX7i5qppKhpnhVtCAMcZccRxo1wt1J+xQzj6BL9sSWfjVpL23XRBL+D+EvONkrBdmnzZLO4dzgIaYIskxWyRgKyQ/bIESmTCuHkjjyQR/Lk3Xsv3qv31rcOeYOeJfID3scnATOr8Q==</latexit>

| I(t)i := eiAt| (t)i

… but there are methods for doing this, and it can sometimes give a favorable tradeoff

<latexit sha1_base64="L8PHs1mGWI8Muf8wKudOYCyJxuM="></latexit>

i
d

dt
| I(t)i = �A| I(t)i+ e

iAt
H| (t)i

= e
iAt

Be
�iAt| I(t)i



Randomized simulation

Another approach to speeding up simulation: introduce classical randomness

Example: e
�i(A+B)t = I � i(A+B)t� 1

2 (A
2 +AB +BA+B

2)t2 +O(t3)
<latexit sha1_base64="qIQRAEvMbSX56ADHR0qINDFccgk="></latexit>

1
2 (e

�iAt
e
�iBt + e

�iBt
e
�iAt) = e

�i(A+B)t +O(t3)
<latexit sha1_base64="zmgW+gyGCY0XY8TC0YfI7JSm/vE="></latexit>

[Zhang 12]

)
<latexit sha1_base64="k07xdqA/R3kZN5zfooF58kG3eJw=">AAAB8nicbVBNS8NAEJ34WetX1aOXYBE8laQKeiwI4rGK/YA0lM120y7d7IbdiVJKf4YXD4p49dd489+4bXPQ1gcDj/dmmJkXpYIb9LxvZ2V1bX1js7BV3N7Z3dsvHRw2jco0ZQ2qhNLtiBgmuGQN5ChYO9WMJJFgrWh4PfVbj0wbruQDjlIWJqQvecwpQSsFnXveHyDRWj11S2Wv4s3gLhM/J2XIUe+Wvjo9RbOESaSCGBP4XorhmGjkVLBJsZMZlhI6JH0WWCpJwkw4np08cU+t0nNjpW1JdGfq74kxSYwZJZHtTAgOzKI3Ff/zggzjq3DMZZohk3S+KM6Ei8qd/u/2uGYUxcgSQjW3t7p0QDShaFMq2hD8xZeXSbNa8c8r1buLcu0mj6MAx3ACZ+DDJdTgFurQAAoKnuEV3hx0Xpx352PeuuLkM0fwB87nD5OdkXU=</latexit>

Mixing lemma [Campbell 17, Hastings 17]: Error of the average operation is linear in the average 
error, quadratic in the error of individual operations.

[Childs, Ostrander, Su 18]

Randomly permuting terms in a higher-order product formula also improves the approximation 
(though not the order of the formula), though in practice the improvement is typically small.

e
�iAt

e
�iBt = I � i(A+B)t� 1

2 (A
2 + 2AB +B

2)t2 +O(t3)
<latexit sha1_base64="0bkMKLkTOXVRt8+z8x2qbC0fjD8="></latexit>

e
�iBt

e
�iAt = I � i(A+B)t� 1

2 (A
2 + 2BA+B

2)t2 +O(t3)
<latexit sha1_base64="C8qAax0G0XPcQ3by4AKIk8Wb1mU="></latexit>



qDRIFT

[Campbell 18]

Alternative randomized simulation strategy: choose which term to simulate with a probability 
that depends on its weight

Con: Limited to first-order approximation; higher-order methods are better asymptotically

Pro: Simulation cost has no explicit dependence on the number of terms and may outperform 
deterministic product formulas non-asymptotically, especially when the terms have widely 
varying size

Suppose                        with               ; let
<latexit sha1_base64="IZJUoq4MhFEUAztiwHEaFVdzkFo=">AAACEXicbVDLSsNAFJ3UV62vWJciDBbBVUlU1I1QEKTLCvYBbQiT6aSddpIJMxOxhH6Fe7fq3o3gQtz6BS7d+RlO2i5s64ELh3Pui+NFjEplWV9GZmFxaXklu5pbW9/Y3DK38zXJY4FJFXPGRcNDkjAakqqiipFGJAgKPEbqXv8y9eu3REjKwxs1iIgToE5IfYqR0pJr5svwArZkHLg92NVVdnuuWbCK1ghwntgTUigdd1++996eK67502pzHAckVJghKZu2FSknQUJRzMgw14oliRDuow5pahqigEgnGf0+hAdaaUOfC12hgiP170SCAikHgac7A6S6ctZLxf+8Zqz8cyehYRQrEuLxIT9mUHGYBgHbVBCs2EAThAXVv0LcRQJhpeOaupLuVpwzOdTR2LNBzJPaUdE+LZ5c24XSFRgjC3bBPjgENjgDJVAGFVAFGNyBB/AInox749V4Nz7GrRljMrMDpmB8/gLyr6Do</latexit>

H =
P

j hjHj
<latexit sha1_base64="B5OvT13SbI1usd0piLxdOP34m9E=">AAACCnicbVDLSgMxFM3UV62v+ti5CRZBN2VGRN0IBUG7rGAf0A4lk2ba2EwyJhmhjv0D9+5Ef8CFO3HrT7h052eYabuwrQdCDufcF8cLGVXatr+s1Mzs3PxCejGztLyyupZd36goEUlMylgwIWseUoRRTsqaakZqoSQo8Bipet2zxK/eEqmo4Fe6FxI3QG1OfYqRNpLbuIfF5jU03yl0mtmcnbcHgNPEGZFcYf9p6+774rXUzP40WgJHAeEaM6RU3bFD7cZIaooZ6WcakSIhwl3UJnVDOQqIcuPB0X24a5QW9IU0j2s4UP92xChQqhd4pjJAuqMmvUT8z6tH2j9xY8rDSBOOh4v8iEEtYJIAbFFJsGY9QxCW1NwKcQdJhLXJaWxLMlsLwVTfRONMBjFNKgd55yh/eOnkCudgiDTYBjtgDzjgGBRAEZRAGWBwAx7BM3ixHqw36936GJamrFHPJhiD9fkLlqyd7A==</latexit>

kHjk = 1
<latexit sha1_base64="RfymUsmCLe4ZgiMCu5YFCNKsF6E=">AAACG3icbVC9SwMxHM3Vr1q/Th1VCBbBqdypqGNBEMcK9gN65cilaZs2l1yTnFBKF/8Pdx0VRzc3cXVwdPPPMNd2sK0PAo/3fl95QcSo0o7zZaXm5hcWl9LLmZXVtfUNe3OrpEQsMSliwYSsBEgRRjkpaqoZqUSSoDBgpBx0LhK/fEukooLf6F5EaiFqctqgGGkj+faux0xxHUEvmcVJtws9FYd+G7b8tm9nnZwzBJwl7phk88etl++918eCb/94dYHjkHCNGVKq6jqRrvWR1BQzMsh4sSIRwh3UJFVDOQqJqvWHvxjAA6PUYUNI87iGQ/VvRx+FSvXCwFSGSLfUtJeI/3nVWDfOa33Ko1gTjkeLGjGDWsAkElinkmDNeoYgLKm5FeIWkghrE9zElmS2FoKpgYnGnQ5ilpSOcu5p7uTazeYvwQhpsAP2wSFwwRnIgytQAEWAwR14AE/g2bq33qx362NUmrLGPdtgAtbnL2wHphE=</latexit>

� :=
P

j hj

Repeat                        times:
<latexit sha1_base64="sBoR3hU8Y92pBf3cqZdRvUYZlCM="></latexit>

⌫ = O(�2
t
2
/✏) sample      with probability          and apply

<latexit sha1_base64="+mjlpjjYDSksLfk4YqaFFauB+Hk=">AAACAHicbVA5TwJBGP0WL8QLj85mIzHRhuwao5YkJkqJUY4ENmR2GGBkdmYzM2uCGxp7W+2srTS2/hNLO3+Gs0Ah4EsmeXnvu+b5IaNKO86XlZqbX1hcSi9nVlbX1jeym1sVJSKJSRkLJmTNR4owyklZU81ILZQEBT4jVb93nvjVOyIVFfxG90PiBajDaZtipI10XWzeNrM5J+8MYc8Sd0xyhcOXnfvvy7dSM/vTaAkcBYRrzJBSddcJtRcjqSlmZJBpRIqECPdQh9QN5SggyouHpw7sfaO07LaQ5nFtD9W/HTEKlOoHvqkMkO6qaS8R//PqkW6feTHlYaQJx6NF7YjZWtjJv+0WlQRr1jcEYUnNrTbuIomwNulMbElmayGYGpho3OkgZknlKO+e5I+v3FzhAkZIwy7swQG4cAoFKEIJyoChA4/wBM/Wg/VqvVsfo9KUNe7ZhglYn7/bL5rq</latexit>

Hj
<latexit sha1_base64="L7zwmYq2cJiAB2dN9S3bF9n9U5s=">AAACCHicbVDLSgMxFM34rPVVHzs3wSLops6IqMuCoC4r2AdMh5LJZNrYTDIkGaEO/QH3busfiDtx61+4dOdnmGm7sK0HAodzz33k+DGjStv2lzU3v7C4tJxbya+urW9sFra2a0okEpMqFkzIho8UYZSTqqaakUYsCYp8Rup+9zKr1x+IVFTwO92LiRehNqchxUgbye207o+bzNgD1CoU7ZI9BJwlzpgUy0eD3cfv69dKq/DTDAROIsI1Zkgp17Fj7aVIaooZ6eebiSIxwl3UJq6hHEVEeenw5D48MEoAQyHN4xoO1b8dKYqU6kW+cUZId9R0LRP/q7mJDi+8lPI40YTj0aIwYVALmP0fBlQSrFnPEIQlNbdC3EESYW1SmtiSzdZCMNU30TjTQcyS2knJOSud3jrF8hUYIQf2wD44BA44B2VwAyqgCjAQ4BkMwIv1ZL1Z79bHyDpnjXt2wASsz1/4MZ5G</latexit>

hj/�
<latexit sha1_base64="rLRziLCIel69j8lvzCC8lEw4k+0=">AAACF3icbVDNSgMxGMzW//+qF8FLsAh6sO6KqDcFQXqsYG2hW0s2TdvYbLIk3wplqa/g2btXfQXBg3jw4tE38AW8m209qHUgMMx8ky+ZIBLcgOu+O5mR0bHxicmp6ZnZufmF7OLSuVGxpqxElVC6EhDDBJesBBwEq0SakTAQrBx0jlO/fMW04UqeQTditZC0JG9ySsBK9ewKu0i2OPaFjTQILtQvMWz7Mu7Vszk37/aBh4n3TXKHrxufTzf+ZrGe/fAbisYhk0AFMabquRHUEqKBU8F6035sWERoh7RY1VJJQmZqSf8HPbxulQZuKm2PBNxXfyYSEhrTDQM7GRJom79eKv7nVWNoHtQSLqMYmKSDRc1YYFA4rQM3uGYURNcSQjW3b8W0TTShYEv7tSW9G5QSJq3G+1vEMDnfyXt7+d1TL3d0ggaYRKtoDW0gD+2jI1RARVRCFF2jO3SPHpxb59F5dl4GoxnnO7OMfsF5+wJL+KPQ</latexit>

e�i�Hjt/⌫

Cost                 , vs.                                   for first-order Trotter
<latexit sha1_base64="mUBksnysWqHX4ilzkbCN3IUkLnM=">AAACGHicbVDLSgMxFM34fjvqStwEi1I3daaIuiwI4s4KrRb6IpOmbWgmGZI7QhmKP+AXuHPhVn/Bnbh15x+49wdMWxe29UDgcM65uckJIsENeN6nMzU9Mzs3v7C4tLyyurbubmxeGxVryopUCaVLATFMcMmKwEGwUqQZCQPBboLOWd+/uWXacCUL0I1YNSQtyZucErBS3d2+TFeEjTdILYuhlj2ssMhwoeRB3U15GW8APEn8X5LK7UePJ9/3hXzd/ao0FI1DJoEKYkzZ9yKoJkQDp4L1liqxYRGhHdJiZUslCZmpJoMv9PCeVRq4qbQ9EvBA/TuRkNCYbhjYZEigbca9vvifV46heVpNuIxiYJIOFzVjgUHhfh+4wTWjILqWEKq5fSumbaIJBdvayJb+3aCUMD1bjT9exCS5zmb848zRlZ/KnaMhFtAO2kVp5KMTlEMXKI+KiKI79ISe0Yvz4Lw6b877MDrl/M5soRE4Hz8WNqOS</latexit>

O(�2
t
2
/✏)

<latexit sha1_base64="pXXK9uu+oaIMbYJwnde6NLdgOmQ="></latexit>

O
�
L
3(maxj hj)2t2/✏

�
Theorem:  This gives a simulation that is accurate to within diamond norm distance   .<latexit sha1_base64="R6lLBSKFZmvh5tXTxtkxUjn1gnc=">AAACBXicbVDLSsNAFJ34rPVVdekmWIS6KYmIurMgiMsK9gFNKJPpTTt0MhNmJkIJXbsU3OovuBO3gmt/wD/wB9w7abuwrQcGDufc15wgZlRpx/myFhaXlldWc2v59Y3Nre3Czm5diUQSqBHBhGwGWAGjHGqaagbNWAKOAgaNoH+Z+Y07kIoKfqsHMfgR7nIaUoK1kZoexIoywduFolN2RrDniTshxYvP0s/Hg3dUbRe+vY4gSQRcE4aVarlOrP0US00Jg2HeSxTEmPRxF1qGchyB8tPRvUP70CgdOxTSPK7tkfq3I8WRUoMoMJUR1j0162Xif14r0eG5n1IeJxo4GS8KE2ZrYWeftztUAtFsYAgmkppbbdLDEhNtIpraks3WQjA1NNG4s0HMk/px2T0tn9y4xcoVGiOH9tEBKiEXnaEKukZVVEMEMfSIntCzdW+9WK/W27h0wZr07KEpWO+/F0Gd9A==</latexit>✏



Average-case simulation

[Zhao, Zhou, Shaw, Li, Childs 22]

Standard analysis of product formula error gives a worst-case guarantee (i.e., for any input state).
For a pth-order formula, the error is                 whereO(↵tp+1)

<latexit sha1_base64="lcA6OMnLhGIctyAl67u0eyp7p5g=">AAAB+nicbVBNS8NAEN34WetXqkcvi0WoCCWRgnorCOLNCvYD2lgm2027dLMJuxulxP4ULx4U8eov8ea/cdvmoK0PBh7vzTAzz485U9pxvq2l5ZXVtfXcRn5za3tn1y7sNVSUSELrJOKRbPmgKGeC1jXTnLZiSSH0OW36w8uJ33ygUrFI3OlRTL0Q+oIFjIA2Utcu3JQ6wOMBYH2fxifu+LhrF52yMwVeJG5GiihDrWt/dXoRSUIqNOGgVNt1Yu2lIDUjnI7znUTRGMgQ+rRtqICQKi+dnj7GR0bp4SCSpoTGU/X3RAqhUqPQN50h6IGa9ybif1470cG5lzIRJ5oKMlsUJBzrCE9ywD0mKdF8ZAgQycytmAxAAtEmrbwJwZ1/eZE0TstupXxxWylWr7I4cugAHaISctEZqqJrVEN1RNAjekav6M16sl6sd+tj1rpkZTP76A+szx/WkpMd</latexit>

<latexit sha1_base64="21iy4Y9xdn9QpJ9oXm5sdlv+BYU="></latexit>

↵ :=
X

j1,...,jp+1

��[Hjp+1 , [ · · · , [Hj2 , Hj1 ] · · · ]]
��.

We can give a tighter bound if the input state is chosen at random from some distribution.  
For a 1-design ensemble on a d-dimensional system, the average error is                   where

<latexit sha1_base64="6N2GBd+54+Bjm3fJdjG6FRNtSxQ=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBEqQklEqsuCUNxZwT6gjWEynbRDJ5NhZiKEUH/FjQtF3Poh7vwbp20W2nrgwuGce7n3nkAwqrTjfFsrq2vrG5uFreL2zu7evn1w2FZxIjFp4ZjFshsgRRjlpKWpZqQrJEFRwEgnGF9P/c4jkYrG/F6ngngRGnIaUoy0kXy7dFvpIyZGyG9A/ZCJM3dy6ttlp+rMAJeJm5MyyNH07a/+IMZJRLjGDCnVcx2hvQxJTTEjk2I/UUQgPEZD0jOUo4goL5sdP4EnRhnAMJamuIYz9fdEhiKl0igwnRHSI7XoTcX/vF6iwysvo1wkmnA8XxQmDOoYTpOAAyoJ1iw1BGFJza0Qj5BEWJu8iiYEd/HlZdI+r7q1au3uolxv5HEUwBE4BhXggktQBzegCVoAgxQ8g1fwZj1ZL9a79TFvXbHymRL4A+vzByack9U=</latexit>

O(↵F t
p+1)

<latexit sha1_base64="YcC2A3lKyF+mSb4FOJvkZIWnB8c="></latexit>

↵F :=
1p
d

X

j1,...,jp+1

��[Hjp+1 , [ · · · , [Hj2 , Hj1 ] · · · ]]
��
F
.

For a nearest-neighbor n-qubit Hamiltonian, this reduces the error by a factor of       .
<latexit sha1_base64="iYnzOvT5y7BNdzyD5/poGMW+GpI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCIB4r2A9oQ9lsN+3SzSbuToQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++4lrI2L1gJOE+xEdKhEKRtFK7Z551EhUv1xxq+4cZJV4OalAjka//NUbxCyNuEImqTFdz03Qz6hGwSSflnqp4QllYzrkXUsVjbjxs/m5U3JmlQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMr/1MqCRFrthiUZhKgjGZ/U4GQnOGcmIJZVrYWwkbUU0Z2oRKNgRv+eVV0rqoerVq7f6yUr/N4yjCCZzCOXhwBXW4gwY0gcEYnuEV3pzEeXHenY9Fa8HJZ47hD5zPHzQ5j4M=</latexit>p
n

This is no worse, but can sometimes give a much better bound (for the same algorithm!).



Entanglement accelerates quantum simulation

Similar error scaling to the average case holds provided the local marginals of the state (on the 
qubits of leading-order error terms of the product formula) are close to maximally mixed.

This is generic. Specifically, it holds if the state is highly entangled.

If the state were not highly entangled, it would be easy to simulate classically!

Intuitively, we should be be able to get similar error bounds for specific “typical” input states.

9

FIG. 4. (a–b). Theoretical Trotter error in each Trotter step for PF1 and PF2. We compare the theoretical worst-case Trotter
error (purple), distance-based Trotter error (blue), and the theoretical average-case Trotter error (green). See Fig. 1 for a
comparison to the empirical error. (c). Comparison of the minimum required Trotter steps r for di↵erent theoretical bounds.
For our bound, we use the result from Lemma 3, the explicit formulas for theoretical worst-case and average-case bounds are
shown in Section VII of the Supplemental Material. (d). Minimum required Trotter steps r with adaptive protocols. For the
purple dots, we apply the adaptive protocol in Algorithm 1 with various numbers of checkpoints by measuring the operators
in Eq. (23).
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FIG. 3. Number of Trotter steps determined with di↵erent error bounds for PF2 with t = N and " = 10�5. (a) and (b) show
the typical case (hx, hy, J) = (0.8090, 0.9045, 1) and the atypical case (hx, hy, J) = (0, 0.9045, 1), respectively. The empirical
spectral norm curve corresponds to the worst-case analysis such that kU0(t) � U r

p (t/r)k  ". The empirical random input
curve corresponds to the average-case analysis such that EE(kU0(t) � U r

p (t/r) | i k)  ", which assumes that E = {| i}

is a 1-design ensemble [26]. The empirical curve with the input | (0)i = |0i⌦N corresponds to the minimal r such that
kU0(t)� U r

p (t/r) | (0)i k  ".

but for a general measurement O =
P

Oi (for instance, a Hamiltonian with O(N) local terms and estimation accuracy
✏s = O(1) [40]), the final measurement cost could be Mo = O(N2), comparable with M . Note that here we assume
that the error estimation at checkpoint tc controls the error for the entire remaining time period of duration t � tc.
By Theorem 1, this is implied by the assumption that the local entanglement entropy is non-decreasing, which is the
typical case even for MBL systems [8, 10].

Here we use the first-order product formula algorithm to illustrate the underlying advantage. Suppose at time tc,
we check that the error for subsequent simulation is close to the average case (that is, the RDMs are almost maximally
mixed) [26]. In this case, the gate counts are G1(t, ✏) = O(N2t2✏�1) and G2(t, ✏) = O(N1.5t2✏�1) for the worst and
average cases, respectively. Here tc = O(1) is typically independent of the system size. Denoting the simulation error
before tc by ✏c, and assuming the error is proportional to the simulation time (i.e., ✏c = ✏tc/t) and M = Mo = O(N2),
we find that G = O(N4t + N3.5t2). This is better than the gate count G

0 = O(N4t2) that would be obtained by
worst-case analysis, without using measurement to improve the Trotter error estimation.

Taking this idea further, we can develop an adaptive Trotter algorithm by inserting a few measurements in the
middle of the simulation, as summarized in Algorithm 1.

Algorithm 1 Measurement-assisted adaptive Trotter simulation
Input: Initial quantum state | (0)i, simulation time t, simulation error ✏, Hamiltonian H with the pth-order Trotter approx-

imation, and T measurement checkpoints t1, t2, . . . , tT with t0 = 0  t1 < t2 · · · < tT < tT+1 = t.
Output: Final quantum state |�(t)i with simulation error at most ✏ to e�iHt

| (0)i.
1: for i = 1 to T do
2: for j = 1 to M do
3: Prepare the state |�(ti)i from | (0)i using Trotter simulation with the previously determined Trotter steps {r(�i0)}

from i0 = 0 to i� 1.
4: Perform random N -qubit Pauli measurements on �(ti) to collect a one-shot shadow snapshot ⇢̂(j).
5: end for
6: Estimate the single-segment Trotter error ✏(i) in Eq. (23) using

�
⇢̂(j)

 
M

j=1
, with M = O(N2) for a lattice Hamiltonian.

7: Use ✏(i) to determine the Trotter step r(�i) for the next interval of duration �i = ti+1 � ti, such that the simulation
error is at most ✏(�i) = ✏�i/t.

8: end for
9: Prepare the final state |�(t)i from | (0)i using the Trotter algorithm with the previously determined Trotter steps {r(�i)}

from i = 0 to T .

[Zhao, Zhou, Childs 24]



Outlook



Outlook:  Theory

Quantum simulation as an algorithmic tool 
• Linear algebra in Hilbert space: linear systems, 

differential equations, convex optimization, …

• Find new quantum algorithms based on Hamiltonian 
simulation

• Use product formula error bounds to analyze classical 
algorithms (e.g., quantum Monte Carlo)

Quantum simulation as a theoretical tool 
• Lieb-Robinson bounds

• Entanglement area laws

• Scrambling

• …

Improve quantum algorithms for  
Hamiltonian simulation 
• Tighter error bounds for product formulas (e.g., 

going beyond the triangle inequality)

• Better product formulas/limitations on 
improvements to product formulas

• Understand the         tradeoff for time-dependent 
Hamiltonians

• Faster simulation methods for structured 
Hamiltonians (including cases where fast-forwarding 
is possible)

• Optimized implementations of simulations; more 
efficient synthesis of the QSP circuit

• Alternative metrics: state-dependent simulation, 
simulation within a subspace, average-case 
simulation, …

<latexit sha1_base64="0D2u6fBATUAq021B0t8MZLlryWU=">AAAB83icbVBNSwMxEJ2tX7V+VT16WSxCBSm7ItVj0YvHCvYDukvJptk2NJuEJCuUpX/DiwdFvPpnvPlvTNs9aOuDgcd7M8zMiySj2njet1NYW9/Y3Cpul3Z29/YPyodHbS1ShUkLCyZUN0KaMMpJy1DDSFcqgpKIkU40vpv5nSeiNBX80UwkCRM05DSmGBkrBVVzERCpKRP8vF+ueDVvDneV+DmpQI5mv/wVDAROE8INZkjrnu9JE2ZIGYoZmZaCVBOJ8BgNSc9SjhKiw2x+89Q9s8rAjYWyxY07V39PZCjRepJEtjNBZqSXvZn4n9dLTXwTZpTL1BCOF4vilLlGuLMA3AFVBBs2sQRhRe2tLh4hhbCxMZVsCP7yy6ukfVnz67X6w1WlcZvHUYQTOIUq+HANDbiHJrQAg4RneIU3J3VenHfnY9FacPKZY/gD5/MHXLuRRA==</latexit>

(t, ✏)



Outlook:  Applications

Develop applications of quantum 
simulation to physics/chemistry 
• Quantum chemistry

• Condensed matter

• Nuclear physics

• Particle physics

Explore prospects for near-term 
implementations 
• Resource estimates under realistic hardware constraints

• Can we perform classically hard simulations without 
invoking fault tolerance?

• Noise-tolerant algorithms

Major goal: Develop (and then implement!) 
concrete end-to-end applications of quantum 
simulation with compelling evidence for speedup



Further reading
• Lecture notes on quantum algorithms (part V): https://www.cs.umd.edu/~amchilds/qa/

• Simulation gate counts: arXiv:1711.10980

• Product formula error: arXiv:1912.08854

• Martyn-Rossi-Tan-Chuang survey on QSP: arXiv:2105.02859

• Lin Lin lecture notes: arXiv:2201.08309

• John Preskill simulation lecture: https://www.youtube.com/watch?v=t-qUR5kweCE

• Nathan Wiebe survey talk: https://www.youtube.com/watch?v=X4gegxIuh1o

• Yuan Su on Trotter error: https://www.youtube.com/watch?v=3AVnKJ3uCrU

• Robin Kothari on LCU/QSP: https://www.youtube.com/watch?v=mWg56DxtDy0

• András Gilyén on QSVT: https://www.youtube.com/watch?v=SMdLc36ysJE

• Longer version of this presentation: https://www.cs.umd.edu/~amchilds/talks/sim.pdf

Lectures and seminars

https://www.cs.umd.edu/~amchilds/qa/
http://arxiv.org/abs/1711.10980
https://arxiv.org/abs/1912.08854
https://arxiv.org/abs/2105.02859
https://arxiv.org/abs/2201.08309
https://www.youtube.com/watch?v=t-qUR5kweCE
https://www.youtube.com/watch?v=X4gegxIuh1o
https://www.youtube.com/watch?v=3AVnKJ3uCrU
https://www.youtube.com/watch?v=mWg56DxtDy0
https://www.youtube.com/watch?v=SMdLc36ysJE
https://www.cs.umd.edu/~amchilds/talks/sim.pdf

