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Multi-Label Classification

Q: how to extend our method for multi-label 
classification?



Recall: Multi-Label Classification using 
Logistic Regression
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<latexit sha1_base64="qjFag4aw7wd0CIyd9+8gIUFY0RE=">AAACM3icbZBNS8NAEIY39bt+VT16WSyCIEhSBD0W9CCeFKwW2hg220m7dPPB7kQoIf/Ji3/EgyAeFPHqf3BTc7CtLyy8PDPD7Lx+IoVG2361KnPzC4tLyyvV1bX1jc3a1vatjlPFocVjGau2zzRIEUELBUpoJwpY6Eu484dnRf3uAZQWcXSDowTckPUjEQjO0CCvdtkNFOMZ3GddHAAyz7nHdp7/AXYBDica6ARojEFe9Wp1+8gei84apzR1UurKqz13ezFPQ4iQS6Z1x7ETdDOmUHAJebWbakgYH7I+dIyNWAjazcY353TfkB4NYmVehHRM/05kLNR6FPqmM2Q40NO1Av5X66QYnLqZiJIUIeK/i4JUUoxpESDtCQUc5cgYxpUwf6V8wEyIaGIuQnCmT541t40jx/jr43rzvIxjmeySPXJAHHJCmuSCXJEW4eSRvJB38mE9WW/Wp/X121qxypkdMiHr+wcYhqu1</latexit><latexit sha1_base64="qjFag4aw7wd0CIyd9+8gIUFY0RE=">AAACM3icbZBNS8NAEIY39bt+VT16WSyCIEhSBD0W9CCeFKwW2hg220m7dPPB7kQoIf/Ji3/EgyAeFPHqf3BTc7CtLyy8PDPD7Lx+IoVG2361KnPzC4tLyyvV1bX1jc3a1vatjlPFocVjGau2zzRIEUELBUpoJwpY6Eu484dnRf3uAZQWcXSDowTckPUjEQjO0CCvdtkNFOMZ3GddHAAyz7nHdp7/AXYBDica6ARojEFe9Wp1+8gei84apzR1UurKqz13ezFPQ4iQS6Z1x7ETdDOmUHAJebWbakgYH7I+dIyNWAjazcY353TfkB4NYmVehHRM/05kLNR6FPqmM2Q40NO1Av5X66QYnLqZiJIUIeK/i4JUUoxpESDtCQUc5cgYxpUwf6V8wEyIaGIuQnCmT541t40jx/jr43rzvIxjmeySPXJAHHJCmuSCXJEW4eSRvJB38mE9WW/Wp/X121qxypkdMiHr+wcYhqu1</latexit><latexit sha1_base64="qjFag4aw7wd0CIyd9+8gIUFY0RE=">AAACM3icbZBNS8NAEIY39bt+VT16WSyCIEhSBD0W9CCeFKwW2hg220m7dPPB7kQoIf/Ji3/EgyAeFPHqf3BTc7CtLyy8PDPD7Lx+IoVG2361KnPzC4tLyyvV1bX1jc3a1vatjlPFocVjGau2zzRIEUELBUpoJwpY6Eu484dnRf3uAZQWcXSDowTckPUjEQjO0CCvdtkNFOMZ3GddHAAyz7nHdp7/AXYBDica6ARojEFe9Wp1+8gei84apzR1UurKqz13ezFPQ4iQS6Z1x7ETdDOmUHAJebWbakgYH7I+dIyNWAjazcY353TfkB4NYmVehHRM/05kLNR6FPqmM2Q40NO1Av5X66QYnLqZiJIUIeK/i4JUUoxpESDtCQUc5cgYxpUwf6V8wEyIaGIuQnCmT541t40jx/jr43rzvIxjmeySPXJAHHJCmuSCXJEW4eSRvJB38mE9WW/Wp/X121qxypkdMiHr+wcYhqu1</latexit><latexit sha1_base64="qjFag4aw7wd0CIyd9+8gIUFY0RE=">AAACM3icbZBNS8NAEIY39bt+VT16WSyCIEhSBD0W9CCeFKwW2hg220m7dPPB7kQoIf/Ji3/EgyAeFPHqf3BTc7CtLyy8PDPD7Lx+IoVG2361KnPzC4tLyyvV1bX1jc3a1vatjlPFocVjGau2zzRIEUELBUpoJwpY6Eu484dnRf3uAZQWcXSDowTckPUjEQjO0CCvdtkNFOMZ3GddHAAyz7nHdp7/AXYBDica6ARojEFe9Wp1+8gei84apzR1UurKqz13ezFPQ4iQS6Z1x7ETdDOmUHAJebWbakgYH7I+dIyNWAjazcY353TfkB4NYmVehHRM/05kLNR6FPqmM2Q40NO1Av5X66QYnLqZiJIUIeK/i4JUUoxpESDtCQUc5cgYxpUwf6V8wEyIaGIuQnCmT541t40jx/jr43rzvIxjmeySPXJAHHJCmuSCXJEW4eSRvJB38mE9WW/Wp/X121qxypkdMiHr+wcYhqu1</latexit>

e✓
t
2X

e✓
t
0X + e✓

t
1X + e✓

t
2X

<latexit sha1_base64="2kQZ2RQnP/Pvl1NF+RUZsGk+xDo=">AAACM3icbZDLSgMxFIYzXmu9VV26CRZBEMpMEXRZ0IW4qmAv0BuZ9IwNZi4kZ4QyzDu58UVcCOJCEbe+g5m2YC/+EPjznXNIzu9GUmi07TdraXlldW09t5Hf3Nre2S3s7dd1GCsONR7KUDVdpkGKAGooUEIzUsB8V0LDfbjM6o1HUFqEwR0OI+j47D4QnuAMDeoVbtqeYjyBbtLGASDrlbvYTNMpYGfg9O/udJHOgPIIpPleoWiX7JHoonEmpkgmqvYKL+1+yGMfAuSSad1y7Ag7CVMouIQ03441RIw/sHtoGRswH3QnGe2c0mND+tQLlTkB0hGdnkiYr/XQd02nz3Cg52sZ/K/WitG76CQiiGKEgI8f8mJJMaRZgLQvFHCUQ2MYV8L8lfIBMyGiiTkLwZlfedHUyyXH+NuzYuVqEkeOHJIjckIcck4q5JpUSY1w8kReyQf5tJ6td+vL+h63LlmTmQMyI+vnFxpDq7Y=</latexit><latexit sha1_base64="2kQZ2RQnP/Pvl1NF+RUZsGk+xDo=">AAACM3icbZDLSgMxFIYzXmu9VV26CRZBEMpMEXRZ0IW4qmAv0BuZ9IwNZi4kZ4QyzDu58UVcCOJCEbe+g5m2YC/+EPjznXNIzu9GUmi07TdraXlldW09t5Hf3Nre2S3s7dd1GCsONR7KUDVdpkGKAGooUEIzUsB8V0LDfbjM6o1HUFqEwR0OI+j47D4QnuAMDeoVbtqeYjyBbtLGASDrlbvYTNMpYGfg9O/udJHOgPIIpPleoWiX7JHoonEmpkgmqvYKL+1+yGMfAuSSad1y7Ag7CVMouIQ03441RIw/sHtoGRswH3QnGe2c0mND+tQLlTkB0hGdnkiYr/XQd02nz3Cg52sZ/K/WitG76CQiiGKEgI8f8mJJMaRZgLQvFHCUQ2MYV8L8lfIBMyGiiTkLwZlfedHUyyXH+NuzYuVqEkeOHJIjckIcck4q5JpUSY1w8kReyQf5tJ6td+vL+h63LlmTmQMyI+vnFxpDq7Y=</latexit><latexit sha1_base64="2kQZ2RQnP/Pvl1NF+RUZsGk+xDo=">AAACM3icbZDLSgMxFIYzXmu9VV26CRZBEMpMEXRZ0IW4qmAv0BuZ9IwNZi4kZ4QyzDu58UVcCOJCEbe+g5m2YC/+EPjznXNIzu9GUmi07TdraXlldW09t5Hf3Nre2S3s7dd1GCsONR7KUDVdpkGKAGooUEIzUsB8V0LDfbjM6o1HUFqEwR0OI+j47D4QnuAMDeoVbtqeYjyBbtLGASDrlbvYTNMpYGfg9O/udJHOgPIIpPleoWiX7JHoonEmpkgmqvYKL+1+yGMfAuSSad1y7Ag7CVMouIQ03441RIw/sHtoGRswH3QnGe2c0mND+tQLlTkB0hGdnkiYr/XQd02nz3Cg52sZ/K/WitG76CQiiGKEgI8f8mJJMaRZgLQvFHCUQ2MYV8L8lfIBMyGiiTkLwZlfedHUyyXH+NuzYuVqEkeOHJIjckIcck4q5JpUSY1w8kReyQf5tJ6td+vL+h63LlmTmQMyI+vnFxpDq7Y=</latexit><latexit sha1_base64="2kQZ2RQnP/Pvl1NF+RUZsGk+xDo=">AAACM3icbZDLSgMxFIYzXmu9VV26CRZBEMpMEXRZ0IW4qmAv0BuZ9IwNZi4kZ4QyzDu58UVcCOJCEbe+g5m2YC/+EPjznXNIzu9GUmi07TdraXlldW09t5Hf3Nre2S3s7dd1GCsONR7KUDVdpkGKAGooUEIzUsB8V0LDfbjM6o1HUFqEwR0OI+j47D4QnuAMDeoVbtqeYjyBbtLGASDrlbvYTNMpYGfg9O/udJHOgPIIpPleoWiX7JHoonEmpkgmqvYKL+1+yGMfAuSSad1y7Ag7CVMouIQ03441RIw/sHtoGRswH3QnGe2c0mND+tQLlTkB0hGdnkiYr/XQd02nz3Cg52sZ/K/WitG76CQiiGKEgI8f8mJJMaRZgLQvFHCUQ2MYV8L8lfIBMyGiiTkLwZlfedHUyyXH+NuzYuVqEkeOHJIjckIcck4q5JpUSY1w8kReyQf5tJ6td+vL+h63LlmTmQMyI+vnFxpDq7Y=</latexit>

Logits “Confidence” 
probabilities



Multi-Label Classification Using NNs

X(i)
<latexit sha1_base64="MjqFAalAQkjNJEVy7A4EJnNF3kw=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tFqJeSiKDHghe9VbAf0May2U7apZtN2N0IJfRHePGgiFd/jzf/jds2B219YeHhnRl25g0SwbVx3W+nsLa+sblV3C7t7O7tH5QPj1o6ThXDJotFrDoB1Si4xKbhRmAnUUijQGA7GN/M6u0nVJrH8sFMEvQjOpQ85Iwaa7U7j1mVn0/75Ypbc+ciq+DlUIFcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdi5JGqP1svu6UnFlnQMJY2ScNmbu/JzIaaT2JAtsZUTPSy7WZ+V+tm5rw2s+4TFKDki0+ClNBTExmt5MBV8iMmFigTHG7K2EjqigzNqGSDcFbPnkVWhc1z/L9ZaV+l8dRhBM4hSp4cAV1uIUGNIHBGJ7hFd6cxHlx3p2PRWvByWeO4Y+czx+9DY8v</latexit><latexit sha1_base64="MjqFAalAQkjNJEVy7A4EJnNF3kw=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tFqJeSiKDHghe9VbAf0May2U7apZtN2N0IJfRHePGgiFd/jzf/jds2B219YeHhnRl25g0SwbVx3W+nsLa+sblV3C7t7O7tH5QPj1o6ThXDJotFrDoB1Si4xKbhRmAnUUijQGA7GN/M6u0nVJrH8sFMEvQjOpQ85Iwaa7U7j1mVn0/75Ypbc+ciq+DlUIFcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdi5JGqP1svu6UnFlnQMJY2ScNmbu/JzIaaT2JAtsZUTPSy7WZ+V+tm5rw2s+4TFKDki0+ClNBTExmt5MBV8iMmFigTHG7K2EjqigzNqGSDcFbPnkVWhc1z/L9ZaV+l8dRhBM4hSp4cAV1uIUGNIHBGJ7hFd6cxHlx3p2PRWvByWeO4Y+czx+9DY8v</latexit><latexit sha1_base64="MjqFAalAQkjNJEVy7A4EJnNF3kw=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tFqJeSiKDHghe9VbAf0May2U7apZtN2N0IJfRHePGgiFd/jzf/jds2B219YeHhnRl25g0SwbVx3W+nsLa+sblV3C7t7O7tH5QPj1o6ThXDJotFrDoB1Si4xKbhRmAnUUijQGA7GN/M6u0nVJrH8sFMEvQjOpQ85Iwaa7U7j1mVn0/75Ypbc+ciq+DlUIFcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdi5JGqP1svu6UnFlnQMJY2ScNmbu/JzIaaT2JAtsZUTPSy7WZ+V+tm5rw2s+4TFKDki0+ClNBTExmt5MBV8iMmFigTHG7K2EjqigzNqGSDcFbPnkVWhc1z/L9ZaV+l8dRhBM4hSp4cAV1uIUGNIHBGJ7hFd6cxHlx3p2PRWvByWeO4Y+czx+9DY8v</latexit><latexit sha1_base64="MjqFAalAQkjNJEVy7A4EJnNF3kw=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tFqJeSiKDHghe9VbAf0May2U7apZtN2N0IJfRHePGgiFd/jzf/jds2B219YeHhnRl25g0SwbVx3W+nsLa+sblV3C7t7O7tH5QPj1o6ThXDJotFrDoB1Si4xKbhRmAnUUijQGA7GN/M6u0nVJrH8sFMEvQjOpQ85Iwaa7U7j1mVn0/75Ypbc+ciq+DlUIFcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdi5JGqP1svu6UnFlnQMJY2ScNmbu/JzIaaT2JAtsZUTPSy7WZ+V+tm5rw2s+4TFKDki0+ClNBTExmt5MBV8iMmFigTHG7K2EjqigzNqGSDcFbPnkVWhc1z/L9ZaV+l8dRhBM4hSp4cAV1uIUGNIHBGJ7hFd6cxHlx3p2PRWvByWeO4Y+czx+9DY8v</latexit>

Soft-Max 
Function

Neural 
Network

Logits “Confidence” 
probabilities

�✓(X)
<latexit sha1_base64="gAXqGTEArvCtgUvIs3gT/YFi/bc=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBahXkoigh6LXjxWsB/QhLDZbpqlm03YnRRK6D/x4kERr/4Tb/4bt20O2vpg4PHeDDPzwkxwDY7zbVU2Nre2d6q7tb39g8Mj+/ikq9NcUdahqUhVPySaCS5ZBzgI1s8UI0koWC8c38/93oQpzVP5BNOM+QkZSR5xSsBIgW17WcyDwoOYAZk1+peBXXeazgJ4nbglqaMS7cD+8oYpzRMmgQqi9cB1MvALooBTwWY1L9csI3RMRmxgqCQJ036xuHyGL4wyxFGqTEnAC/X3REESradJaDoTArFe9ebif94gh+jWL7jMcmCSLhdFucCQ4nkMeMgVoyCmhhCquLkV05goQsGEVTMhuKsvr5PuVdN1mu7jdb11V8ZRRWfoHDWQi25QCz2gNuogiiboGb2iN6uwXqx362PZWrHKmVP0B9bnDzJfk1o=</latexit><latexit sha1_base64="gAXqGTEArvCtgUvIs3gT/YFi/bc=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBahXkoigh6LXjxWsB/QhLDZbpqlm03YnRRK6D/x4kERr/4Tb/4bt20O2vpg4PHeDDPzwkxwDY7zbVU2Nre2d6q7tb39g8Mj+/ikq9NcUdahqUhVPySaCS5ZBzgI1s8UI0koWC8c38/93oQpzVP5BNOM+QkZSR5xSsBIgW17WcyDwoOYAZk1+peBXXeazgJ4nbglqaMS7cD+8oYpzRMmgQqi9cB1MvALooBTwWY1L9csI3RMRmxgqCQJ036xuHyGL4wyxFGqTEnAC/X3REESradJaDoTArFe9ebif94gh+jWL7jMcmCSLhdFucCQ4nkMeMgVoyCmhhCquLkV05goQsGEVTMhuKsvr5PuVdN1mu7jdb11V8ZRRWfoHDWQi25QCz2gNuogiiboGb2iN6uwXqx362PZWrHKmVP0B9bnDzJfk1o=</latexit><latexit sha1_base64="gAXqGTEArvCtgUvIs3gT/YFi/bc=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBahXkoigh6LXjxWsB/QhLDZbpqlm03YnRRK6D/x4kERr/4Tb/4bt20O2vpg4PHeDDPzwkxwDY7zbVU2Nre2d6q7tb39g8Mj+/ikq9NcUdahqUhVPySaCS5ZBzgI1s8UI0koWC8c38/93oQpzVP5BNOM+QkZSR5xSsBIgW17WcyDwoOYAZk1+peBXXeazgJ4nbglqaMS7cD+8oYpzRMmgQqi9cB1MvALooBTwWY1L9csI3RMRmxgqCQJ036xuHyGL4wyxFGqTEnAC/X3REESradJaDoTArFe9ebif94gh+jWL7jMcmCSLhdFucCQ4nkMeMgVoyCmhhCquLkV05goQsGEVTMhuKsvr5PuVdN1mu7jdb11V8ZRRWfoHDWQi25QCz2gNuogiiboGb2iN6uwXqx362PZWrHKmVP0B9bnDzJfk1o=</latexit><latexit sha1_base64="gAXqGTEArvCtgUvIs3gT/YFi/bc=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBahXkoigh6LXjxWsB/QhLDZbpqlm03YnRRK6D/x4kERr/4Tb/4bt20O2vpg4PHeDDPzwkxwDY7zbVU2Nre2d6q7tb39g8Mj+/ikq9NcUdahqUhVPySaCS5ZBzgI1s8UI0koWC8c38/93oQpzVP5BNOM+QkZSR5xSsBIgW17WcyDwoOYAZk1+peBXXeazgJ4nbglqaMS7cD+8oYpzRMmgQqi9cB1MvALooBTwWY1L9csI3RMRmxgqCQJ036xuHyGL4wyxFGqTEnAC/X3REESradJaDoTArFe9ebif94gh+jWL7jMcmCSLhdFucCQ4nkMeMgVoyCmhhCquLkV05goQsGEVTMhuKsvr5PuVdN1mu7jdb11V8ZRRWfoHDWQi25QCz2gNuogiiboGb2iN6uwXqx362PZWrHKmVP0B9bnDzJfk1o=</latexit>

�0
<latexit sha1_base64="rsPfhejyW4RhG09J+gP3oaZ1jzQ=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCvYD2qVk02kbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMGyWCG+v7315hbX1jc6u4XdrZ3ds/KB8eNY1KNcMGU0LpdkQNCi6xYbkV2E400jgS2IrGt7N66wm14Uo+2EmCYUyHkg84o9ZZzW4y4j2/V674VX8usgpBDhXIVe+Vv7p9xdIYpWWCGtMJ/MSGGdWWM4HTUjc1mFA2pkPsOJQ0RhNm822n5Mw5fTJQ2j1pydz9PZHR2JhJHLnOmNqRWa7NzP9qndQOrsOMyyS1KNnio0EqiFVkdjrpc43MiokDyjR3uxI2opoy6wIquRCC5ZNXoXlRDRzfX1ZqN3kcRTiBUziHAK6gBndQhwYweIRneIU3T3kv3rv3sWgtePnMMfyR9/kDOcSO4g==</latexit><latexit sha1_base64="rsPfhejyW4RhG09J+gP3oaZ1jzQ=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCvYD2qVk02kbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMGyWCG+v7315hbX1jc6u4XdrZ3ds/KB8eNY1KNcMGU0LpdkQNCi6xYbkV2E400jgS2IrGt7N66wm14Uo+2EmCYUyHkg84o9ZZzW4y4j2/V674VX8usgpBDhXIVe+Vv7p9xdIYpWWCGtMJ/MSGGdWWM4HTUjc1mFA2pkPsOJQ0RhNm822n5Mw5fTJQ2j1pydz9PZHR2JhJHLnOmNqRWa7NzP9qndQOrsOMyyS1KNnio0EqiFVkdjrpc43MiokDyjR3uxI2opoy6wIquRCC5ZNXoXlRDRzfX1ZqN3kcRTiBUziHAK6gBndQhwYweIRneIU3T3kv3rv3sWgtePnMMfyR9/kDOcSO4g==</latexit><latexit sha1_base64="rsPfhejyW4RhG09J+gP3oaZ1jzQ=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCvYD2qVk02kbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMGyWCG+v7315hbX1jc6u4XdrZ3ds/KB8eNY1KNcMGU0LpdkQNCi6xYbkV2E400jgS2IrGt7N66wm14Uo+2EmCYUyHkg84o9ZZzW4y4j2/V674VX8usgpBDhXIVe+Vv7p9xdIYpWWCGtMJ/MSGGdWWM4HTUjc1mFA2pkPsOJQ0RhNm822n5Mw5fTJQ2j1pydz9PZHR2JhJHLnOmNqRWa7NzP9qndQOrsOMyyS1KNnio0EqiFVkdjrpc43MiokDyjR3uxI2opoy6wIquRCC5ZNXoXlRDRzfX1ZqN3kcRTiBUziHAK6gBndQhwYweIRneIU3T3kv3rv3sWgtePnMMfyR9/kDOcSO4g==</latexit><latexit sha1_base64="rsPfhejyW4RhG09J+gP3oaZ1jzQ=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCvYD2qVk02kbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMGyWCG+v7315hbX1jc6u4XdrZ3ds/KB8eNY1KNcMGU0LpdkQNCi6xYbkV2E400jgS2IrGt7N66wm14Uo+2EmCYUyHkg84o9ZZzW4y4j2/V674VX8usgpBDhXIVe+Vv7p9xdIYpWWCGtMJ/MSGGdWWM4HTUjc1mFA2pkPsOJQ0RhNm822n5Mw5fTJQ2j1pydz9PZHR2JhJHLnOmNqRWa7NzP9qndQOrsOMyyS1KNnio0EqiFVkdjrpc43MiokDyjR3uxI2opoy6wIquRCC5ZNXoXlRDRzfX1ZqN3kcRTiBUziHAK6gBndQhwYweIRneIU3T3kv3rv3sWgtePnMMfyR9/kDOcSO4g==</latexit>

�1
<latexit sha1_base64="k1p9/otTQ2RsCP+29SJFH9zIvrI=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCvYD2qVk02kbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMGyWCG+v7315hbX1jc6u4XdrZ3ds/KB8eNY1KNcMGU0LpdkQNCi6xYbkV2E400jgS2IrGt7N66wm14Uo+2EmCYUyHkg84o9ZZzW4y4r2gV674VX8usgpBDhXIVe+Vv7p9xdIYpWWCGtMJ/MSGGdWWM4HTUjc1mFA2pkPsOJQ0RhNm822n5Mw5fTJQ2j1pydz9PZHR2JhJHLnOmNqRWa7NzP9qndQOrsOMyyS1KNnio0EqiFVkdjrpc43MiokDyjR3uxI2opoy6wIquRCC5ZNXoXlRDRzfX1ZqN3kcRTiBUziHAK6gBndQhwYweIRneIU3T3kv3rv3sWgtePnMMfyR9/kDO0iO4w==</latexit><latexit sha1_base64="k1p9/otTQ2RsCP+29SJFH9zIvrI=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCvYD2qVk02kbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMGyWCG+v7315hbX1jc6u4XdrZ3ds/KB8eNY1KNcMGU0LpdkQNCi6xYbkV2E400jgS2IrGt7N66wm14Uo+2EmCYUyHkg84o9ZZzW4y4r2gV674VX8usgpBDhXIVe+Vv7p9xdIYpWWCGtMJ/MSGGdWWM4HTUjc1mFA2pkPsOJQ0RhNm822n5Mw5fTJQ2j1pydz9PZHR2JhJHLnOmNqRWa7NzP9qndQOrsOMyyS1KNnio0EqiFVkdjrpc43MiokDyjR3uxI2opoy6wIquRCC5ZNXoXlRDRzfX1ZqN3kcRTiBUziHAK6gBndQhwYweIRneIU3T3kv3rv3sWgtePnMMfyR9/kDO0iO4w==</latexit><latexit sha1_base64="k1p9/otTQ2RsCP+29SJFH9zIvrI=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCvYD2qVk02kbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMGyWCG+v7315hbX1jc6u4XdrZ3ds/KB8eNY1KNcMGU0LpdkQNCi6xYbkV2E400jgS2IrGt7N66wm14Uo+2EmCYUyHkg84o9ZZzW4y4r2gV674VX8usgpBDhXIVe+Vv7p9xdIYpWWCGtMJ/MSGGdWWM4HTUjc1mFA2pkPsOJQ0RhNm822n5Mw5fTJQ2j1pydz9PZHR2JhJHLnOmNqRWa7NzP9qndQOrsOMyyS1KNnio0EqiFVkdjrpc43MiokDyjR3uxI2opoy6wIquRCC5ZNXoXlRDRzfX1ZqN3kcRTiBUziHAK6gBndQhwYweIRneIU3T3kv3rv3sWgtePnMMfyR9/kDO0iO4w==</latexit><latexit sha1_base64="k1p9/otTQ2RsCP+29SJFH9zIvrI=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCvYD2qVk02kbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMGyWCG+v7315hbX1jc6u4XdrZ3ds/KB8eNY1KNcMGU0LpdkQNCi6xYbkV2E400jgS2IrGt7N66wm14Uo+2EmCYUyHkg84o9ZZzW4y4r2gV674VX8usgpBDhXIVe+Vv7p9xdIYpWWCGtMJ/MSGGdWWM4HTUjc1mFA2pkPsOJQ0RhNm822n5Mw5fTJQ2j1pydz9PZHR2JhJHLnOmNqRWa7NzP9qndQOrsOMyyS1KNnio0EqiFVkdjrpc43MiokDyjR3uxI2opoy6wIquRCC5ZNXoXlRDRzfX1ZqN3kcRTiBUziHAK6gBndQhwYweIRneIU3T3kv3rv3sWgtePnMMfyR9/kDO0iO4w==</latexit>

�2
<latexit sha1_base64="S5o7iSWprFp3yPwZORcyVT5026w=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AInspuEfRY9OKxgv2AdinZNNvGZpMlmRVK6X/w4kERr/4fb/4b03YP2vpC4OGdGTLzRqkUFn3/21tb39jc2i7sFHf39g8OS0fHTaszw3iDaalNO6KWS6F4AwVK3k4Np0kkeSsa3c7qrSdurNDqAccpDxM6UCIWjKKzmt10KHrVXqnsV/y5yCoEOZQhV71X+ur2NcsSrpBJam0n8FMMJ9SgYJJPi93M8pSyER3wjkNFE27DyXzbKTl3Tp/E2rinkMzd3xMTmlg7TiLXmVAc2uXazPyv1skwvg4nQqUZcsUWH8WZJKjJ7HTSF4YzlGMHlBnhdiVsSA1l6AIquhCC5ZNXoVmtBI7vL8u1mzyOApzCGVxAAFdQgzuoQwMYPMIzvMKbp70X7937WLSuefnMCfyR9/kDPMyO5A==</latexit><latexit sha1_base64="S5o7iSWprFp3yPwZORcyVT5026w=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AInspuEfRY9OKxgv2AdinZNNvGZpMlmRVK6X/w4kERr/4fb/4b03YP2vpC4OGdGTLzRqkUFn3/21tb39jc2i7sFHf39g8OS0fHTaszw3iDaalNO6KWS6F4AwVK3k4Np0kkeSsa3c7qrSdurNDqAccpDxM6UCIWjKKzmt10KHrVXqnsV/y5yCoEOZQhV71X+ur2NcsSrpBJam0n8FMMJ9SgYJJPi93M8pSyER3wjkNFE27DyXzbKTl3Tp/E2rinkMzd3xMTmlg7TiLXmVAc2uXazPyv1skwvg4nQqUZcsUWH8WZJKjJ7HTSF4YzlGMHlBnhdiVsSA1l6AIquhCC5ZNXoVmtBI7vL8u1mzyOApzCGVxAAFdQgzuoQwMYPMIzvMKbp70X7937WLSuefnMCfyR9/kDPMyO5A==</latexit><latexit sha1_base64="S5o7iSWprFp3yPwZORcyVT5026w=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AInspuEfRY9OKxgv2AdinZNNvGZpMlmRVK6X/w4kERr/4fb/4b03YP2vpC4OGdGTLzRqkUFn3/21tb39jc2i7sFHf39g8OS0fHTaszw3iDaalNO6KWS6F4AwVK3k4Np0kkeSsa3c7qrSdurNDqAccpDxM6UCIWjKKzmt10KHrVXqnsV/y5yCoEOZQhV71X+ur2NcsSrpBJam0n8FMMJ9SgYJJPi93M8pSyER3wjkNFE27DyXzbKTl3Tp/E2rinkMzd3xMTmlg7TiLXmVAc2uXazPyv1skwvg4nQqUZcsUWH8WZJKjJ7HTSF4YzlGMHlBnhdiVsSA1l6AIquhCC5ZNXoVmtBI7vL8u1mzyOApzCGVxAAFdQgzuoQwMYPMIzvMKbp70X7937WLSuefnMCfyR9/kDPMyO5A==</latexit><latexit sha1_base64="S5o7iSWprFp3yPwZORcyVT5026w=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AInspuEfRY9OKxgv2AdinZNNvGZpMlmRVK6X/w4kERr/4fb/4b03YP2vpC4OGdGTLzRqkUFn3/21tb39jc2i7sFHf39g8OS0fHTaszw3iDaalNO6KWS6F4AwVK3k4Np0kkeSsa3c7qrSdurNDqAccpDxM6UCIWjKKzmt10KHrVXqnsV/y5yCoEOZQhV71X+ur2NcsSrpBJam0n8FMMJ9SgYJJPi93M8pSyER3wjkNFE27DyXzbKTl3Tp/E2rinkMzd3xMTmlg7TiLXmVAc2uXazPyv1skwvg4nQqUZcsUWH8WZJKjJ7HTSF4YzlGMHlBnhdiVsSA1l6AIquhCC5ZNXoVmtBI7vL8u1mzyOApzCGVxAAFdQgzuoQwMYPMIzvMKbp70X7937WLSuefnMCfyR9/kDPMyO5A==</latexit>

e�0

e�0 + e�1 + e�2
<latexit sha1_base64="eGttn19A53OreonO4NFXaTabIJQ=">AAACHHicbZDLSsNAFIZP6q3WW9Slm8EiCEJJqqDLohuXFewFmhom00k7dHJhZiKUkAdx46u4caGIGxeCb+O0jVhbfxj4+M85nDm/F3MmlWV9GYWl5ZXVteJ6aWNza3vH3N1ryigRhDZIxCPR9rCknIW0oZjitB0LigOP05Y3vBrXW/dUSBaFt2oU026A+yHzGcFKW6556vgCk5TepU48YK6VZTN88oP2L1azzDXLVsWaCC2CnUMZctVd88PpRSQJaKgIx1J2bCtW3RQLxQinWclJJI0xGeI+7WgMcUBlN50cl6Ej7fSQHwn9QoUm7uxEigMpR4GnOwOsBnK+Njb/q3US5V90UxbGiaIhmS7yE45UhMZJoR4TlCg+0oCJYPqviAywTkvpPEs6BHv+5EVoViu25puzcu0yj6MIB3AIx2DDOdTgGurQAAIP8AQv8Go8Gs/Gm/E+bS0Y+cw+/JHx+Q3+56KG</latexit><latexit sha1_base64="eGttn19A53OreonO4NFXaTabIJQ=">AAACHHicbZDLSsNAFIZP6q3WW9Slm8EiCEJJqqDLohuXFewFmhom00k7dHJhZiKUkAdx46u4caGIGxeCb+O0jVhbfxj4+M85nDm/F3MmlWV9GYWl5ZXVteJ6aWNza3vH3N1ryigRhDZIxCPR9rCknIW0oZjitB0LigOP05Y3vBrXW/dUSBaFt2oU026A+yHzGcFKW6556vgCk5TepU48YK6VZTN88oP2L1azzDXLVsWaCC2CnUMZctVd88PpRSQJaKgIx1J2bCtW3RQLxQinWclJJI0xGeI+7WgMcUBlN50cl6Ej7fSQHwn9QoUm7uxEigMpR4GnOwOsBnK+Njb/q3US5V90UxbGiaIhmS7yE45UhMZJoR4TlCg+0oCJYPqviAywTkvpPEs6BHv+5EVoViu25puzcu0yj6MIB3AIx2DDOdTgGurQAAIP8AQv8Go8Gs/Gm/E+bS0Y+cw+/JHx+Q3+56KG</latexit><latexit sha1_base64="eGttn19A53OreonO4NFXaTabIJQ=">AAACHHicbZDLSsNAFIZP6q3WW9Slm8EiCEJJqqDLohuXFewFmhom00k7dHJhZiKUkAdx46u4caGIGxeCb+O0jVhbfxj4+M85nDm/F3MmlWV9GYWl5ZXVteJ6aWNza3vH3N1ryigRhDZIxCPR9rCknIW0oZjitB0LigOP05Y3vBrXW/dUSBaFt2oU026A+yHzGcFKW6556vgCk5TepU48YK6VZTN88oP2L1azzDXLVsWaCC2CnUMZctVd88PpRSQJaKgIx1J2bCtW3RQLxQinWclJJI0xGeI+7WgMcUBlN50cl6Ej7fSQHwn9QoUm7uxEigMpR4GnOwOsBnK+Njb/q3US5V90UxbGiaIhmS7yE45UhMZJoR4TlCg+0oCJYPqviAywTkvpPEs6BHv+5EVoViu25puzcu0yj6MIB3AIx2DDOdTgGurQAAIP8AQv8Go8Gs/Gm/E+bS0Y+cw+/JHx+Q3+56KG</latexit><latexit sha1_base64="eGttn19A53OreonO4NFXaTabIJQ=">AAACHHicbZDLSsNAFIZP6q3WW9Slm8EiCEJJqqDLohuXFewFmhom00k7dHJhZiKUkAdx46u4caGIGxeCb+O0jVhbfxj4+M85nDm/F3MmlWV9GYWl5ZXVteJ6aWNza3vH3N1ryigRhDZIxCPR9rCknIW0oZjitB0LigOP05Y3vBrXW/dUSBaFt2oU026A+yHzGcFKW6556vgCk5TepU48YK6VZTN88oP2L1azzDXLVsWaCC2CnUMZctVd88PpRSQJaKgIx1J2bCtW3RQLxQinWclJJI0xGeI+7WgMcUBlN50cl6Ej7fSQHwn9QoUm7uxEigMpR4GnOwOsBnK+Njb/q3US5V90UxbGiaIhmS7yE45UhMZJoR4TlCg+0oCJYPqviAywTkvpPEs6BHv+5EVoViu25puzcu0yj6MIB3AIx2DDOdTgGurQAAIP8AQv8Go8Gs/Gm/E+bS0Y+cw+/JHx+Q3+56KG</latexit>

e�1

e�0 + e�1 + e�2
<latexit sha1_base64="kaIDSzOumQFrkuofg5N5kndJ2UY=">AAACHHicbZDLSsNAFIYn9VbrLerSzWARBKEkVdBl0Y3LCvYCTQ2T6Uk7dHJhZiKUkAdx46u4caGIGxeCb+O0DVVbfxj4+M85nDm/F3MmlWV9GYWl5ZXVteJ6aWNza3vH3N1ryigRFBo04pFoe0QCZyE0FFMc2rEAEngcWt7walxv3YOQLApv1SiGbkD6IfMZJUpbrnnq+ILQFO5SJx4w186yGVvZyY89w2qWuWbZqlgT4UWwcyijXHXX/HB6EU0CCBXlRMqObcWqmxKhGOWQlZxEQkzokPShozEkAchuOjkuw0fa6WE/EvqFCk/c3xMpCaQcBZ7uDIgayPna2Pyv1kmUf9FNWRgnCkI6XeQnHKsIj5PCPSaAKj7SQKhg+q+YDohOS+k8SzoEe/7kRWhWK7bmm7Ny7TKPo4gO0CE6RjY6RzV0jeqogSh6QE/oBb0aj8az8Wa8T1sLRj6zj/7I+PwGAJ6ihw==</latexit><latexit sha1_base64="kaIDSzOumQFrkuofg5N5kndJ2UY=">AAACHHicbZDLSsNAFIYn9VbrLerSzWARBKEkVdBl0Y3LCvYCTQ2T6Uk7dHJhZiKUkAdx46u4caGIGxeCb+O0DVVbfxj4+M85nDm/F3MmlWV9GYWl5ZXVteJ6aWNza3vH3N1ryigRFBo04pFoe0QCZyE0FFMc2rEAEngcWt7walxv3YOQLApv1SiGbkD6IfMZJUpbrnnq+ILQFO5SJx4w186yGVvZyY89w2qWuWbZqlgT4UWwcyijXHXX/HB6EU0CCBXlRMqObcWqmxKhGOWQlZxEQkzokPShozEkAchuOjkuw0fa6WE/EvqFCk/c3xMpCaQcBZ7uDIgayPna2Pyv1kmUf9FNWRgnCkI6XeQnHKsIj5PCPSaAKj7SQKhg+q+YDohOS+k8SzoEe/7kRWhWK7bmm7Ny7TKPo4gO0CE6RjY6RzV0jeqogSh6QE/oBb0aj8az8Wa8T1sLRj6zj/7I+PwGAJ6ihw==</latexit><latexit sha1_base64="kaIDSzOumQFrkuofg5N5kndJ2UY=">AAACHHicbZDLSsNAFIYn9VbrLerSzWARBKEkVdBl0Y3LCvYCTQ2T6Uk7dHJhZiKUkAdx46u4caGIGxeCb+O0DVVbfxj4+M85nDm/F3MmlWV9GYWl5ZXVteJ6aWNza3vH3N1ryigRFBo04pFoe0QCZyE0FFMc2rEAEngcWt7walxv3YOQLApv1SiGbkD6IfMZJUpbrnnq+ILQFO5SJx4w186yGVvZyY89w2qWuWbZqlgT4UWwcyijXHXX/HB6EU0CCBXlRMqObcWqmxKhGOWQlZxEQkzokPShozEkAchuOjkuw0fa6WE/EvqFCk/c3xMpCaQcBZ7uDIgayPna2Pyv1kmUf9FNWRgnCkI6XeQnHKsIj5PCPSaAKj7SQKhg+q+YDohOS+k8SzoEe/7kRWhWK7bmm7Ny7TKPo4gO0CE6RjY6RzV0jeqogSh6QE/oBb0aj8az8Wa8T1sLRj6zj/7I+PwGAJ6ihw==</latexit><latexit sha1_base64="ck8pdC+ekZH4nUmSP+ZG7r8lEyk=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odOn4MoA7ncAFXEMIN3MEDdKALAhJ4hXdv4r15H6uuat66tDP4I+/zBzjGijg=</latexit><latexit sha1_base64="mh4NFiMFwZRdp2QFoM6FdAYgufU=">AAACEXicbZDNS8MwGMbfzq85p1avXoJDEITRzoMeBS8eJ7gPWGtJs3QLS9OSpMIo/UO8+K948aCIF2/+N2YfTN18IPDjeRLevE+Ycqa043xZpbX1jc2t8nZlp7q7t28fVNsqySShLZLwRHZDrChngrY005x2U0lxHHLaCUfXk7zzQKViibjT45T6MR4IFjGCtbEC+9yLJCY5vc+9dMgCtygW7BRnP/YCG0UR2DWn7kyFVsGdQw3magb2p9dPSBZToQnHSvVcJ9V+jqVmhNOi4mWKppiM8ID2DAocU+Xn0+UKdGKcPooSaY7QaOr+fpHjWKlxHJqbMdZDtZxNzP+yXqajSz9nIs00FWQ2KMo40gmaNIX6TFKi+dgAJpKZvyIyxKYtbfqsmBLc5ZVXod2ou4ZvHSjDERzDKbhwAVdwA01oAYFHeIZXeLOerBfrfVZXyZr3dgh/ZH18AwhIoQA=</latexit><latexit sha1_base64="mh4NFiMFwZRdp2QFoM6FdAYgufU=">AAACEXicbZDNS8MwGMbfzq85p1avXoJDEITRzoMeBS8eJ7gPWGtJs3QLS9OSpMIo/UO8+K948aCIF2/+N2YfTN18IPDjeRLevE+Ycqa043xZpbX1jc2t8nZlp7q7t28fVNsqySShLZLwRHZDrChngrY005x2U0lxHHLaCUfXk7zzQKViibjT45T6MR4IFjGCtbEC+9yLJCY5vc+9dMgCtygW7BRnP/YCG0UR2DWn7kyFVsGdQw3magb2p9dPSBZToQnHSvVcJ9V+jqVmhNOi4mWKppiM8ID2DAocU+Xn0+UKdGKcPooSaY7QaOr+fpHjWKlxHJqbMdZDtZxNzP+yXqajSz9nIs00FWQ2KMo40gmaNIX6TFKi+dgAJpKZvyIyxKYtbfqsmBLc5ZVXod2ou4ZvHSjDERzDKbhwAVdwA01oAYFHeIZXeLOerBfrfVZXyZr3dgh/ZH18AwhIoQA=</latexit><latexit sha1_base64="oY2ZXZATyrpAg+KzG8EAJe1WpgQ=">AAACHHicbZDLSsNAFIYnXmu9RV26CRZBEEpSF7osunFZwV6giWEyPWmHTiZhZiKUkAdx46u4caGIGxeCb+O0DVVbfxj4+M85nDl/kDAqlW1/GUvLK6tr66WN8ubW9s6uubffknEqCDRJzGLRCbAERjk0FVUMOokAHAUM2sHwalxv34OQNOa3apSAF+E+pyElWGnLN8/cUGCSwV3mJgPqO3k+Yzs//bFnWMtz36zYVXsiaxGcAiqoUMM3P9xeTNIIuCIMS9l17ER5GRaKEgZ52U0lJJgMcR+6GjmOQHrZ5LjcOtZOzwpjoR9X1sT9PZHhSMpRFOjOCKuBnK+Nzf9q3VSFF15GeZIq4GS6KEyZpWJrnJTVowKIYiMNmAiq/2qRAdZpKZ1nWYfgzJ+8CK1a1dF8Y1fql0UcJXSIjtAJctA5qqNr1EBNRNADekIv6NV4NJ6NN+N92rpkFDMH6I+Mz2//T6KD</latexit><latexit sha1_base64="kaIDSzOumQFrkuofg5N5kndJ2UY=">AAACHHicbZDLSsNAFIYn9VbrLerSzWARBKEkVdBl0Y3LCvYCTQ2T6Uk7dHJhZiKUkAdx46u4caGIGxeCb+O0DVVbfxj4+M85nDm/F3MmlWV9GYWl5ZXVteJ6aWNza3vH3N1ryigRFBo04pFoe0QCZyE0FFMc2rEAEngcWt7walxv3YOQLApv1SiGbkD6IfMZJUpbrnnq+ILQFO5SJx4w186yGVvZyY89w2qWuWbZqlgT4UWwcyijXHXX/HB6EU0CCBXlRMqObcWqmxKhGOWQlZxEQkzokPShozEkAchuOjkuw0fa6WE/EvqFCk/c3xMpCaQcBZ7uDIgayPna2Pyv1kmUf9FNWRgnCkI6XeQnHKsIj5PCPSaAKj7SQKhg+q+YDohOS+k8SzoEe/7kRWhWK7bmm7Ny7TKPo4gO0CE6RjY6RzV0jeqogSh6QE/oBb0aj8az8Wa8T1sLRj6zj/7I+PwGAJ6ihw==</latexit><latexit sha1_base64="kaIDSzOumQFrkuofg5N5kndJ2UY=">AAACHHicbZDLSsNAFIYn9VbrLerSzWARBKEkVdBl0Y3LCvYCTQ2T6Uk7dHJhZiKUkAdx46u4caGIGxeCb+O0DVVbfxj4+M85nDm/F3MmlWV9GYWl5ZXVteJ6aWNza3vH3N1ryigRFBo04pFoe0QCZyE0FFMc2rEAEngcWt7walxv3YOQLApv1SiGbkD6IfMZJUpbrnnq+ILQFO5SJx4w186yGVvZyY89w2qWuWbZqlgT4UWwcyijXHXX/HB6EU0CCBXlRMqObcWqmxKhGOWQlZxEQkzokPShozEkAchuOjkuw0fa6WE/EvqFCk/c3xMpCaQcBZ7uDIgayPna2Pyv1kmUf9FNWRgnCkI6XeQnHKsIj5PCPSaAKj7SQKhg+q+YDohOS+k8SzoEe/7kRWhWK7bmm7Ny7TKPo4gO0CE6RjY6RzV0jeqogSh6QE/oBb0aj8az8Wa8T1sLRj6zj/7I+PwGAJ6ihw==</latexit><latexit sha1_base64="kaIDSzOumQFrkuofg5N5kndJ2UY=">AAACHHicbZDLSsNAFIYn9VbrLerSzWARBKEkVdBl0Y3LCvYCTQ2T6Uk7dHJhZiKUkAdx46u4caGIGxeCb+O0DVVbfxj4+M85nDm/F3MmlWV9GYWl5ZXVteJ6aWNza3vH3N1ryigRFBo04pFoe0QCZyE0FFMc2rEAEngcWt7walxv3YOQLApv1SiGbkD6IfMZJUpbrnnq+ILQFO5SJx4w186yGVvZyY89w2qWuWbZqlgT4UWwcyijXHXX/HB6EU0CCBXlRMqObcWqmxKhGOWQlZxEQkzokPShozEkAchuOjkuw0fa6WE/EvqFCk/c3xMpCaQcBZ7uDIgayPna2Pyv1kmUf9FNWRgnCkI6XeQnHKsIj5PCPSaAKj7SQKhg+q+YDohOS+k8SzoEe/7kRWhWK7bmm7Ny7TKPo4gO0CE6RjY6RzV0jeqogSh6QE/oBb0aj8az8Wa8T1sLRj6zj/7I+PwGAJ6ihw==</latexit><latexit sha1_base64="kaIDSzOumQFrkuofg5N5kndJ2UY=">AAACHHicbZDLSsNAFIYn9VbrLerSzWARBKEkVdBl0Y3LCvYCTQ2T6Uk7dHJhZiKUkAdx46u4caGIGxeCb+O0DVVbfxj4+M85nDm/F3MmlWV9GYWl5ZXVteJ6aWNza3vH3N1ryigRFBo04pFoe0QCZyE0FFMc2rEAEngcWt7walxv3YOQLApv1SiGbkD6IfMZJUpbrnnq+ILQFO5SJx4w186yGVvZyY89w2qWuWbZqlgT4UWwcyijXHXX/HB6EU0CCBXlRMqObcWqmxKhGOWQlZxEQkzokPShozEkAchuOjkuw0fa6WE/EvqFCk/c3xMpCaQcBZ7uDIgayPna2Pyv1kmUf9FNWRgnCkI6XeQnHKsIj5PCPSaAKj7SQKhg+q+YDohOS+k8SzoEe/7kRWhWK7bmm7Ny7TKPo4gO0CE6RjY6RzV0jeqogSh6QE/oBb0aj8az8Wa8T1sLRj6zj/7I+PwGAJ6ihw==</latexit><latexit sha1_base64="kaIDSzOumQFrkuofg5N5kndJ2UY=">AAACHHicbZDLSsNAFIYn9VbrLerSzWARBKEkVdBl0Y3LCvYCTQ2T6Uk7dHJhZiKUkAdx46u4caGIGxeCb+O0DVVbfxj4+M85nDm/F3MmlWV9GYWl5ZXVteJ6aWNza3vH3N1ryigRFBo04pFoe0QCZyE0FFMc2rEAEngcWt7walxv3YOQLApv1SiGbkD6IfMZJUpbrnnq+ILQFO5SJx4w186yGVvZyY89w2qWuWbZqlgT4UWwcyijXHXX/HB6EU0CCBXlRMqObcWqmxKhGOWQlZxEQkzokPShozEkAchuOjkuw0fa6WE/EvqFCk/c3xMpCaQcBZ7uDIgayPna2Pyv1kmUf9FNWRgnCkI6XeQnHKsIj5PCPSaAKj7SQKhg+q+YDohOS+k8SzoEe/7kRWhWK7bmm7Ny7TKPo4gO0CE6RjY6RzV0jeqogSh6QE/oBb0aj8az8Wa8T1sLRj6zj/7I+PwGAJ6ihw==</latexit><latexit sha1_base64="kaIDSzOumQFrkuofg5N5kndJ2UY=">AAACHHicbZDLSsNAFIYn9VbrLerSzWARBKEkVdBl0Y3LCvYCTQ2T6Uk7dHJhZiKUkAdx46u4caGIGxeCb+O0DVVbfxj4+M85nDm/F3MmlWV9GYWl5ZXVteJ6aWNza3vH3N1ryigRFBo04pFoe0QCZyE0FFMc2rEAEngcWt7walxv3YOQLApv1SiGbkD6IfMZJUpbrnnq+ILQFO5SJx4w186yGVvZyY89w2qWuWbZqlgT4UWwcyijXHXX/HB6EU0CCBXlRMqObcWqmxKhGOWQlZxEQkzokPShozEkAchuOjkuw0fa6WE/EvqFCk/c3xMpCaQcBZ7uDIgayPna2Pyv1kmUf9FNWRgnCkI6XeQnHKsIj5PCPSaAKj7SQKhg+q+YDohOS+k8SzoEe/7kRWhWK7bmm7Ny7TKPo4gO0CE6RjY6RzV0jeqogSh6QE/oBb0aj8az8Wa8T1sLRj6zj/7I+PwGAJ6ihw==</latexit>
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Try different architectures and training 
parameters here:

http://playground.tensorflow.org





Tricky issues with
neural network training

• Sensitive to initialization
– Objective is non-convex, many local optima
– In practice: start with random values rather than 

zeros

• Many other hyper-parameters
– Number of hidden units (and potentially hidden 

layers)
– Gradient descent learning rate
– Stopping criterion



Neural networks 
vs. linear classifiers

Advantages of Neural Networks:
– More expressive
– Less feature engineering

Challenges using Neural Networks:
– Harder to train
– Harder to interpret



Neural Network Architectures

• We focused on a multi-layer feedforward
network

• Many other deeper architectures
– Convolutional networks
– Recurrent networks (LSTMs)
– Dense Nets, ResNets, etc



Issues in Deep Neural Networks
• Long training time

– There are sometimes a lot of training data
– Many iterations (epochs) are typically required for 

optimization
– Computing gradients in each iteration takes too much time

Slide credit: adapted from Bohyung Han



Improving on Gradient Descent:
Stochastic Gradient Descent (SGD)

• Update weights for each example

• Mini-batch SGD: Update weights for a small set of 
examples
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+ Fast, online
− Sensitive to noise

+ Fast, online
+ Robust to noise

Slide credit: Bohyung Han



Improving on Gradient Descent:
SGD with Momentum

• Update based on gradients + previous direction
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+ Converge faster
+ Avoid oscillation

Slide credit: Bohyung Han



Improving on Gradient Descent:
SGD with Momentum

Image: http://ruder.io/optimizing-gradient-descent/index.html#momentum

SGD w/o momentum

SGD with momentum
helps dampen 
oscillations



Improving the Training Objective:
Regularization/Weight Decay

• Penalize the size of the weights
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→ Improves generalization

Slide credit: Bohyung Han



Vanishing Gradient Problem
In deep networks
– Gradients in the lower layers are typically extremely small
– Optimizing multi-layer neural networks takes huge amount of 

time
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Sigmoid
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Slide credit: adapted from Bohyung Han

Derivative of sigmoid in [0,1]



Vanishing Gradient Problem

• Vanishing gradient problem can be mitigated
– Using custom neural network architectures 

– Using other non-linearities
• E.g., Rectifier: f(x) = max(0,x) 



ResNet



Why Neural Networks?

Perceptron
• Proposed by Frank Rosenblatt in 1957
• Real inputs/outputs, threshold activation function



Revival in the 1980’s
Backpropagation discovered in 1970’s but popularized in 1986
• David E. Rumelhart, Geoffrey E. Hinton, Ronald J. Williams. “Learning 

representations by back-propagating errors.” In Nature, 1986.

MLP is a universal approximator
• Can approximate any non-linear function in theory, given enough neurons, data
• Kurt Hornik, Maxwell Stinchcombe, Halbert White. “Multilayer feedforward 

networks are universal approximators.” Neural Networks, 1989

Generated lots of excitement and applications

http://www.andreykurenkov.com/writing/a-brief-history-of-neural-nets-and-deep-learning/



Neural Networks Applied to Vision
LeNet – vision application

– LeCun, Y; Boser, B; Denker, J; Henderson, D; Howard, R; 
Hubbard, W; Jackel, L, “Backpropagation Applied to Handwritten 
Zip Code Recognition,” in Neural Computation, 1989

– USPS digit recognition, later check reading

Image credit: LeCun, Y., Bottou, L., Bengio, Y., Haffner, P. “Gradient-based learning applied to 
document recognition.” Proceedings of the IEEE, 1998.



New “winter” and revival in early 2000’s

New “winter” in the early 2000’s due to

• problems with training NNs

• Support Vector Machines (SVMs), Random Forests 
(RF) – easy to train, nice theory

Revival again by 2011-2012

• Name change (“neural networks” -> “deep learning”)

• + Algorithmic developments that made training 
somewhat easier

• + Big data + GPU computing 

• = performance gains on many tasks (esp Computer 
Vision)

http://www.andreykurenkov.com/writing/a-brief-history-of-neural-nets-and-deep-learning-part-4/



Big Data
• ImageNet Large Scale Visual Recognition Challenge

– 1000 categories w/ 1000 images per category
– 1.2 million training images, 50,000 validation, 150,000 testing

O. Russakovsky, J. Deng, H. Su, J. Krause, S. Satheesh, S. Ma, Z. Huang, A. Karpathy, A. Khosla,
M. Bernstein, A. C. Berg and L. Fei-Fei. ImageNet Large Scale Visual Recognition Challenge. IJCV, 2015.



AlexNet Architecture

60 million parameters!
Various tricks
• ReLU nonlinearity
• Overlapping pooling
• Local response normalization
• Dropout – set hidden neuron output to 0 with probability .5
• Data augmentation
• Training on GPUs

Alex Krizhevsky, Ilya Sutskeyer, Geoffrey E. Hinton. ImageNet Classification with Deep Convolutional Neural Networks. NIPS, 2012.

Figure credit: Krizhevsky et al, NIPS 2012.



GPU Computing

• Big data and big models require lots of 
computational power

• GPUs
– thousands of cores for parallel operations
– multiple GPUs
– still took about 5-6 days to train AlexNet on two 

NVIDIA GTX 580 3GB GPUs (much faster today)



Image Classification Performance

Image Classification Top-5 Errors (%)
Figure from: K. He, X. Zhang, S. Ren, J. Sun.  “Deep Residual 
Learning for Image  Recognition”. arXiv 2015. (slides)



Robustness of Classifiers 
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“Egyptian Cat”
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x̃<latexit sha1_base64="Kwrv8x1CQZit1x9eVur/e9EMUpo=">AAAB+3icbZDNS8MwGMbf+jnnV51HL8EheBqtCHocePG4gfuAtYw0TbewNC1JKhul4F/ixYMiXv1HvPnfmG476OYLgR/P84Y8eYKUM6Ud59va2Nza3tmt7FX3Dw6Pju2TWlclmSS0QxKeyH6AFeVM0I5mmtN+KimOA057weSu9HuPVCqWiAc9S6kf45FgESNYG2lo1zzNeEhzL8Z6HET5tCiGdt1pOPNB6+AuoQ7LaQ3tLy9MSBZToQnHSg1cJ9V+jqVmhNOi6mWKpphM8IgODAocU+Xn8+wFujBKiKJEmiM0mqu/b+Q4VmoWB2azjKhWvVL8zxtkOrr1cybSTFNBFg9FGUc6QWURKGSSEs1nBjCRzGRFZIwlJtrUVTUluKtfXofuVcM13L6uN9tPizoqcAbncAku3EAT7qEFHSAwhWd4hTersF6sd+tjsbphLSs8hT9jff4AG4qVkg==</latexit><latexit sha1_base64="Kwrv8x1CQZit1x9eVur/e9EMUpo=">AAAB+3icbZDNS8MwGMbf+jnnV51HL8EheBqtCHocePG4gfuAtYw0TbewNC1JKhul4F/ixYMiXv1HvPnfmG476OYLgR/P84Y8eYKUM6Ud59va2Nza3tmt7FX3Dw6Pju2TWlclmSS0QxKeyH6AFeVM0I5mmtN+KimOA057weSu9HuPVCqWiAc9S6kf45FgESNYG2lo1zzNeEhzL8Z6HET5tCiGdt1pOPNB6+AuoQ7LaQ3tLy9MSBZToQnHSg1cJ9V+jqVmhNOi6mWKpphM8IgODAocU+Xn8+wFujBKiKJEmiM0mqu/b+Q4VmoWB2azjKhWvVL8zxtkOrr1cybSTFNBFg9FGUc6QWURKGSSEs1nBjCRzGRFZIwlJtrUVTUluKtfXofuVcM13L6uN9tPizoqcAbncAku3EAT7qEFHSAwhWd4hTersF6sd+tjsbphLSs8hT9jff4AG4qVkg==</latexit><latexit sha1_base64="Kwrv8x1CQZit1x9eVur/e9EMUpo=">AAAB+3icbZDNS8MwGMbf+jnnV51HL8EheBqtCHocePG4gfuAtYw0TbewNC1JKhul4F/ixYMiXv1HvPnfmG476OYLgR/P84Y8eYKUM6Ud59va2Nza3tmt7FX3Dw6Pju2TWlclmSS0QxKeyH6AFeVM0I5mmtN+KimOA057weSu9HuPVCqWiAc9S6kf45FgESNYG2lo1zzNeEhzL8Z6HET5tCiGdt1pOPNB6+AuoQ7LaQ3tLy9MSBZToQnHSg1cJ9V+jqVmhNOi6mWKpphM8IgODAocU+Xn8+wFujBKiKJEmiM0mqu/b+Q4VmoWB2azjKhWvVL8zxtkOrr1cybSTFNBFg9FGUc6QWURKGSSEs1nBjCRzGRFZIwlJtrUVTUluKtfXofuVcM13L6uN9tPizoqcAbncAku3EAT7qEFHSAwhWd4hTersF6sd+tjsbphLSs8hT9jff4AG4qVkg==</latexit><latexit sha1_base64="Kwrv8x1CQZit1x9eVur/e9EMUpo=">AAAB+3icbZDNS8MwGMbf+jnnV51HL8EheBqtCHocePG4gfuAtYw0TbewNC1JKhul4F/ixYMiXv1HvPnfmG476OYLgR/P84Y8eYKUM6Ud59va2Nza3tmt7FX3Dw6Pju2TWlclmSS0QxKeyH6AFeVM0I5mmtN+KimOA057weSu9HuPVCqWiAc9S6kf45FgESNYG2lo1zzNeEhzL8Z6HET5tCiGdt1pOPNB6+AuoQ7LaQ3tLy9MSBZToQnHSg1cJ9V+jqVmhNOi6mWKpphM8IgODAocU+Xn8+wFujBKiKJEmiM0mqu/b+Q4VmoWB2azjKhWvVL8zxtkOrr1cybSTFNBFg9FGUc6QWURKGSSEs1nBjCRzGRFZIwlJtrUVTUluKtfXofuVcM13L6uN9tPizoqcAbncAku3EAT7qEFHSAwhWd4hTersF6sd+tjsbphLSs8hT9jff4AG4qVkg==</latexit>

�
<latexit sha1_base64="IEhKO5Ef0428SPEaSz3JnyxEvCA=">AAAB+HicbZBLSwMxFIXv1Fetj466dBMsgqsyI4IuC25ctmAf0A4lk8m0oZkHyR2hDgX/hxsXirj1p7jz35hpu9DWC4GPc27IyfFTKTQ6zrdV2tjc2t4p71b29g8Oq/bRcUcnmWK8zRKZqJ5PNZci5m0UKHkvVZxGvuRdf3Jb+N0HrrRI4nucptyL6CgWoWAUjTS0q4OI4tgP80HAJdLZ0K45dWc+ZB3cJdRgOc2h/TUIEpZFPEYmqdZ910nRy6lCwSSfVQaZ5illEzrifYMxjbj28nnwGTk3SkDCRJkTI5mrv2/kNNJ6Gvlms4ipV71C/M/rZxjeeLmI0wx5zBYPhZkkmJCiBRIIxRnKqQHKlDBZCRtTRRmariqmBHf1y+vQuay7hltXtUbraVFHGU7hDC7AhWtowB00oQ0MMniGV3izHq0X6936WKyWrGWFJ/BnrM8fXYqT/A==</latexit><latexit sha1_base64="IEhKO5Ef0428SPEaSz3JnyxEvCA=">AAAB+HicbZBLSwMxFIXv1Fetj466dBMsgqsyI4IuC25ctmAf0A4lk8m0oZkHyR2hDgX/hxsXirj1p7jz35hpu9DWC4GPc27IyfFTKTQ6zrdV2tjc2t4p71b29g8Oq/bRcUcnmWK8zRKZqJ5PNZci5m0UKHkvVZxGvuRdf3Jb+N0HrrRI4nucptyL6CgWoWAUjTS0q4OI4tgP80HAJdLZ0K45dWc+ZB3cJdRgOc2h/TUIEpZFPEYmqdZ910nRy6lCwSSfVQaZ5illEzrifYMxjbj28nnwGTk3SkDCRJkTI5mrv2/kNNJ6Gvlms4ipV71C/M/rZxjeeLmI0wx5zBYPhZkkmJCiBRIIxRnKqQHKlDBZCRtTRRmariqmBHf1y+vQuay7hltXtUbraVFHGU7hDC7AhWtowB00oQ0MMniGV3izHq0X6936WKyWrGWFJ/BnrM8fXYqT/A==</latexit><latexit sha1_base64="IEhKO5Ef0428SPEaSz3JnyxEvCA=">AAAB+HicbZBLSwMxFIXv1Fetj466dBMsgqsyI4IuC25ctmAf0A4lk8m0oZkHyR2hDgX/hxsXirj1p7jz35hpu9DWC4GPc27IyfFTKTQ6zrdV2tjc2t4p71b29g8Oq/bRcUcnmWK8zRKZqJ5PNZci5m0UKHkvVZxGvuRdf3Jb+N0HrrRI4nucptyL6CgWoWAUjTS0q4OI4tgP80HAJdLZ0K45dWc+ZB3cJdRgOc2h/TUIEpZFPEYmqdZ910nRy6lCwSSfVQaZ5illEzrifYMxjbj28nnwGTk3SkDCRJkTI5mrv2/kNNJ6Gvlms4ipV71C/M/rZxjeeLmI0wx5zBYPhZkkmJCiBRIIxRnKqQHKlDBZCRtTRRmariqmBHf1y+vQuay7hltXtUbraVFHGU7hDC7AhWtowB00oQ0MMniGV3izHq0X6936WKyWrGWFJ/BnrM8fXYqT/A==</latexit><latexit sha1_base64="IEhKO5Ef0428SPEaSz3JnyxEvCA=">AAAB+HicbZBLSwMxFIXv1Fetj466dBMsgqsyI4IuC25ctmAf0A4lk8m0oZkHyR2hDgX/hxsXirj1p7jz35hpu9DWC4GPc27IyfFTKTQ6zrdV2tjc2t4p71b29g8Oq/bRcUcnmWK8zRKZqJ5PNZci5m0UKHkvVZxGvuRdf3Jb+N0HrrRI4nucptyL6CgWoWAUjTS0q4OI4tgP80HAJdLZ0K45dWc+ZB3cJdRgOc2h/TUIEpZFPEYmqdZ910nRy6lCwSSfVQaZ5illEzrifYMxjbj28nnwGTk3SkDCRJkTI5mrv2/kNNJ6Gvlms4ipV71C/M/rZxjeeLmI0wx5zBYPhZkkmJCiBRIIxRnKqQHKlDBZCRtTRRmariqmBHf1y+vQuay7hltXtUbraVFHGU7hDC7AhWtowB00oQ0MMniGV3izHq0X6936WKyWrGWFJ/BnrM8fXYqT/A==</latexit>

§ Adversarial Examples (Szegedy et al.’14, Biggio et al.’13, 
Goodfellow et al.’14)

+
<latexit sha1_base64="3UlsHa4IiBgV042z4m1Mtz63hN8=">AAAB6HicbZDLSwMxEMZn66vWV9Wjl2ARBKHsiqDHghePXbAPaJeSTWfb2Gx2SbJCWQrevXhQxKt/kjf/G9PHQVs/CPz4ZsLMfGEquDau++0U1tY3NreK26Wd3b39g/LhUVMnmWLYYIlIVDukGgWX2DDcCGynCmkcCmyFo9tpvfWISvNE3ptxikFMB5JHnFFjLf+iV664VXcmsgreAiqwUL1X/ur2E5bFKA0TVOuO56YmyKkynAmclLqZxpSyER1gx6KkMeogny06IWfW6ZMoUfZJQ2bu7x85jbUex6HtjKkZ6uXa1Pyv1slMdBPkXKaZQcnmg6JMEJOQ6dWkzxUyI8YWKFPc7krYkCrKjM2mZEPwlk9eheZl1bPsX1Vq/tM8jiKcwCmcgwfXUIM7qEMDGCA8wyu8OQ/Oi/PufMxbC84iwmP4I+fzB5wKjT4=</latexit><latexit sha1_base64="3UlsHa4IiBgV042z4m1Mtz63hN8=">AAAB6HicbZDLSwMxEMZn66vWV9Wjl2ARBKHsiqDHghePXbAPaJeSTWfb2Gx2SbJCWQrevXhQxKt/kjf/G9PHQVs/CPz4ZsLMfGEquDau++0U1tY3NreK26Wd3b39g/LhUVMnmWLYYIlIVDukGgWX2DDcCGynCmkcCmyFo9tpvfWISvNE3ptxikFMB5JHnFFjLf+iV664VXcmsgreAiqwUL1X/ur2E5bFKA0TVOuO56YmyKkynAmclLqZxpSyER1gx6KkMeogny06IWfW6ZMoUfZJQ2bu7x85jbUex6HtjKkZ6uXa1Pyv1slMdBPkXKaZQcnmg6JMEJOQ6dWkzxUyI8YWKFPc7krYkCrKjM2mZEPwlk9eheZl1bPsX1Vq/tM8jiKcwCmcgwfXUIM7qEMDGCA8wyu8OQ/Oi/PufMxbC84iwmP4I+fzB5wKjT4=</latexit><latexit sha1_base64="3UlsHa4IiBgV042z4m1Mtz63hN8=">AAAB6HicbZDLSwMxEMZn66vWV9Wjl2ARBKHsiqDHghePXbAPaJeSTWfb2Gx2SbJCWQrevXhQxKt/kjf/G9PHQVs/CPz4ZsLMfGEquDau++0U1tY3NreK26Wd3b39g/LhUVMnmWLYYIlIVDukGgWX2DDcCGynCmkcCmyFo9tpvfWISvNE3ptxikFMB5JHnFFjLf+iV664VXcmsgreAiqwUL1X/ur2E5bFKA0TVOuO56YmyKkynAmclLqZxpSyER1gx6KkMeogny06IWfW6ZMoUfZJQ2bu7x85jbUex6HtjKkZ6uXa1Pyv1slMdBPkXKaZQcnmg6JMEJOQ6dWkzxUyI8YWKFPc7krYkCrKjM2mZEPwlk9eheZl1bPsX1Vq/tM8jiKcwCmcgwfXUIM7qEMDGCA8wyu8OQ/Oi/PufMxbC84iwmP4I+fzB5wKjT4=</latexit><latexit sha1_base64="3UlsHa4IiBgV042z4m1Mtz63hN8=">AAAB6HicbZDLSwMxEMZn66vWV9Wjl2ARBKHsiqDHghePXbAPaJeSTWfb2Gx2SbJCWQrevXhQxKt/kjf/G9PHQVs/CPz4ZsLMfGEquDau++0U1tY3NreK26Wd3b39g/LhUVMnmWLYYIlIVDukGgWX2DDcCGynCmkcCmyFo9tpvfWISvNE3ptxikFMB5JHnFFjLf+iV664VXcmsgreAiqwUL1X/ur2E5bFKA0TVOuO56YmyKkynAmclLqZxpSyER1gx6KkMeogny06IWfW6ZMoUfZJQ2bu7x85jbUex6HtjKkZ6uXa1Pyv1slMdBPkXKaZQcnmg6JMEJOQ6dWkzxUyI8YWKFPc7krYkCrKjM2mZEPwlk9eheZl1bPsX1Vq/tM8jiKcwCmcgwfXUIM7qEMDGCA8wyu8OQ/Oi/PufMxbC84iwmP4I+fzB5wKjT4=</latexit>
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Optimization: 

“Egyptian Cat” “Traffic Light”

=<latexit sha1_base64="xySHTRG9glce+ayAIZc3O+k7fA4=">AAAB6HicbZDLSwMxEMZn66vWV9Wjl2ARPJVdEfQiFLx47IJ9QLuUbDrbxmazS5IVylLw7sWDIl79k7z535g+Dtr6QeDHNxNm5gtTwbVx3W+nsLa+sblV3C7t7O7tH5QPj5o6yRTDBktEotoh1Si4xIbhRmA7VUjjUGArHN1O661HVJon8t6MUwxiOpA84owaa/k3vXLFrbozkVXwFlCBheq98le3n7AsRmmYoFp3PDc1QU6V4UzgpNTNNKaUjegAOxYljVEH+WzRCTmzTp9EibJPGjJzf//Iaaz1OA5tZ0zNUC/XpuZ/tU5mousg5zLNDEo2HxRlgpiETK8mfa6QGTG2QJnidlfChlRRZmw2JRuCt3zyKjQvqp5l/7JS85/mcRThBE7hHDy4ghrcQR0awADhGV7hzXlwXpx352PeWnAWER7DHzmfP7dSjVA=</latexit><latexit sha1_base64="xySHTRG9glce+ayAIZc3O+k7fA4=">AAAB6HicbZDLSwMxEMZn66vWV9Wjl2ARPJVdEfQiFLx47IJ9QLuUbDrbxmazS5IVylLw7sWDIl79k7z535g+Dtr6QeDHNxNm5gtTwbVx3W+nsLa+sblV3C7t7O7tH5QPj5o6yRTDBktEotoh1Si4xIbhRmA7VUjjUGArHN1O661HVJon8t6MUwxiOpA84owaa/k3vXLFrbozkVXwFlCBheq98le3n7AsRmmYoFp3PDc1QU6V4UzgpNTNNKaUjegAOxYljVEH+WzRCTmzTp9EibJPGjJzf//Iaaz1OA5tZ0zNUC/XpuZ/tU5mousg5zLNDEo2HxRlgpiETK8mfa6QGTG2QJnidlfChlRRZmw2JRuCt3zyKjQvqp5l/7JS85/mcRThBE7hHDy4ghrcQR0awADhGV7hzXlwXpx352PeWnAWER7DHzmfP7dSjVA=</latexit><latexit sha1_base64="xySHTRG9glce+ayAIZc3O+k7fA4=">AAAB6HicbZDLSwMxEMZn66vWV9Wjl2ARPJVdEfQiFLx47IJ9QLuUbDrbxmazS5IVylLw7sWDIl79k7z535g+Dtr6QeDHNxNm5gtTwbVx3W+nsLa+sblV3C7t7O7tH5QPj5o6yRTDBktEotoh1Si4xIbhRmA7VUjjUGArHN1O661HVJon8t6MUwxiOpA84owaa/k3vXLFrbozkVXwFlCBheq98le3n7AsRmmYoFp3PDc1QU6V4UzgpNTNNKaUjegAOxYljVEH+WzRCTmzTp9EibJPGjJzf//Iaaz1OA5tZ0zNUC/XpuZ/tU5mousg5zLNDEo2HxRlgpiETK8mfa6QGTG2QJnidlfChlRRZmw2JRuCt3zyKjQvqp5l/7JS85/mcRThBE7hHDy4ghrcQR0awADhGV7hzXlwXpx352PeWnAWER7DHzmfP7dSjVA=</latexit><latexit sha1_base64="xySHTRG9glce+ayAIZc3O+k7fA4=">AAAB6HicbZDLSwMxEMZn66vWV9Wjl2ARPJVdEfQiFLx47IJ9QLuUbDrbxmazS5IVylLw7sWDIl79k7z535g+Dtr6QeDHNxNm5gtTwbVx3W+nsLa+sblV3C7t7O7tH5QPj5o6yRTDBktEotoh1Si4xIbhRmA7VUjjUGArHN1O661HVJon8t6MUwxiOpA84owaa/k3vXLFrbozkVXwFlCBheq98le3n7AsRmmYoFp3PDc1QU6V4UzgpNTNNKaUjegAOxYljVEH+WzRCTmzTp9EibJPGjJzf//Iaaz1OA5tZ0zNUC/XpuZ/tU5mousg5zLNDEo2HxRlgpiETK8mfa6QGTG2QJnidlfChlRRZmw2JRuCt3zyKjQvqp5l/7JS85/mcRThBE7hHDy4ghrcQR0awADhGV7hzXlwXpx352PeWnAWER7DHzmfP7dSjVA=</latexit>

x<latexit sha1_base64="f7cFgJOIW+Vui9h3vUDClCFMFmQ=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuCG5ct2Ae2Q8mkmTY0kxmSO2IZCn6EGxeKuPVv3Pk3ZtoutPVA4HDODffcEyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8U3utx+4NiJWdzhJuB/RoRKhYBStdN+LKI6CMHuc9ssVt+rOQFaJtyAVWKDeL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/GyWeErOrDIgYaztU0hm6u8fGY2MmUSBncwTmmUvF//zuimG134mVJIiV2y+KEwlwZjk55OB0JyhnFhCmRY2K2EjqilDW1LJluAtn7xKWhdVz/LGZaXWeJrXUYQTOIVz8OAKanALdWgCAwXP8ApvjnFenHfnYz5acBYVHsMfOJ8/J82Rqw==</latexit><latexit sha1_base64="f7cFgJOIW+Vui9h3vUDClCFMFmQ=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuCG5ct2Ae2Q8mkmTY0kxmSO2IZCn6EGxeKuPVv3Pk3ZtoutPVA4HDODffcEyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8U3utx+4NiJWdzhJuB/RoRKhYBStdN+LKI6CMHuc9ssVt+rOQFaJtyAVWKDeL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/GyWeErOrDIgYaztU0hm6u8fGY2MmUSBncwTmmUvF//zuimG134mVJIiV2y+KEwlwZjk55OB0JyhnFhCmRY2K2EjqilDW1LJluAtn7xKWhdVz/LGZaXWeJrXUYQTOIVz8OAKanALdWgCAwXP8ApvjnFenHfnYz5acBYVHsMfOJ8/J82Rqw==</latexit><latexit sha1_base64="f7cFgJOIW+Vui9h3vUDClCFMFmQ=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuCG5ct2Ae2Q8mkmTY0kxmSO2IZCn6EGxeKuPVv3Pk3ZtoutPVA4HDODffcEyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8U3utx+4NiJWdzhJuB/RoRKhYBStdN+LKI6CMHuc9ssVt+rOQFaJtyAVWKDeL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/GyWeErOrDIgYaztU0hm6u8fGY2MmUSBncwTmmUvF//zuimG134mVJIiV2y+KEwlwZjk55OB0JyhnFhCmRY2K2EjqilDW1LJluAtn7xKWhdVz/LGZaXWeJrXUYQTOIVz8OAKanALdWgCAwXP8ApvjnFenHfnYz5acBYVHsMfOJ8/J82Rqw==</latexit><latexit sha1_base64="f7cFgJOIW+Vui9h3vUDClCFMFmQ=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuCG5ct2Ae2Q8mkmTY0kxmSO2IZCn6EGxeKuPVv3Pk3ZtoutPVA4HDODffcEyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8U3utx+4NiJWdzhJuB/RoRKhYBStdN+LKI6CMHuc9ssVt+rOQFaJtyAVWKDeL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/GyWeErOrDIgYaztU0hm6u8fGY2MmUSBncwTmmUvF//zuimG134mVJIiV2y+KEwlwZjk55OB0JyhnFhCmRY2K2EjqilDW1LJluAtn7xKWhdVz/LGZaXWeJrXUYQTOIVz8OAKanALdWgCAwXP8ApvjnFenHfnYz5acBYVHsMfOJ8/J82Rqw==</latexit> x̃<latexit sha1_base64="Kwrv8x1CQZit1x9eVur/e9EMUpo=">AAAB+3icbZDNS8MwGMbf+jnnV51HL8EheBqtCHocePG4gfuAtYw0TbewNC1JKhul4F/ixYMiXv1HvPnfmG476OYLgR/P84Y8eYKUM6Ud59va2Nza3tmt7FX3Dw6Pju2TWlclmSS0QxKeyH6AFeVM0I5mmtN+KimOA057weSu9HuPVCqWiAc9S6kf45FgESNYG2lo1zzNeEhzL8Z6HET5tCiGdt1pOPNB6+AuoQ7LaQ3tLy9MSBZToQnHSg1cJ9V+jqVmhNOi6mWKpphM8IgODAocU+Xn8+wFujBKiKJEmiM0mqu/b+Q4VmoWB2azjKhWvVL8zxtkOrr1cybSTFNBFg9FGUc6QWURKGSSEs1nBjCRzGRFZIwlJtrUVTUluKtfXofuVcM13L6uN9tPizoqcAbncAku3EAT7qEFHSAwhWd4hTersF6sd+tjsbphLSs8hT9jff4AG4qVkg==</latexit><latexit sha1_base64="Kwrv8x1CQZit1x9eVur/e9EMUpo=">AAAB+3icbZDNS8MwGMbf+jnnV51HL8EheBqtCHocePG4gfuAtYw0TbewNC1JKhul4F/ixYMiXv1HvPnfmG476OYLgR/P84Y8eYKUM6Ud59va2Nza3tmt7FX3Dw6Pju2TWlclmSS0QxKeyH6AFeVM0I5mmtN+KimOA057weSu9HuPVCqWiAc9S6kf45FgESNYG2lo1zzNeEhzL8Z6HET5tCiGdt1pOPNB6+AuoQ7LaQ3tLy9MSBZToQnHSg1cJ9V+jqVmhNOi6mWKpphM8IgODAocU+Xn8+wFujBKiKJEmiM0mqu/b+Q4VmoWB2azjKhWvVL8zxtkOrr1cybSTFNBFg9FGUc6QWURKGSSEs1nBjCRzGRFZIwlJtrUVTUluKtfXofuVcM13L6uN9tPizoqcAbncAku3EAT7qEFHSAwhWd4hTersF6sd+tjsbphLSs8hT9jff4AG4qVkg==</latexit><latexit sha1_base64="Kwrv8x1CQZit1x9eVur/e9EMUpo=">AAAB+3icbZDNS8MwGMbf+jnnV51HL8EheBqtCHocePG4gfuAtYw0TbewNC1JKhul4F/ixYMiXv1HvPnfmG476OYLgR/P84Y8eYKUM6Ud59va2Nza3tmt7FX3Dw6Pju2TWlclmSS0QxKeyH6AFeVM0I5mmtN+KimOA057weSu9HuPVCqWiAc9S6kf45FgESNYG2lo1zzNeEhzL8Z6HET5tCiGdt1pOPNB6+AuoQ7LaQ3tLy9MSBZToQnHSg1cJ9V+jqVmhNOi6mWKpphM8IgODAocU+Xn8+wFujBKiKJEmiM0mqu/b+Q4VmoWB2azjKhWvVL8zxtkOrr1cybSTFNBFg9FGUc6QWURKGSSEs1nBjCRzGRFZIwlJtrUVTUluKtfXofuVcM13L6uN9tPizoqcAbncAku3EAT7qEFHSAwhWd4hTersF6sd+tjsbphLSs8hT9jff4AG4qVkg==</latexit><latexit sha1_base64="Kwrv8x1CQZit1x9eVur/e9EMUpo=">AAAB+3icbZDNS8MwGMbf+jnnV51HL8EheBqtCHocePG4gfuAtYw0TbewNC1JKhul4F/ixYMiXv1HvPnfmG476OYLgR/P84Y8eYKUM6Ud59va2Nza3tmt7FX3Dw6Pju2TWlclmSS0QxKeyH6AFeVM0I5mmtN+KimOA057weSu9HuPVCqWiAc9S6kf45FgESNYG2lo1zzNeEhzL8Z6HET5tCiGdt1pOPNB6+AuoQ7LaQ3tLy9MSBZToQnHSg1cJ9V+jqVmhNOi6mWKpphM8IgODAocU+Xn8+wFujBKiKJEmiM0mqu/b+Q4VmoWB2azjKhWvVL8zxtkOrr1cybSTFNBFg9FGUc6QWURKGSSEs1nBjCRzGRFZIwlJtrUVTUluKtfXofuVcM13L6uN9tPizoqcAbncAku3EAT7qEFHSAwhWd4hTersF6sd+tjsbphLSs8hT9jff4AG4qVkg==</latexit>

�
<latexit sha1_base64="IEhKO5Ef0428SPEaSz3JnyxEvCA=">AAAB+HicbZBLSwMxFIXv1Fetj466dBMsgqsyI4IuC25ctmAf0A4lk8m0oZkHyR2hDgX/hxsXirj1p7jz35hpu9DWC4GPc27IyfFTKTQ6zrdV2tjc2t4p71b29g8Oq/bRcUcnmWK8zRKZqJ5PNZci5m0UKHkvVZxGvuRdf3Jb+N0HrrRI4nucptyL6CgWoWAUjTS0q4OI4tgP80HAJdLZ0K45dWc+ZB3cJdRgOc2h/TUIEpZFPEYmqdZ910nRy6lCwSSfVQaZ5illEzrifYMxjbj28nnwGTk3SkDCRJkTI5mrv2/kNNJ6Gvlms4ipV71C/M/rZxjeeLmI0wx5zBYPhZkkmJCiBRIIxRnKqQHKlDBZCRtTRRmariqmBHf1y+vQuay7hltXtUbraVFHGU7hDC7AhWtowB00oQ0MMniGV3izHq0X6936WKyWrGWFJ/BnrM8fXYqT/A==</latexit><latexit sha1_base64="IEhKO5Ef0428SPEaSz3JnyxEvCA=">AAAB+HicbZBLSwMxFIXv1Fetj466dBMsgqsyI4IuC25ctmAf0A4lk8m0oZkHyR2hDgX/hxsXirj1p7jz35hpu9DWC4GPc27IyfFTKTQ6zrdV2tjc2t4p71b29g8Oq/bRcUcnmWK8zRKZqJ5PNZci5m0UKHkvVZxGvuRdf3Jb+N0HrrRI4nucptyL6CgWoWAUjTS0q4OI4tgP80HAJdLZ0K45dWc+ZB3cJdRgOc2h/TUIEpZFPEYmqdZ910nRy6lCwSSfVQaZ5illEzrifYMxjbj28nnwGTk3SkDCRJkTI5mrv2/kNNJ6Gvlms4ipV71C/M/rZxjeeLmI0wx5zBYPhZkkmJCiBRIIxRnKqQHKlDBZCRtTRRmariqmBHf1y+vQuay7hltXtUbraVFHGU7hDC7AhWtowB00oQ0MMniGV3izHq0X6936WKyWrGWFJ/BnrM8fXYqT/A==</latexit><latexit sha1_base64="IEhKO5Ef0428SPEaSz3JnyxEvCA=">AAAB+HicbZBLSwMxFIXv1Fetj466dBMsgqsyI4IuC25ctmAf0A4lk8m0oZkHyR2hDgX/hxsXirj1p7jz35hpu9DWC4GPc27IyfFTKTQ6zrdV2tjc2t4p71b29g8Oq/bRcUcnmWK8zRKZqJ5PNZci5m0UKHkvVZxGvuRdf3Jb+N0HrrRI4nucptyL6CgWoWAUjTS0q4OI4tgP80HAJdLZ0K45dWc+ZB3cJdRgOc2h/TUIEpZFPEYmqdZ910nRy6lCwSSfVQaZ5illEzrifYMxjbj28nnwGTk3SkDCRJkTI5mrv2/kNNJ6Gvlms4ipV71C/M/rZxjeeLmI0wx5zBYPhZkkmJCiBRIIxRnKqQHKlDBZCRtTRRmariqmBHf1y+vQuay7hltXtUbraVFHGU7hDC7AhWtowB00oQ0MMniGV3izHq0X6936WKyWrGWFJ/BnrM8fXYqT/A==</latexit><latexit sha1_base64="IEhKO5Ef0428SPEaSz3JnyxEvCA=">AAAB+HicbZBLSwMxFIXv1Fetj466dBMsgqsyI4IuC25ctmAf0A4lk8m0oZkHyR2hDgX/hxsXirj1p7jz35hpu9DWC4GPc27IyfFTKTQ6zrdV2tjc2t4p71b29g8Oq/bRcUcnmWK8zRKZqJ5PNZci5m0UKHkvVZxGvuRdf3Jb+N0HrrRI4nucptyL6CgWoWAUjTS0q4OI4tgP80HAJdLZ0K45dWc+ZB3cJdRgOc2h/TUIEpZFPEYmqdZ910nRy6lCwSSfVQaZ5illEzrifYMxjbj28nnwGTk3SkDCRJkTI5mrv2/kNNJ6Gvlms4ipV71C/M/rZxjeeLmI0wx5zBYPhZkkmJCiBRIIxRnKqQHKlDBZCRtTRRmariqmBHf1y+vQuay7hltXtUbraVFHGU7hDC7AhWtowB00oQ0MMniGV3izHq0X6936WKyWrGWFJ/BnrM8fXYqT/A==</latexit>

+
<latexit sha1_base64="3UlsHa4IiBgV042z4m1Mtz63hN8=">AAAB6HicbZDLSwMxEMZn66vWV9Wjl2ARBKHsiqDHghePXbAPaJeSTWfb2Gx2SbJCWQrevXhQxKt/kjf/G9PHQVs/CPz4ZsLMfGEquDau++0U1tY3NreK26Wd3b39g/LhUVMnmWLYYIlIVDukGgWX2DDcCGynCmkcCmyFo9tpvfWISvNE3ptxikFMB5JHnFFjLf+iV664VXcmsgreAiqwUL1X/ur2E5bFKA0TVOuO56YmyKkynAmclLqZxpSyER1gx6KkMeogny06IWfW6ZMoUfZJQ2bu7x85jbUex6HtjKkZ6uXa1Pyv1slMdBPkXKaZQcnmg6JMEJOQ6dWkzxUyI8YWKFPc7krYkCrKjM2mZEPwlk9eheZl1bPsX1Vq/tM8jiKcwCmcgwfXUIM7qEMDGCA8wyu8OQ/Oi/PufMxbC84iwmP4I+fzB5wKjT4=</latexit><latexit sha1_base64="3UlsHa4IiBgV042z4m1Mtz63hN8=">AAAB6HicbZDLSwMxEMZn66vWV9Wjl2ARBKHsiqDHghePXbAPaJeSTWfb2Gx2SbJCWQrevXhQxKt/kjf/G9PHQVs/CPz4ZsLMfGEquDau++0U1tY3NreK26Wd3b39g/LhUVMnmWLYYIlIVDukGgWX2DDcCGynCmkcCmyFo9tpvfWISvNE3ptxikFMB5JHnFFjLf+iV664VXcmsgreAiqwUL1X/ur2E5bFKA0TVOuO56YmyKkynAmclLqZxpSyER1gx6KkMeogny06IWfW6ZMoUfZJQ2bu7x85jbUex6HtjKkZ6uXa1Pyv1slMdBPkXKaZQcnmg6JMEJOQ6dWkzxUyI8YWKFPc7krYkCrKjM2mZEPwlk9eheZl1bPsX1Vq/tM8jiKcwCmcgwfXUIM7qEMDGCA8wyu8OQ/Oi/PufMxbC84iwmP4I+fzB5wKjT4=</latexit><latexit sha1_base64="3UlsHa4IiBgV042z4m1Mtz63hN8=">AAAB6HicbZDLSwMxEMZn66vWV9Wjl2ARBKHsiqDHghePXbAPaJeSTWfb2Gx2SbJCWQrevXhQxKt/kjf/G9PHQVs/CPz4ZsLMfGEquDau++0U1tY3NreK26Wd3b39g/LhUVMnmWLYYIlIVDukGgWX2DDcCGynCmkcCmyFo9tpvfWISvNE3ptxikFMB5JHnFFjLf+iV664VXcmsgreAiqwUL1X/ur2E5bFKA0TVOuO56YmyKkynAmclLqZxpSyER1gx6KkMeogny06IWfW6ZMoUfZJQ2bu7x85jbUex6HtjKkZ6uXa1Pyv1slMdBPkXKaZQcnmg6JMEJOQ6dWkzxUyI8YWKFPc7krYkCrKjM2mZEPwlk9eheZl1bPsX1Vq/tM8jiKcwCmcgwfXUIM7qEMDGCA8wyu8OQ/Oi/PufMxbC84iwmP4I+fzB5wKjT4=</latexit><latexit sha1_base64="3UlsHa4IiBgV042z4m1Mtz63hN8=">AAAB6HicbZDLSwMxEMZn66vWV9Wjl2ARBKHsiqDHghePXbAPaJeSTWfb2Gx2SbJCWQrevXhQxKt/kjf/G9PHQVs/CPz4ZsLMfGEquDau++0U1tY3NreK26Wd3b39g/LhUVMnmWLYYIlIVDukGgWX2DDcCGynCmkcCmyFo9tpvfWISvNE3ptxikFMB5JHnFFjLf+iV664VXcmsgreAiqwUL1X/ur2E5bFKA0TVOuO56YmyKkynAmclLqZxpSyER1gx6KkMeogny06IWfW6ZMoUfZJQ2bu7x85jbUex6HtjKkZ6uXa1Pyv1slMdBPkXKaZQcnmg6JMEJOQ6dWkzxUyI8YWKFPc7krYkCrKjM2mZEPwlk9eheZl1bPsX1Vq/tM8jiKcwCmcgwfXUIM7qEMDGCA8wyu8OQ/Oi/PufMxbC84iwmP4I+fzB5wKjT4=</latexit>

Solve using Projected Gradient Descent (Madry et al.’ 17, 
Goodfellow et al.’15, Carlini & Wagner ‘16)

max
�

`cls (f✓(x+ �), y)
<latexit sha1_base64="GeR1M5zZCdcBBq3v9uy5WP2QPX8="></latexit><latexit sha1_base64="GeR1M5zZCdcBBq3v9uy5WP2QPX8="></latexit><latexit sha1_base64="GeR1M5zZCdcBBq3v9uy5WP2QPX8="></latexit><latexit sha1_base64="GeR1M5zZCdcBBq3v9uy5WP2QPX8="></latexit>

� 2 � := {� 2 Rn : k�kp  ⇢}
<latexit sha1_base64="ecniKutrL+GNZP8Z21C+qhvkLyA="></latexit><latexit sha1_base64="ecniKutrL+GNZP8Z21C+qhvkLyA="></latexit><latexit sha1_base64="ecniKutrL+GNZP8Z21C+qhvkLyA="></latexit><latexit sha1_base64="ecniKutrL+GNZP8Z21C+qhvkLyA="></latexit>



Adversarial Training 
§ Standard ERM training:

min
✓

E(x,y) [`cls (f✓(x), y)]
<latexit sha1_base64="tcTJRePUQs+cHQDOQGBiRDBXAqA="></latexit><latexit sha1_base64="tcTJRePUQs+cHQDOQGBiRDBXAqA="></latexit><latexit sha1_base64="tcTJRePUQs+cHQDOQGBiRDBXAqA="></latexit><latexit sha1_base64="tcTJRePUQs+cHQDOQGBiRDBXAqA="></latexit>

§ Adversarial training for additive attacks (Madry et 
al.’17):

min
✓

E(x,y)


max

�
`cls (f✓(x+ �), y)

�

<latexit sha1_base64="C3fipehKgNul7TkkErGyFroFj/Q="></latexit><latexit sha1_base64="C3fipehKgNul7TkkErGyFroFj/Q="></latexit><latexit sha1_base64="C3fipehKgNul7TkkErGyFroFj/Q="></latexit><latexit sha1_base64="C3fipehKgNul7TkkErGyFroFj/Q="></latexit>

� 2 � := {� 2 Rn : k�kp  ⇢}
<latexit sha1_base64="ecniKutrL+GNZP8Z21C+qhvkLyA="></latexit><latexit sha1_base64="ecniKutrL+GNZP8Z21C+qhvkLyA="></latexit><latexit sha1_base64="ecniKutrL+GNZP8Z21C+qhvkLyA="></latexit><latexit sha1_base64="ecniKutrL+GNZP8Z21C+qhvkLyA="></latexit>

§ Solve using alternative SGD+PGD



Attack Defense
Certifiable Defense Against 

Adversarial Attacks 



Speech Recognition

Slide credit: Bohyung Han



Recurrent Neural Networks
for Language Modeling

• Speech recognition is difficult due to 
ambiguity
– “how to recognize speech” 
– or “how to wreck a nice beach“?

• Language model gives probability of next 
word given history
– P(“speech”|”how to recognize”)?



Recurrent Neural Networks
Networks with loops
• The output of a layer is used as input for the 

same (or lower) layer
• Can model dynamics (e.g. in space or time)

Loops are unrolled
• Now a standard feed-forward network with 

many layers
• Suffers from vanishing gradient problem
• In theory, can learn long term memory, in 

practice not (Bengio et al, 1994)

Image credit: Chritopher Olah’s blog http://colah.github.io/posts/2015-08-Understanding-LSTMs/
Sepp Hochreiter (1991), Untersuchungen zu dynamischen neuronalen Netzen, Diploma thesis. Institut f. 
Informatik, Technische Univ. Munich. Advisor: J. Schmidhuber.
Y. Bengio, P. Simard, P. Frasconi. Learning Long-Term Dependencies with Gradient Descent is Difficult. In TNN 
1994.



Long Short Term Memory (LSTM)

• A type of RNN explicitly designed not to have the vanishing 
or exploding gradient problem

• Models long-term dependencies
• Memory is propagated and accessed by gates
• Used for speech recognition, language modeling …
Hochreiter, Sepp; and Schmidhuber, Jürgen. “Long Short-Term Memory.” Neural Computation, 1997.

Image credit: Christopher Colah’s blog,  http://colah.github.io/posts/2015-08-Understanding-
LSTMs/



Long Short Term Memory (LSTM)

Image credit: Christopher Colah’s blog,  http://colah.github.io/posts/2015-08-Understanding-
LSTMs/



What you should know
about deep neural networks

• Why they are difficult to train
– Initialization
– Overfitting
– Vanishing gradient
– Require large number of training examples

• What can be done about it
– Improvements to gradient descent
– Stochastic gradient descent
– Momentum
– Weight decay
– Alternate non-linearities and new architectures

References (& great tutorials) if you want to explore further:
http://www.andreykurenkov.com/writing/a-brief-history-of-neural-nets-and-deep-learning-part-1/
http://cs231n.github.io/neural-networks-1/
http://colah.github.io/posts/2015-08-Understanding-LSTMs/

http://www.andreykurenkov.com/writing/a-brief-history-of-neural-nets-and-deep-learning-part-1/
http://cs231n.github.io/neural-networks-1/
http://colah.github.io/posts/2015-08-Understanding-LSTMs/


Keeping things in perspective…

In 1958, the New York Times reported the perceptron to be 
"the embryo of an electronic computer that [the Navy] 
expects will be able to walk, talk, see, write, reproduce 
itself and be conscious of its existence."


