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Multi-Label Classification

Q: how to extend our method for multi-label 
classification?



Recall: Multi-Label Classification using 
Logistic Regression
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<latexit sha1_base64="qjFag4aw7wd0CIyd9+8gIUFY0RE=">AAACM3icbZBNS8NAEIY39bt+VT16WSyCIEhSBD0W9CCeFKwW2hg220m7dPPB7kQoIf/Ji3/EgyAeFPHqf3BTc7CtLyy8PDPD7Lx+IoVG2361KnPzC4tLyyvV1bX1jc3a1vatjlPFocVjGau2zzRIEUELBUpoJwpY6Eu484dnRf3uAZQWcXSDowTckPUjEQjO0CCvdtkNFOMZ3GddHAAyz7nHdp7/AXYBDica6ARojEFe9Wp1+8gei84apzR1UurKqz13ezFPQ4iQS6Z1x7ETdDOmUHAJebWbakgYH7I+dIyNWAjazcY353TfkB4NYmVehHRM/05kLNR6FPqmM2Q40NO1Av5X66QYnLqZiJIUIeK/i4JUUoxpESDtCQUc5cgYxpUwf6V8wEyIaGIuQnCmT541t40jx/jr43rzvIxjmeySPXJAHHJCmuSCXJEW4eSRvJB38mE9WW/Wp/X121qxypkdMiHr+wcYhqu1</latexit><latexit sha1_base64="qjFag4aw7wd0CIyd9+8gIUFY0RE=">AAACM3icbZBNS8NAEIY39bt+VT16WSyCIEhSBD0W9CCeFKwW2hg220m7dPPB7kQoIf/Ji3/EgyAeFPHqf3BTc7CtLyy8PDPD7Lx+IoVG2361KnPzC4tLyyvV1bX1jc3a1vatjlPFocVjGau2zzRIEUELBUpoJwpY6Eu484dnRf3uAZQWcXSDowTckPUjEQjO0CCvdtkNFOMZ3GddHAAyz7nHdp7/AXYBDica6ARojEFe9Wp1+8gei84apzR1UurKqz13ezFPQ4iQS6Z1x7ETdDOmUHAJebWbakgYH7I+dIyNWAjazcY353TfkB4NYmVehHRM/05kLNR6FPqmM2Q40NO1Av5X66QYnLqZiJIUIeK/i4JUUoxpESDtCQUc5cgYxpUwf6V8wEyIaGIuQnCmT541t40jx/jr43rzvIxjmeySPXJAHHJCmuSCXJEW4eSRvJB38mE9WW/Wp/X121qxypkdMiHr+wcYhqu1</latexit><latexit sha1_base64="qjFag4aw7wd0CIyd9+8gIUFY0RE=">AAACM3icbZBNS8NAEIY39bt+VT16WSyCIEhSBD0W9CCeFKwW2hg220m7dPPB7kQoIf/Ji3/EgyAeFPHqf3BTc7CtLyy8PDPD7Lx+IoVG2361KnPzC4tLyyvV1bX1jc3a1vatjlPFocVjGau2zzRIEUELBUpoJwpY6Eu484dnRf3uAZQWcXSDowTckPUjEQjO0CCvdtkNFOMZ3GddHAAyz7nHdp7/AXYBDica6ARojEFe9Wp1+8gei84apzR1UurKqz13ezFPQ4iQS6Z1x7ETdDOmUHAJebWbakgYH7I+dIyNWAjazcY353TfkB4NYmVehHRM/05kLNR6FPqmM2Q40NO1Av5X66QYnLqZiJIUIeK/i4JUUoxpESDtCQUc5cgYxpUwf6V8wEyIaGIuQnCmT541t40jx/jr43rzvIxjmeySPXJAHHJCmuSCXJEW4eSRvJB38mE9WW/Wp/X121qxypkdMiHr+wcYhqu1</latexit><latexit sha1_base64="qjFag4aw7wd0CIyd9+8gIUFY0RE=">AAACM3icbZBNS8NAEIY39bt+VT16WSyCIEhSBD0W9CCeFKwW2hg220m7dPPB7kQoIf/Ji3/EgyAeFPHqf3BTc7CtLyy8PDPD7Lx+IoVG2361KnPzC4tLyyvV1bX1jc3a1vatjlPFocVjGau2zzRIEUELBUpoJwpY6Eu484dnRf3uAZQWcXSDowTckPUjEQjO0CCvdtkNFOMZ3GddHAAyz7nHdp7/AXYBDica6ARojEFe9Wp1+8gei84apzR1UurKqz13ezFPQ4iQS6Z1x7ETdDOmUHAJebWbakgYH7I+dIyNWAjazcY353TfkB4NYmVehHRM/05kLNR6FPqmM2Q40NO1Av5X66QYnLqZiJIUIeK/i4JUUoxpESDtCQUc5cgYxpUwf6V8wEyIaGIuQnCmT541t40jx/jr43rzvIxjmeySPXJAHHJCmuSCXJEW4eSRvJB38mE9WW/Wp/X121qxypkdMiHr+wcYhqu1</latexit>

e✓
t
2X

e✓
t
0X + e✓

t
1X + e✓

t
2X

<latexit sha1_base64="2kQZ2RQnP/Pvl1NF+RUZsGk+xDo=">AAACM3icbZDLSgMxFIYzXmu9VV26CRZBEMpMEXRZ0IW4qmAv0BuZ9IwNZi4kZ4QyzDu58UVcCOJCEbe+g5m2YC/+EPjznXNIzu9GUmi07TdraXlldW09t5Hf3Nre2S3s7dd1GCsONR7KUDVdpkGKAGooUEIzUsB8V0LDfbjM6o1HUFqEwR0OI+j47D4QnuAMDeoVbtqeYjyBbtLGASDrlbvYTNMpYGfg9O/udJHOgPIIpPleoWiX7JHoonEmpkgmqvYKL+1+yGMfAuSSad1y7Ag7CVMouIQ03441RIw/sHtoGRswH3QnGe2c0mND+tQLlTkB0hGdnkiYr/XQd02nz3Cg52sZ/K/WitG76CQiiGKEgI8f8mJJMaRZgLQvFHCUQ2MYV8L8lfIBMyGiiTkLwZlfedHUyyXH+NuzYuVqEkeOHJIjckIcck4q5JpUSY1w8kReyQf5tJ6td+vL+h63LlmTmQMyI+vnFxpDq7Y=</latexit><latexit sha1_base64="2kQZ2RQnP/Pvl1NF+RUZsGk+xDo=">AAACM3icbZDLSgMxFIYzXmu9VV26CRZBEMpMEXRZ0IW4qmAv0BuZ9IwNZi4kZ4QyzDu58UVcCOJCEbe+g5m2YC/+EPjznXNIzu9GUmi07TdraXlldW09t5Hf3Nre2S3s7dd1GCsONR7KUDVdpkGKAGooUEIzUsB8V0LDfbjM6o1HUFqEwR0OI+j47D4QnuAMDeoVbtqeYjyBbtLGASDrlbvYTNMpYGfg9O/udJHOgPIIpPleoWiX7JHoonEmpkgmqvYKL+1+yGMfAuSSad1y7Ag7CVMouIQ03441RIw/sHtoGRswH3QnGe2c0mND+tQLlTkB0hGdnkiYr/XQd02nz3Cg52sZ/K/WitG76CQiiGKEgI8f8mJJMaRZgLQvFHCUQ2MYV8L8lfIBMyGiiTkLwZlfedHUyyXH+NuzYuVqEkeOHJIjckIcck4q5JpUSY1w8kReyQf5tJ6td+vL+h63LlmTmQMyI+vnFxpDq7Y=</latexit><latexit sha1_base64="2kQZ2RQnP/Pvl1NF+RUZsGk+xDo=">AAACM3icbZDLSgMxFIYzXmu9VV26CRZBEMpMEXRZ0IW4qmAv0BuZ9IwNZi4kZ4QyzDu58UVcCOJCEbe+g5m2YC/+EPjznXNIzu9GUmi07TdraXlldW09t5Hf3Nre2S3s7dd1GCsONR7KUDVdpkGKAGooUEIzUsB8V0LDfbjM6o1HUFqEwR0OI+j47D4QnuAMDeoVbtqeYjyBbtLGASDrlbvYTNMpYGfg9O/udJHOgPIIpPleoWiX7JHoonEmpkgmqvYKL+1+yGMfAuSSad1y7Ag7CVMouIQ03441RIw/sHtoGRswH3QnGe2c0mND+tQLlTkB0hGdnkiYr/XQd02nz3Cg52sZ/K/WitG76CQiiGKEgI8f8mJJMaRZgLQvFHCUQ2MYV8L8lfIBMyGiiTkLwZlfedHUyyXH+NuzYuVqEkeOHJIjckIcck4q5JpUSY1w8kReyQf5tJ6td+vL+h63LlmTmQMyI+vnFxpDq7Y=</latexit><latexit sha1_base64="2kQZ2RQnP/Pvl1NF+RUZsGk+xDo=">AAACM3icbZDLSgMxFIYzXmu9VV26CRZBEMpMEXRZ0IW4qmAv0BuZ9IwNZi4kZ4QyzDu58UVcCOJCEbe+g5m2YC/+EPjznXNIzu9GUmi07TdraXlldW09t5Hf3Nre2S3s7dd1GCsONR7KUDVdpkGKAGooUEIzUsB8V0LDfbjM6o1HUFqEwR0OI+j47D4QnuAMDeoVbtqeYjyBbtLGASDrlbvYTNMpYGfg9O/udJHOgPIIpPleoWiX7JHoonEmpkgmqvYKL+1+yGMfAuSSad1y7Ag7CVMouIQ03441RIw/sHtoGRswH3QnGe2c0mND+tQLlTkB0hGdnkiYr/XQd02nz3Cg52sZ/K/WitG76CQiiGKEgI8f8mJJMaRZgLQvFHCUQ2MYV8L8lfIBMyGiiTkLwZlfedHUyyXH+NuzYuVqEkeOHJIjckIcck4q5JpUSY1w8kReyQf5tJ6td+vL+h63LlmTmQMyI+vnFxpDq7Y=</latexit>

Logits “Confidence” 
probabilities



Multi-Label Classification Using NNs

X(i)
<latexit sha1_base64="MjqFAalAQkjNJEVy7A4EJnNF3kw=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tFqJeSiKDHghe9VbAf0May2U7apZtN2N0IJfRHePGgiFd/jzf/jds2B219YeHhnRl25g0SwbVx3W+nsLa+sblV3C7t7O7tH5QPj1o6ThXDJotFrDoB1Si4xKbhRmAnUUijQGA7GN/M6u0nVJrH8sFMEvQjOpQ85Iwaa7U7j1mVn0/75Ypbc+ciq+DlUIFcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdi5JGqP1svu6UnFlnQMJY2ScNmbu/JzIaaT2JAtsZUTPSy7WZ+V+tm5rw2s+4TFKDki0+ClNBTExmt5MBV8iMmFigTHG7K2EjqigzNqGSDcFbPnkVWhc1z/L9ZaV+l8dRhBM4hSp4cAV1uIUGNIHBGJ7hFd6cxHlx3p2PRWvByWeO4Y+czx+9DY8v</latexit><latexit sha1_base64="MjqFAalAQkjNJEVy7A4EJnNF3kw=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tFqJeSiKDHghe9VbAf0May2U7apZtN2N0IJfRHePGgiFd/jzf/jds2B219YeHhnRl25g0SwbVx3W+nsLa+sblV3C7t7O7tH5QPj1o6ThXDJotFrDoB1Si4xKbhRmAnUUijQGA7GN/M6u0nVJrH8sFMEvQjOpQ85Iwaa7U7j1mVn0/75Ypbc+ciq+DlUIFcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdi5JGqP1svu6UnFlnQMJY2ScNmbu/JzIaaT2JAtsZUTPSy7WZ+V+tm5rw2s+4TFKDki0+ClNBTExmt5MBV8iMmFigTHG7K2EjqigzNqGSDcFbPnkVWhc1z/L9ZaV+l8dRhBM4hSp4cAV1uIUGNIHBGJ7hFd6cxHlx3p2PRWvByWeO4Y+czx+9DY8v</latexit><latexit sha1_base64="MjqFAalAQkjNJEVy7A4EJnNF3kw=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tFqJeSiKDHghe9VbAf0May2U7apZtN2N0IJfRHePGgiFd/jzf/jds2B219YeHhnRl25g0SwbVx3W+nsLa+sblV3C7t7O7tH5QPj1o6ThXDJotFrDoB1Si4xKbhRmAnUUijQGA7GN/M6u0nVJrH8sFMEvQjOpQ85Iwaa7U7j1mVn0/75Ypbc+ciq+DlUIFcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdi5JGqP1svu6UnFlnQMJY2ScNmbu/JzIaaT2JAtsZUTPSy7WZ+V+tm5rw2s+4TFKDki0+ClNBTExmt5MBV8iMmFigTHG7K2EjqigzNqGSDcFbPnkVWhc1z/L9ZaV+l8dRhBM4hSp4cAV1uIUGNIHBGJ7hFd6cxHlx3p2PRWvByWeO4Y+czx+9DY8v</latexit><latexit sha1_base64="MjqFAalAQkjNJEVy7A4EJnNF3kw=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tFqJeSiKDHghe9VbAf0May2U7apZtN2N0IJfRHePGgiFd/jzf/jds2B219YeHhnRl25g0SwbVx3W+nsLa+sblV3C7t7O7tH5QPj1o6ThXDJotFrDoB1Si4xKbhRmAnUUijQGA7GN/M6u0nVJrH8sFMEvQjOpQ85Iwaa7U7j1mVn0/75Ypbc+ciq+DlUIFcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdi5JGqP1svu6UnFlnQMJY2ScNmbu/JzIaaT2JAtsZUTPSy7WZ+V+tm5rw2s+4TFKDki0+ClNBTExmt5MBV8iMmFigTHG7K2EjqigzNqGSDcFbPnkVWhc1z/L9ZaV+l8dRhBM4hSp4cAV1uIUGNIHBGJ7hFd6cxHlx3p2PRWvByWeO4Y+czx+9DY8v</latexit>

Soft-Max 
Function

Neural 
Network

Logits “Confidence” 
probabilities

�✓(X)
<latexit sha1_base64="gAXqGTEArvCtgUvIs3gT/YFi/bc=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBahXkoigh6LXjxWsB/QhLDZbpqlm03YnRRK6D/x4kERr/4Tb/4bt20O2vpg4PHeDDPzwkxwDY7zbVU2Nre2d6q7tb39g8Mj+/ikq9NcUdahqUhVPySaCS5ZBzgI1s8UI0koWC8c38/93oQpzVP5BNOM+QkZSR5xSsBIgW17WcyDwoOYAZk1+peBXXeazgJ4nbglqaMS7cD+8oYpzRMmgQqi9cB1MvALooBTwWY1L9csI3RMRmxgqCQJ036xuHyGL4wyxFGqTEnAC/X3REESradJaDoTArFe9ebif94gh+jWL7jMcmCSLhdFucCQ4nkMeMgVoyCmhhCquLkV05goQsGEVTMhuKsvr5PuVdN1mu7jdb11V8ZRRWfoHDWQi25QCz2gNuogiiboGb2iN6uwXqx362PZWrHKmVP0B9bnDzJfk1o=</latexit><latexit sha1_base64="gAXqGTEArvCtgUvIs3gT/YFi/bc=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBahXkoigh6LXjxWsB/QhLDZbpqlm03YnRRK6D/x4kERr/4Tb/4bt20O2vpg4PHeDDPzwkxwDY7zbVU2Nre2d6q7tb39g8Mj+/ikq9NcUdahqUhVPySaCS5ZBzgI1s8UI0koWC8c38/93oQpzVP5BNOM+QkZSR5xSsBIgW17WcyDwoOYAZk1+peBXXeazgJ4nbglqaMS7cD+8oYpzRMmgQqi9cB1MvALooBTwWY1L9csI3RMRmxgqCQJ036xuHyGL4wyxFGqTEnAC/X3REESradJaDoTArFe9ebif94gh+jWL7jMcmCSLhdFucCQ4nkMeMgVoyCmhhCquLkV05goQsGEVTMhuKsvr5PuVdN1mu7jdb11V8ZRRWfoHDWQi25QCz2gNuogiiboGb2iN6uwXqx362PZWrHKmVP0B9bnDzJfk1o=</latexit><latexit sha1_base64="gAXqGTEArvCtgUvIs3gT/YFi/bc=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBahXkoigh6LXjxWsB/QhLDZbpqlm03YnRRK6D/x4kERr/4Tb/4bt20O2vpg4PHeDDPzwkxwDY7zbVU2Nre2d6q7tb39g8Mj+/ikq9NcUdahqUhVPySaCS5ZBzgI1s8UI0koWC8c38/93oQpzVP5BNOM+QkZSR5xSsBIgW17WcyDwoOYAZk1+peBXXeazgJ4nbglqaMS7cD+8oYpzRMmgQqi9cB1MvALooBTwWY1L9csI3RMRmxgqCQJ036xuHyGL4wyxFGqTEnAC/X3REESradJaDoTArFe9ebif94gh+jWL7jMcmCSLhdFucCQ4nkMeMgVoyCmhhCquLkV05goQsGEVTMhuKsvr5PuVdN1mu7jdb11V8ZRRWfoHDWQi25QCz2gNuogiiboGb2iN6uwXqx362PZWrHKmVP0B9bnDzJfk1o=</latexit><latexit sha1_base64="gAXqGTEArvCtgUvIs3gT/YFi/bc=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBahXkoigh6LXjxWsB/QhLDZbpqlm03YnRRK6D/x4kERr/4Tb/4bt20O2vpg4PHeDDPzwkxwDY7zbVU2Nre2d6q7tb39g8Mj+/ikq9NcUdahqUhVPySaCS5ZBzgI1s8UI0koWC8c38/93oQpzVP5BNOM+QkZSR5xSsBIgW17WcyDwoOYAZk1+peBXXeazgJ4nbglqaMS7cD+8oYpzRMmgQqi9cB1MvALooBTwWY1L9csI3RMRmxgqCQJ036xuHyGL4wyxFGqTEnAC/X3REESradJaDoTArFe9ebif94gh+jWL7jMcmCSLhdFucCQ4nkMeMgVoyCmhhCquLkV05goQsGEVTMhuKsvr5PuVdN1mu7jdb11V8ZRRWfoHDWQi25QCz2gNuogiiboGb2iN6uwXqx362PZWrHKmVP0B9bnDzJfk1o=</latexit>

�0
<latexit sha1_base64="rsPfhejyW4RhG09J+gP3oaZ1jzQ=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCvYD2qVk02kbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMGyWCG+v7315hbX1jc6u4XdrZ3ds/KB8eNY1KNcMGU0LpdkQNCi6xYbkV2E400jgS2IrGt7N66wm14Uo+2EmCYUyHkg84o9ZZzW4y4j2/V674VX8usgpBDhXIVe+Vv7p9xdIYpWWCGtMJ/MSGGdWWM4HTUjc1mFA2pkPsOJQ0RhNm822n5Mw5fTJQ2j1pydz9PZHR2JhJHLnOmNqRWa7NzP9qndQOrsOMyyS1KNnio0EqiFVkdjrpc43MiokDyjR3uxI2opoy6wIquRCC5ZNXoXlRDRzfX1ZqN3kcRTiBUziHAK6gBndQhwYweIRneIU3T3kv3rv3sWgtePnMMfyR9/kDOcSO4g==</latexit><latexit sha1_base64="rsPfhejyW4RhG09J+gP3oaZ1jzQ=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCvYD2qVk02kbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMGyWCG+v7315hbX1jc6u4XdrZ3ds/KB8eNY1KNcMGU0LpdkQNCi6xYbkV2E400jgS2IrGt7N66wm14Uo+2EmCYUyHkg84o9ZZzW4y4j2/V674VX8usgpBDhXIVe+Vv7p9xdIYpWWCGtMJ/MSGGdWWM4HTUjc1mFA2pkPsOJQ0RhNm822n5Mw5fTJQ2j1pydz9PZHR2JhJHLnOmNqRWa7NzP9qndQOrsOMyyS1KNnio0EqiFVkdjrpc43MiokDyjR3uxI2opoy6wIquRCC5ZNXoXlRDRzfX1ZqN3kcRTiBUziHAK6gBndQhwYweIRneIU3T3kv3rv3sWgtePnMMfyR9/kDOcSO4g==</latexit><latexit sha1_base64="rsPfhejyW4RhG09J+gP3oaZ1jzQ=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCvYD2qVk02kbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMGyWCG+v7315hbX1jc6u4XdrZ3ds/KB8eNY1KNcMGU0LpdkQNCi6xYbkV2E400jgS2IrGt7N66wm14Uo+2EmCYUyHkg84o9ZZzW4y4j2/V674VX8usgpBDhXIVe+Vv7p9xdIYpWWCGtMJ/MSGGdWWM4HTUjc1mFA2pkPsOJQ0RhNm822n5Mw5fTJQ2j1pydz9PZHR2JhJHLnOmNqRWa7NzP9qndQOrsOMyyS1KNnio0EqiFVkdjrpc43MiokDyjR3uxI2opoy6wIquRCC5ZNXoXlRDRzfX1ZqN3kcRTiBUziHAK6gBndQhwYweIRneIU3T3kv3rv3sWgtePnMMfyR9/kDOcSO4g==</latexit><latexit sha1_base64="rsPfhejyW4RhG09J+gP3oaZ1jzQ=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCvYD2qVk02kbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMGyWCG+v7315hbX1jc6u4XdrZ3ds/KB8eNY1KNcMGU0LpdkQNCi6xYbkV2E400jgS2IrGt7N66wm14Uo+2EmCYUyHkg84o9ZZzW4y4j2/V674VX8usgpBDhXIVe+Vv7p9xdIYpWWCGtMJ/MSGGdWWM4HTUjc1mFA2pkPsOJQ0RhNm822n5Mw5fTJQ2j1pydz9PZHR2JhJHLnOmNqRWa7NzP9qndQOrsOMyyS1KNnio0EqiFVkdjrpc43MiokDyjR3uxI2opoy6wIquRCC5ZNXoXlRDRzfX1ZqN3kcRTiBUziHAK6gBndQhwYweIRneIU3T3kv3rv3sWgtePnMMfyR9/kDOcSO4g==</latexit>

�1
<latexit sha1_base64="k1p9/otTQ2RsCP+29SJFH9zIvrI=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCvYD2qVk02kbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMGyWCG+v7315hbX1jc6u4XdrZ3ds/KB8eNY1KNcMGU0LpdkQNCi6xYbkV2E400jgS2IrGt7N66wm14Uo+2EmCYUyHkg84o9ZZzW4y4r2gV674VX8usgpBDhXIVe+Vv7p9xdIYpWWCGtMJ/MSGGdWWM4HTUjc1mFA2pkPsOJQ0RhNm822n5Mw5fTJQ2j1pydz9PZHR2JhJHLnOmNqRWa7NzP9qndQOrsOMyyS1KNnio0EqiFVkdjrpc43MiokDyjR3uxI2opoy6wIquRCC5ZNXoXlRDRzfX1ZqN3kcRTiBUziHAK6gBndQhwYweIRneIU3T3kv3rv3sWgtePnMMfyR9/kDO0iO4w==</latexit><latexit sha1_base64="k1p9/otTQ2RsCP+29SJFH9zIvrI=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCvYD2qVk02kbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMGyWCG+v7315hbX1jc6u4XdrZ3ds/KB8eNY1KNcMGU0LpdkQNCi6xYbkV2E400jgS2IrGt7N66wm14Uo+2EmCYUyHkg84o9ZZzW4y4r2gV674VX8usgpBDhXIVe+Vv7p9xdIYpWWCGtMJ/MSGGdWWM4HTUjc1mFA2pkPsOJQ0RhNm822n5Mw5fTJQ2j1pydz9PZHR2JhJHLnOmNqRWa7NzP9qndQOrsOMyyS1KNnio0EqiFVkdjrpc43MiokDyjR3uxI2opoy6wIquRCC5ZNXoXlRDRzfX1ZqN3kcRTiBUziHAK6gBndQhwYweIRneIU3T3kv3rv3sWgtePnMMfyR9/kDO0iO4w==</latexit><latexit sha1_base64="k1p9/otTQ2RsCP+29SJFH9zIvrI=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCvYD2qVk02kbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMGyWCG+v7315hbX1jc6u4XdrZ3ds/KB8eNY1KNcMGU0LpdkQNCi6xYbkV2E400jgS2IrGt7N66wm14Uo+2EmCYUyHkg84o9ZZzW4y4r2gV674VX8usgpBDhXIVe+Vv7p9xdIYpWWCGtMJ/MSGGdWWM4HTUjc1mFA2pkPsOJQ0RhNm822n5Mw5fTJQ2j1pydz9PZHR2JhJHLnOmNqRWa7NzP9qndQOrsOMyyS1KNnio0EqiFVkdjrpc43MiokDyjR3uxI2opoy6wIquRCC5ZNXoXlRDRzfX1ZqN3kcRTiBUziHAK6gBndQhwYweIRneIU3T3kv3rv3sWgtePnMMfyR9/kDO0iO4w==</latexit><latexit sha1_base64="k1p9/otTQ2RsCP+29SJFH9zIvrI=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCvYD2qVk02kbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMGyWCG+v7315hbX1jc6u4XdrZ3ds/KB8eNY1KNcMGU0LpdkQNCi6xYbkV2E400jgS2IrGt7N66wm14Uo+2EmCYUyHkg84o9ZZzW4y4r2gV674VX8usgpBDhXIVe+Vv7p9xdIYpWWCGtMJ/MSGGdWWM4HTUjc1mFA2pkPsOJQ0RhNm822n5Mw5fTJQ2j1pydz9PZHR2JhJHLnOmNqRWa7NzP9qndQOrsOMyyS1KNnio0EqiFVkdjrpc43MiokDyjR3uxI2opoy6wIquRCC5ZNXoXlRDRzfX1ZqN3kcRTiBUziHAK6gBndQhwYweIRneIU3T3kv3rv3sWgtePnMMfyR9/kDO0iO4w==</latexit>

�2
<latexit sha1_base64="S5o7iSWprFp3yPwZORcyVT5026w=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AInspuEfRY9OKxgv2AdinZNNvGZpMlmRVK6X/w4kERr/4fb/4b03YP2vpC4OGdGTLzRqkUFn3/21tb39jc2i7sFHf39g8OS0fHTaszw3iDaalNO6KWS6F4AwVK3k4Np0kkeSsa3c7qrSdurNDqAccpDxM6UCIWjKKzmt10KHrVXqnsV/y5yCoEOZQhV71X+ur2NcsSrpBJam0n8FMMJ9SgYJJPi93M8pSyER3wjkNFE27DyXzbKTl3Tp/E2rinkMzd3xMTmlg7TiLXmVAc2uXazPyv1skwvg4nQqUZcsUWH8WZJKjJ7HTSF4YzlGMHlBnhdiVsSA1l6AIquhCC5ZNXoVmtBI7vL8u1mzyOApzCGVxAAFdQgzuoQwMYPMIzvMKbp70X7937WLSuefnMCfyR9/kDPMyO5A==</latexit><latexit sha1_base64="S5o7iSWprFp3yPwZORcyVT5026w=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AInspuEfRY9OKxgv2AdinZNNvGZpMlmRVK6X/w4kERr/4fb/4b03YP2vpC4OGdGTLzRqkUFn3/21tb39jc2i7sFHf39g8OS0fHTaszw3iDaalNO6KWS6F4AwVK3k4Np0kkeSsa3c7qrSdurNDqAccpDxM6UCIWjKKzmt10KHrVXqnsV/y5yCoEOZQhV71X+ur2NcsSrpBJam0n8FMMJ9SgYJJPi93M8pSyER3wjkNFE27DyXzbKTl3Tp/E2rinkMzd3xMTmlg7TiLXmVAc2uXazPyv1skwvg4nQqUZcsUWH8WZJKjJ7HTSF4YzlGMHlBnhdiVsSA1l6AIquhCC5ZNXoVmtBI7vL8u1mzyOApzCGVxAAFdQgzuoQwMYPMIzvMKbp70X7937WLSuefnMCfyR9/kDPMyO5A==</latexit><latexit sha1_base64="S5o7iSWprFp3yPwZORcyVT5026w=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AInspuEfRY9OKxgv2AdinZNNvGZpMlmRVK6X/w4kERr/4fb/4b03YP2vpC4OGdGTLzRqkUFn3/21tb39jc2i7sFHf39g8OS0fHTaszw3iDaalNO6KWS6F4AwVK3k4Np0kkeSsa3c7qrSdurNDqAccpDxM6UCIWjKKzmt10KHrVXqnsV/y5yCoEOZQhV71X+ur2NcsSrpBJam0n8FMMJ9SgYJJPi93M8pSyER3wjkNFE27DyXzbKTl3Tp/E2rinkMzd3xMTmlg7TiLXmVAc2uXazPyv1skwvg4nQqUZcsUWH8WZJKjJ7HTSF4YzlGMHlBnhdiVsSA1l6AIquhCC5ZNXoVmtBI7vL8u1mzyOApzCGVxAAFdQgzuoQwMYPMIzvMKbp70X7937WLSuefnMCfyR9/kDPMyO5A==</latexit><latexit sha1_base64="S5o7iSWprFp3yPwZORcyVT5026w=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AInspuEfRY9OKxgv2AdinZNNvGZpMlmRVK6X/w4kERr/4fb/4b03YP2vpC4OGdGTLzRqkUFn3/21tb39jc2i7sFHf39g8OS0fHTaszw3iDaalNO6KWS6F4AwVK3k4Np0kkeSsa3c7qrSdurNDqAccpDxM6UCIWjKKzmt10KHrVXqnsV/y5yCoEOZQhV71X+ur2NcsSrpBJam0n8FMMJ9SgYJJPi93M8pSyER3wjkNFE27DyXzbKTl3Tp/E2rinkMzd3xMTmlg7TiLXmVAc2uXazPyv1skwvg4nQqUZcsUWH8WZJKjJ7HTSF4YzlGMHlBnhdiVsSA1l6AIquhCC5ZNXoVmtBI7vL8u1mzyOApzCGVxAAFdQgzuoQwMYPMIzvMKbp70X7937WLSuefnMCfyR9/kDPMyO5A==</latexit>

e�0

e�0 + e�1 + e�2
<latexit sha1_base64="eGttn19A53OreonO4NFXaTabIJQ=">AAACHHicbZDLSsNAFIZP6q3WW9Slm8EiCEJJqqDLohuXFewFmhom00k7dHJhZiKUkAdx46u4caGIGxeCb+O0jVhbfxj4+M85nDm/F3MmlWV9GYWl5ZXVteJ6aWNza3vH3N1ryigRhDZIxCPR9rCknIW0oZjitB0LigOP05Y3vBrXW/dUSBaFt2oU026A+yHzGcFKW6556vgCk5TepU48YK6VZTN88oP2L1azzDXLVsWaCC2CnUMZctVd88PpRSQJaKgIx1J2bCtW3RQLxQinWclJJI0xGeI+7WgMcUBlN50cl6Ej7fSQHwn9QoUm7uxEigMpR4GnOwOsBnK+Njb/q3US5V90UxbGiaIhmS7yE45UhMZJoR4TlCg+0oCJYPqviAywTkvpPEs6BHv+5EVoViu25puzcu0yj6MIB3AIx2DDOdTgGurQAAIP8AQv8Go8Gs/Gm/E+bS0Y+cw+/JHx+Q3+56KG</latexit><latexit sha1_base64="eGttn19A53OreonO4NFXaTabIJQ=">AAACHHicbZDLSsNAFIZP6q3WW9Slm8EiCEJJqqDLohuXFewFmhom00k7dHJhZiKUkAdx46u4caGIGxeCb+O0jVhbfxj4+M85nDm/F3MmlWV9GYWl5ZXVteJ6aWNza3vH3N1ryigRhDZIxCPR9rCknIW0oZjitB0LigOP05Y3vBrXW/dUSBaFt2oU026A+yHzGcFKW6556vgCk5TepU48YK6VZTN88oP2L1azzDXLVsWaCC2CnUMZctVd88PpRSQJaKgIx1J2bCtW3RQLxQinWclJJI0xGeI+7WgMcUBlN50cl6Ej7fSQHwn9QoUm7uxEigMpR4GnOwOsBnK+Njb/q3US5V90UxbGiaIhmS7yE45UhMZJoR4TlCg+0oCJYPqviAywTkvpPEs6BHv+5EVoViu25puzcu0yj6MIB3AIx2DDOdTgGurQAAIP8AQv8Go8Gs/Gm/E+bS0Y+cw+/JHx+Q3+56KG</latexit><latexit sha1_base64="eGttn19A53OreonO4NFXaTabIJQ=">AAACHHicbZDLSsNAFIZP6q3WW9Slm8EiCEJJqqDLohuXFewFmhom00k7dHJhZiKUkAdx46u4caGIGxeCb+O0jVhbfxj4+M85nDm/F3MmlWV9GYWl5ZXVteJ6aWNza3vH3N1ryigRhDZIxCPR9rCknIW0oZjitB0LigOP05Y3vBrXW/dUSBaFt2oU026A+yHzGcFKW6556vgCk5TepU48YK6VZTN88oP2L1azzDXLVsWaCC2CnUMZctVd88PpRSQJaKgIx1J2bCtW3RQLxQinWclJJI0xGeI+7WgMcUBlN50cl6Ej7fSQHwn9QoUm7uxEigMpR4GnOwOsBnK+Njb/q3US5V90UxbGiaIhmS7yE45UhMZJoR4TlCg+0oCJYPqviAywTkvpPEs6BHv+5EVoViu25puzcu0yj6MIB3AIx2DDOdTgGurQAAIP8AQv8Go8Gs/Gm/E+bS0Y+cw+/JHx+Q3+56KG</latexit><latexit sha1_base64="eGttn19A53OreonO4NFXaTabIJQ=">AAACHHicbZDLSsNAFIZP6q3WW9Slm8EiCEJJqqDLohuXFewFmhom00k7dHJhZiKUkAdx46u4caGIGxeCb+O0jVhbfxj4+M85nDm/F3MmlWV9GYWl5ZXVteJ6aWNza3vH3N1ryigRhDZIxCPR9rCknIW0oZjitB0LigOP05Y3vBrXW/dUSBaFt2oU026A+yHzGcFKW6556vgCk5TepU48YK6VZTN88oP2L1azzDXLVsWaCC2CnUMZctVd88PpRSQJaKgIx1J2bCtW3RQLxQinWclJJI0xGeI+7WgMcUBlN50cl6Ej7fSQHwn9QoUm7uxEigMpR4GnOwOsBnK+Njb/q3US5V90UxbGiaIhmS7yE45UhMZJoR4TlCg+0oCJYPqviAywTkvpPEs6BHv+5EVoViu25puzcu0yj6MIB3AIx2DDOdTgGurQAAIP8AQv8Go8Gs/Gm/E+bS0Y+cw+/JHx+Q3+56KG</latexit>

e�1

e�0 + e�1 + e�2
<latexit sha1_base64="kaIDSzOumQFrkuofg5N5kndJ2UY=">AAACHHicbZDLSsNAFIYn9VbrLerSzWARBKEkVdBl0Y3LCvYCTQ2T6Uk7dHJhZiKUkAdx46u4caGIGxeCb+O0DVVbfxj4+M85nDm/F3MmlWV9GYWl5ZXVteJ6aWNza3vH3N1ryigRFBo04pFoe0QCZyE0FFMc2rEAEngcWt7walxv3YOQLApv1SiGbkD6IfMZJUpbrnnq+ILQFO5SJx4w186yGVvZyY89w2qWuWbZqlgT4UWwcyijXHXX/HB6EU0CCBXlRMqObcWqmxKhGOWQlZxEQkzokPShozEkAchuOjkuw0fa6WE/EvqFCk/c3xMpCaQcBZ7uDIgayPna2Pyv1kmUf9FNWRgnCkI6XeQnHKsIj5PCPSaAKj7SQKhg+q+YDohOS+k8SzoEe/7kRWhWK7bmm7Ny7TKPo4gO0CE6RjY6RzV0jeqogSh6QE/oBb0aj8az8Wa8T1sLRj6zj/7I+PwGAJ6ihw==</latexit><latexit sha1_base64="kaIDSzOumQFrkuofg5N5kndJ2UY=">AAACHHicbZDLSsNAFIYn9VbrLerSzWARBKEkVdBl0Y3LCvYCTQ2T6Uk7dHJhZiKUkAdx46u4caGIGxeCb+O0DVVbfxj4+M85nDm/F3MmlWV9GYWl5ZXVteJ6aWNza3vH3N1ryigRFBo04pFoe0QCZyE0FFMc2rEAEngcWt7walxv3YOQLApv1SiGbkD6IfMZJUpbrnnq+ILQFO5SJx4w186yGVvZyY89w2qWuWbZqlgT4UWwcyijXHXX/HB6EU0CCBXlRMqObcWqmxKhGOWQlZxEQkzokPShozEkAchuOjkuw0fa6WE/EvqFCk/c3xMpCaQcBZ7uDIgayPna2Pyv1kmUf9FNWRgnCkI6XeQnHKsIj5PCPSaAKj7SQKhg+q+YDohOS+k8SzoEe/7kRWhWK7bmm7Ny7TKPo4gO0CE6RjY6RzV0jeqogSh6QE/oBb0aj8az8Wa8T1sLRj6zj/7I+PwGAJ6ihw==</latexit><latexit sha1_base64="kaIDSzOumQFrkuofg5N5kndJ2UY=">AAACHHicbZDLSsNAFIYn9VbrLerSzWARBKEkVdBl0Y3LCvYCTQ2T6Uk7dHJhZiKUkAdx46u4caGIGxeCb+O0DVVbfxj4+M85nDm/F3MmlWV9GYWl5ZXVteJ6aWNza3vH3N1ryigRFBo04pFoe0QCZyE0FFMc2rEAEngcWt7walxv3YOQLApv1SiGbkD6IfMZJUpbrnnq+ILQFO5SJx4w186yGVvZyY89w2qWuWbZqlgT4UWwcyijXHXX/HB6EU0CCBXlRMqObcWqmxKhGOWQlZxEQkzokPShozEkAchuOjkuw0fa6WE/EvqFCk/c3xMpCaQcBZ7uDIgayPna2Pyv1kmUf9FNWRgnCkI6XeQnHKsIj5PCPSaAKj7SQKhg+q+YDohOS+k8SzoEe/7kRWhWK7bmm7Ny7TKPo4gO0CE6RjY6RzV0jeqogSh6QE/oBb0aj8az8Wa8T1sLRj6zj/7I+PwGAJ6ihw==</latexit><latexit sha1_base64="ck8pdC+ekZH4nUmSP+ZG7r8lEyk=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odOn4MoA7ncAFXEMIN3MEDdKALAhJ4hXdv4r15H6uuat66tDP4I+/zBzjGijg=</latexit><latexit sha1_base64="mh4NFiMFwZRdp2QFoM6FdAYgufU=">AAACEXicbZDNS8MwGMbfzq85p1avXoJDEITRzoMeBS8eJ7gPWGtJs3QLS9OSpMIo/UO8+K948aCIF2/+N2YfTN18IPDjeRLevE+Ycqa043xZpbX1jc2t8nZlp7q7t28fVNsqySShLZLwRHZDrChngrY005x2U0lxHHLaCUfXk7zzQKViibjT45T6MR4IFjGCtbEC+9yLJCY5vc+9dMgCtygW7BRnP/YCG0UR2DWn7kyFVsGdQw3magb2p9dPSBZToQnHSvVcJ9V+jqVmhNOi4mWKppiM8ID2DAocU+Xn0+UKdGKcPooSaY7QaOr+fpHjWKlxHJqbMdZDtZxNzP+yXqajSz9nIs00FWQ2KMo40gmaNIX6TFKi+dgAJpKZvyIyxKYtbfqsmBLc5ZVXod2ou4ZvHSjDERzDKbhwAVdwA01oAYFHeIZXeLOerBfrfVZXyZr3dgh/ZH18AwhIoQA=</latexit><latexit sha1_base64="mh4NFiMFwZRdp2QFoM6FdAYgufU=">AAACEXicbZDNS8MwGMbfzq85p1avXoJDEITRzoMeBS8eJ7gPWGtJs3QLS9OSpMIo/UO8+K948aCIF2/+N2YfTN18IPDjeRLevE+Ycqa043xZpbX1jc2t8nZlp7q7t28fVNsqySShLZLwRHZDrChngrY005x2U0lxHHLaCUfXk7zzQKViibjT45T6MR4IFjGCtbEC+9yLJCY5vc+9dMgCtygW7BRnP/YCG0UR2DWn7kyFVsGdQw3magb2p9dPSBZToQnHSvVcJ9V+jqVmhNOi4mWKppiM8ID2DAocU+Xn0+UKdGKcPooSaY7QaOr+fpHjWKlxHJqbMdZDtZxNzP+yXqajSz9nIs00FWQ2KMo40gmaNIX6TFKi+dgAJpKZvyIyxKYtbfqsmBLc5ZVXod2ou4ZvHSjDERzDKbhwAVdwA01oAYFHeIZXeLOerBfrfVZXyZr3dgh/ZH18AwhIoQA=</latexit><latexit sha1_base64="oY2ZXZATyrpAg+KzG8EAJe1WpgQ=">AAACHHicbZDLSsNAFIYnXmu9RV26CRZBEEpSF7osunFZwV6giWEyPWmHTiZhZiKUkAdx46u4caGIGxeCb+O0DVVbfxj4+M85nDl/kDAqlW1/GUvLK6tr66WN8ubW9s6uubffknEqCDRJzGLRCbAERjk0FVUMOokAHAUM2sHwalxv34OQNOa3apSAF+E+pyElWGnLN8/cUGCSwV3mJgPqO3k+Yzs//bFnWMtz36zYVXsiaxGcAiqoUMM3P9xeTNIIuCIMS9l17ER5GRaKEgZ52U0lJJgMcR+6GjmOQHrZ5LjcOtZOzwpjoR9X1sT9PZHhSMpRFOjOCKuBnK+Nzf9q3VSFF15GeZIq4GS6KEyZpWJrnJTVowKIYiMNmAiq/2qRAdZpKZ1nWYfgzJ+8CK1a1dF8Y1fql0UcJXSIjtAJctA5qqNr1EBNRNADekIv6NV4NJ6NN+N92rpkFDMH6I+Mz2//T6KD</latexit><latexit sha1_base64="kaIDSzOumQFrkuofg5N5kndJ2UY=">AAACHHicbZDLSsNAFIYn9VbrLerSzWARBKEkVdBl0Y3LCvYCTQ2T6Uk7dHJhZiKUkAdx46u4caGIGxeCb+O0DVVbfxj4+M85nDm/F3MmlWV9GYWl5ZXVteJ6aWNza3vH3N1ryigRFBo04pFoe0QCZyE0FFMc2rEAEngcWt7walxv3YOQLApv1SiGbkD6IfMZJUpbrnnq+ILQFO5SJx4w186yGVvZyY89w2qWuWbZqlgT4UWwcyijXHXX/HB6EU0CCBXlRMqObcWqmxKhGOWQlZxEQkzokPShozEkAchuOjkuw0fa6WE/EvqFCk/c3xMpCaQcBZ7uDIgayPna2Pyv1kmUf9FNWRgnCkI6XeQnHKsIj5PCPSaAKj7SQKhg+q+YDohOS+k8SzoEe/7kRWhWK7bmm7Ny7TKPo4gO0CE6RjY6RzV0jeqogSh6QE/oBb0aj8az8Wa8T1sLRj6zj/7I+PwGAJ6ihw==</latexit><latexit sha1_base64="kaIDSzOumQFrkuofg5N5kndJ2UY=">AAACHHicbZDLSsNAFIYn9VbrLerSzWARBKEkVdBl0Y3LCvYCTQ2T6Uk7dHJhZiKUkAdx46u4caGIGxeCb+O0DVVbfxj4+M85nDm/F3MmlWV9GYWl5ZXVteJ6aWNza3vH3N1ryigRFBo04pFoe0QCZyE0FFMc2rEAEngcWt7walxv3YOQLApv1SiGbkD6IfMZJUpbrnnq+ILQFO5SJx4w186yGVvZyY89w2qWuWbZqlgT4UWwcyijXHXX/HB6EU0CCBXlRMqObcWqmxKhGOWQlZxEQkzokPShozEkAchuOjkuw0fa6WE/EvqFCk/c3xMpCaQcBZ7uDIgayPna2Pyv1kmUf9FNWRgnCkI6XeQnHKsIj5PCPSaAKj7SQKhg+q+YDohOS+k8SzoEe/7kRWhWK7bmm7Ny7TKPo4gO0CE6RjY6RzV0jeqogSh6QE/oBb0aj8az8Wa8T1sLRj6zj/7I+PwGAJ6ihw==</latexit><latexit sha1_base64="kaIDSzOumQFrkuofg5N5kndJ2UY=">AAACHHicbZDLSsNAFIYn9VbrLerSzWARBKEkVdBl0Y3LCvYCTQ2T6Uk7dHJhZiKUkAdx46u4caGIGxeCb+O0DVVbfxj4+M85nDm/F3MmlWV9GYWl5ZXVteJ6aWNza3vH3N1ryigRFBo04pFoe0QCZyE0FFMc2rEAEngcWt7walxv3YOQLApv1SiGbkD6IfMZJUpbrnnq+ILQFO5SJx4w186yGVvZyY89w2qWuWbZqlgT4UWwcyijXHXX/HB6EU0CCBXlRMqObcWqmxKhGOWQlZxEQkzokPShozEkAchuOjkuw0fa6WE/EvqFCk/c3xMpCaQcBZ7uDIgayPna2Pyv1kmUf9FNWRgnCkI6XeQnHKsIj5PCPSaAKj7SQKhg+q+YDohOS+k8SzoEe/7kRWhWK7bmm7Ny7TKPo4gO0CE6RjY6RzV0jeqogSh6QE/oBb0aj8az8Wa8T1sLRj6zj/7I+PwGAJ6ihw==</latexit><latexit sha1_base64="kaIDSzOumQFrkuofg5N5kndJ2UY=">AAACHHicbZDLSsNAFIYn9VbrLerSzWARBKEkVdBl0Y3LCvYCTQ2T6Uk7dHJhZiKUkAdx46u4caGIGxeCb+O0DVVbfxj4+M85nDm/F3MmlWV9GYWl5ZXVteJ6aWNza3vH3N1ryigRFBo04pFoe0QCZyE0FFMc2rEAEngcWt7walxv3YOQLApv1SiGbkD6IfMZJUpbrnnq+ILQFO5SJx4w186yGVvZyY89w2qWuWbZqlgT4UWwcyijXHXX/HB6EU0CCBXlRMqObcWqmxKhGOWQlZxEQkzokPShozEkAchuOjkuw0fa6WE/EvqFCk/c3xMpCaQcBZ7uDIgayPna2Pyv1kmUf9FNWRgnCkI6XeQnHKsIj5PCPSaAKj7SQKhg+q+YDohOS+k8SzoEe/7kRWhWK7bmm7Ny7TKPo4gO0CE6RjY6RzV0jeqogSh6QE/oBb0aj8az8Wa8T1sLRj6zj/7I+PwGAJ6ihw==</latexit><latexit sha1_base64="kaIDSzOumQFrkuofg5N5kndJ2UY=">AAACHHicbZDLSsNAFIYn9VbrLerSzWARBKEkVdBl0Y3LCvYCTQ2T6Uk7dHJhZiKUkAdx46u4caGIGxeCb+O0DVVbfxj4+M85nDm/F3MmlWV9GYWl5ZXVteJ6aWNza3vH3N1ryigRFBo04pFoe0QCZyE0FFMc2rEAEngcWt7walxv3YOQLApv1SiGbkD6IfMZJUpbrnnq+ILQFO5SJx4w186yGVvZyY89w2qWuWbZqlgT4UWwcyijXHXX/HB6EU0CCBXlRMqObcWqmxKhGOWQlZxEQkzokPShozEkAchuOjkuw0fa6WE/EvqFCk/c3xMpCaQcBZ7uDIgayPna2Pyv1kmUf9FNWRgnCkI6XeQnHKsIj5PCPSaAKj7SQKhg+q+YDohOS+k8SzoEe/7kRWhWK7bmm7Ny7TKPo4gO0CE6RjY6RzV0jeqogSh6QE/oBb0aj8az8Wa8T1sLRj6zj/7I+PwGAJ6ihw==</latexit><latexit sha1_base64="kaIDSzOumQFrkuofg5N5kndJ2UY=">AAACHHicbZDLSsNAFIYn9VbrLerSzWARBKEkVdBl0Y3LCvYCTQ2T6Uk7dHJhZiKUkAdx46u4caGIGxeCb+O0DVVbfxj4+M85nDm/F3MmlWV9GYWl5ZXVteJ6aWNza3vH3N1ryigRFBo04pFoe0QCZyE0FFMc2rEAEngcWt7walxv3YOQLApv1SiGbkD6IfMZJUpbrnnq+ILQFO5SJx4w186yGVvZyY89w2qWuWbZqlgT4UWwcyijXHXX/HB6EU0CCBXlRMqObcWqmxKhGOWQlZxEQkzokPShozEkAchuOjkuw0fa6WE/EvqFCk/c3xMpCaQcBZ7uDIgayPna2Pyv1kmUf9FNWRgnCkI6XeQnHKsIj5PCPSaAKj7SQKhg+q+YDohOS+k8SzoEe/7kRWhWK7bmm7Ny7TKPo4gO0CE6RjY6RzV0jeqogSh6QE/oBb0aj8az8Wa8T1sLRj6zj/7I+PwGAJ6ihw==</latexit>
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Try different architectures and training 
parameters here:

http://playground.tensorflow.org





Tricky issues with
neural network training

• Sensitive to initialization
– Objective is non-convex, many local optima
– In practice: start with random values rather 

than zeros

• Many other hyper-parameters
– Number of hidden units (and potentially 

hidden layers)
– Gradient descent learning rate
– Stopping criterion



Neural networks 
vs. linear classifiers

Advantages of Neural Networks:
– More expressive
– Less feature engineering

Challenges using Neural Networks:
– Harder to train
– Harder to interpret



Neural Network Architectures

• We focused on a multi-layer feedforward
network

• Many other deeper architectures
– Convolutional networks
– Recurrent networks (LSTMs)
– Dense Nets, ResNets, etc



Issues in Deep Neural Networks
• Long training time

– There are sometimes a lot of training data
– Many iterations (epochs) are typically required for 

optimization
– Computing gradients in each iteration takes too much 

time

Slide credit: adapted from Bohyung Han



Improving on Gradient Descent:
Stochastic Gradient Descent (SGD)

• Update weights for each example

• Mini-batch SGD: Update weights for a small set of 
examples
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+ Fast, online
− Sensitive to noise

+ Fast, online
+ Robust to noise

Slide credit: Bohyung Han



Improving on Gradient Descent:
SGD with Momentum

• Update based on gradients + previous direction

𝑣# 𝑡 = 𝛼𝑣# 𝑡 − 1 − (1 − 𝛼)
𝜕𝐸
𝜕𝑤#

(𝑡)

𝒘 𝑡 + 1 = 𝒘 𝑡 + 𝒗(𝑡)

+ Converge faster
+ Avoid oscillation

Slide credit: Bohyung Han



Improving on Gradient Descent:
SGD with Momentum

Image: http://ruder.io/optimizing-gradient-descent/index.html#momentum

SGD w/o momentum

SGD with momentum
helps dampen 
oscillations



Improving the Training Objective:
Regularization/Weight Decay

• Penalize the size of the weights
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→ Improves generalization

Slide credit: Bohyung Han



Vanishing Gradient Problem
In deep networks
– Gradients in the lower layers are typically extremely small
– Optimizing multi-layer neural networks takes huge 

amount of time
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Sigmoid
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Slide credit: adapted from Bohyung Han

Derivative of sigmoid in [0,1]



Vanishing Gradient Problem

• Vanishing gradient problem can be 
mitigated
– Using custom neural network architectures 

– Using other non-linearities
• E.g., Rectifier: f(x) = max(0,x) 



ResNet


